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Asymptotic behavior of solutions of functional differential equations by
Schauder’s theorem
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Shima.ne‘ University
1. Preliminaries
BN FRAOEOW XS+, KORMAER ([3; p. 15) 2AVT
M3, '

Theorem 1.1 (Schauder’s first theorem). Let (C, || -||) be-a normed space,
and let S be a compact convex nonempty subset of C. Then every contin-
uous mapping of S into S has a fixed point.

1020 %:’E LicEskE L, B h: [-ro,00) = [1,00) iX. h(—rq) =
1, h(t) = oo as t = oo W T EMEHMBAK L T 5, EED t, € RY :=
[0,00) KR LT, (Coo,ll - lIn) &

l8lla ==3up{'ﬁz|§(;%|5 itZto—'l'o} <00

2B HEREBIK & : [to — T0,0) = R :=(—00,00) BHRBNAFAEMET S,
TIT, || iTHEERSERT,

ET—oOMBLBET .

Lemma. If the set {#x(t)} of real-valued functions on [ty — 79,00) is
uniformly bounded and equicontinuous, then the sequence {¢x(t)} contains
a subsequence {¢x,(¢)} such that ||¢x, — ¢|ln = 0 as I = oo, where ¢(t) is a
bounded and continuous function. ’ '

2. Asymptotic behavior of solutions
KRDAD 5 LR TRAEELS,

(2.1) Z(t) = —a(t)z(t) - b(t)g(z(t — r(t))), t€ R*.

IIT, B¥a, b, r:RY = R:=(-00,00), g:R-> Ri3ERLT S,
HEEBICL-oTHELEERa>0, >0, 7>0, 10 >0 I LTKRERE
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(2.2) l9(z)] < Bla| for |x| < e,

2.3) sup {e J: o) -prib(e)ds ., o R+} <n,

IIT, 7=7(t):=max(0,t -1(t)) TH3, EEEDty € RTICALT
@24 o =olt) == sup { [ (Brlb(s)] - als))ds : £ € B*} < o0,
(2.5) r(t) >0 and t —r(t) > —1q, t € R+

L5, %n=nlt) BRDE > ICERT B,

(2.6) n:=ae"’.
FER (21) KR LT, KOAYT RSB EL S,
(2.7) = (8@ —a®)g, teRY.

B q : [to —ro,00) = RY &, KM [to — ro,t0] ETiX q(t) = 6. KM
[to, 00) £ CRAVARPEE |

¢ = (B1Ib(t)] — a(®))q, qlto) =n, t>to
D—BML LTERT B, TOLE, o(t) RRDOL S KREND,

a)) = ne Jo "% 4 gy / el X8 ) g(s)ds
(2.8) © |

t
= gel (BrBOI=a@)as

Thi (24). (26) »OKRNBLAB,

(2.9) : 0<q(t)<ne” =a, t>to.
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FEX (2.1) OEBROLEHICE LT, KOEEIKY LD,

Theorem 2.1. Suppose that solutions of (2.1) are uniquely determined by
continuous initial functions, and that (2.2)-(2.5) hold. Then we have:

(i) The zero solution of (2.1) is stable.

(i) If o* := sup{o(t) : t € R*} < oo, then the zero solution of (2.1) is
uniformly stable.

(iii) If we have
(2.10) I3 (a(s) = Byib(s)[)ds — oo as-t — oo,
then the zero solution of (2.1) is asymptotically stable.

(iv) In addition to o* < oo, if we have

(211) [, (a(s) — Bvlb(s)|)ds — co uniformly for to € R* as t =+ oo,
then the zero solution of (2.1) is uniformly asymptotically stable.
EH (1) FERXQT) OBMIREEHL, EEDee (0,a] Lt € RT
IZX LT 6 =8(e,t0) € (0,n] BEFEEL T, |go| K5 72DEED qo IZH LT
| lg(t, to,qo)] < € for all >t |

BRI T B, ZDt IR LT, (Ceo |l - |ln) ZHBRBEIK ¢ : [tg —70,00) + R
b2 B N F M E B, sup{|w(d)]: —ro < 6 < 0} < § 725 MBEBIR ¢ :
[~70,0] = RIZH LT, S %KD 3 Rk & 7= HHRIK 6 : [to—10,00) > R
NoRRBKREELET S,

@(t) = P(t — to) for to —ro <t < to,
|#(t)| < q(t) for ¢ > 2o,
|§(t1) — d(t2)| < Lity —ta| for ty, t2 € Rt with to <7 <ty, ta < 2.

ZIZT. qt) in = (e to) KL T (2.8) cE#EEN, L=L(n,n) iK%
WB-TBETH S,

(2.12) (la(®)| + Bvd@t))a < L for ; <t < 2.
B3 q(t) 1% (2.9) 2L TV BENDH, RMBRY LD,

17 ()] < ()] + B7b()])a, t > to.



P(t — to), to—1ro<t<to
£(t) ==

W, 2t

n ?
TEBSNBBK L) S DETHY. Lemma b § i Gy, DETRVT
Yy MBS THD, KBS EOERP . g€ SIHLT

Y(t — to), - tg-ro<t<t

(Pe)() = e
wJa @ 4 [ e o019 g(a - r(e))ds, £ t
to ‘ .

Ik oTERT B, TOLE,
(PA)(®) =9(t —to) for to—ro St<to
ThH. (22) & (28) »b

(PoyOI < 5o g [ of 4y )lgls - r(0)ds

<o fa gy [ o “"‘-"’"‘w(s)lq(s)ds —qt), 121
*»8/5, Hiz,
(PO)'(®) = —a(®)(PO)(®) + b(Bg(6(t — (1)), t> 1o
ThY., Zhhb :
(P9 (®)] < la@la®) + Blb(E)la(t - (1)

< (la(@®)! + BrIb®Datt) < (la@®)| + Brib®))e, t>to
RBoh, PitS % SKET., BoMIC P#MTH S, f#->T, Theorem
LIKEY PRSEABMR o2 bH. THiZ (2.1) DR z(t,t0,9) T
|z(t, to, ¥)| < a(t) = q(t,20,8) <€, t2t0

EMT 50, (2.1) ORMITEETH S, : |
(i) bLo® < o THIE, (2.7) DRBIZ—REETHS., HBX (2.1)
DRED—ABELEROERIL. (1) OEF & FRTH 3 O TRMITEET 5.

(i) AR (2.10) 2Bt = co D& X g(t) = 0 DD, (2.7) ORMIINGE
RETHD, FBA (21) ORMOWELEROIER I, () PR L FMkT

53O CHMTERT B,

(iv) BEo" < oo & (211) 35, @ﬂw:ﬁﬁ—ﬁﬁﬁfﬁ?&& ¥
BR (2.1) DEMO—RWEREHOERL, (1) O LARTHSDOTH
MBS,

FERRK (2.1) o)m@ﬁnmhowru«a B, (2.2) ORD bic
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(2.2*) lg(z)| < Blz| for z € R

RET D, ToLE, (2.1) OROFFREICE L TROEENRY LD,

~ Theorem 2.2. Suppose that solutions of (2.1) are uniquely determined by
continuous initial functions, and that (2.2*) and (2.3)-(2.5) hold. Then we
have:

(i) Solutions of (2.1) are equi-bounded.

(ii) If o* < o0, then solutions of (2.1) are uniformly bounded.

(iii) If we have (2.10), then solutions of (2.1) are equi-ultimately bounded.

(iv) If we have 0* < co and (2.11), then solutions of (2.1) are uniformly
ultimately bounded.

R (i) HBEX (2.7 OMIASAERENL, £BDa>0L t € RY
X LT B = B(a,to) > 0 BHEL T, |go| < f,c'a&.tro Qo IERLT
|q(t to,q)| < B fOl‘ all t> to

BRI 5. =0 to EHLT. (Conll - lIn) % Theorem 2.1() PEBIZ:
FBbDERALAFABEMETS, sup{lp@)] : —r0 < 0 < 0} < a 25
HRRB ¢ : [-ro,0] = RIZHLT. S 2RO 3 £GLMTHNEK
é: [to —r9,00) + R Jb“bf:él‘“&‘i‘é

B(t) = $(t o) for to—ro St o

|6()| < q(t) for t > to,
|6(t1) — $(ta)| < Lits — 2| for 1, 2, with to <71 < h, t2 < T

T qt)iEn=alzHL T (2.8) TEXEHh, L= L(Tl,;rz) Xa=BiZ
HLT(212) THEALNZBETHSD, ZOL & q@t) iX

0<gq(t)<B, t>t

W73, Theorem 2.1() DEFTRAEL 3 I, § ik Cyy DETR LAY

MR MA TH S, B P % Theorem?2.1(i) PTHERICH B X 5 I E¥T S

ELPESESICETHERERTHS Z LHBBERTHDPSD, #->T, Theorem
1L1i2kY, PirFRA ¢ 2 bbb, Thid (2.1) DR z(t,t0,%) T

l2(t, o, 9| < ) = q(t,to,a) < B, t2t

EWZTr5, 21) OMIESERTH S,

@)-Gv) OLE. (H)-(v) KB BEE»D (2.7) OMTEL TR, —
RER. ASKRER. REC—BRKBAERTHY., ZO b (i)-(iv) i
(i) & FIRICHER Sh 5 O THMITENRET 5.
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ZZT. BlETT,
Example 2.1. B8 a: RT -+ R %

[ —1, 0<t<1
6t —7, 1<t<?2
a(t) := < :
5, 2<t<12
| 776, 12<t<13

AT 13 AMBEKE L. r(t)=r 0<r < (In2)/5), b()=B (0<B<
55/26). R B=12,F5, ZOL¥, y=2% L7 (23) & o* < oo BAY
YOI ERBEBITHNB, T, Theorem 2.1 & Theorem 2.2 5., (2.1)
DRBIT—REE. 10 (2.1) OMII—RERTHS, EIZ, 0< B < 55/26
THE (211) BRY OB B, (2.1) osﬁm—mﬁﬁife’ o (2.1) D
i —RERA 5?-‘(‘5; o

FER (2.1) 1E. g(x) =z (z€R)POr()=r (teRY) chiuf

(2:13) z'(t) = =a(t)z(t) - b(t)z(t —r), t € Rt
£72%, Hale DHEOF (f2, p.'108]) T, RE |
(2.14) . a(t)26>0, |b(t) <65 6<1 (6 LOIxTEK)

"OFT. V77 7R8%

Vit z:) = -;— (:i:z(t) +4 t zz(s)ds)

t—r

EAWT, (2.13) DRMO—BRWHEREHESB LA TS,
—% . Burton-Furumochi [1] I3\ T, &E

(2. 15) j: 'r“(")d"lb(s)lds < < 1 on R*, j:d(s)ds ~ o0 as t— oo '

UBL ] ME&) DT T, ﬂﬁd@ﬁﬂiﬂ&mwr (2.13) osﬁmmﬁfﬁﬁ
igﬁbbnfu\éo .

LHL, Exa.mple 21128113 l;aﬁ a(t) ZTRb(t) iX (2.14) b (2.15) bl
=&,

Wiz, RN TR TR ’
(2.16) z'(t) = —a(t)z(t) + / t b(t,s)g(z(s))ds, te Rt -
t—r(t) ,



%%%2%, ZZT.a,r:R* >R, b:R*xR—-R&g:R— RIZEKET
H3, FECEL-THELE=E¥Ka>0, >0, v>0, ro >0ZHLT,
(2.2). (2.5) EXREEET 3.

(2.17) sup{sup {e ( (s) ﬂ’Yf Ib(: u)ldu d:l <v< t}l t€R+} <.
22T, r=1(t) = max (0,t — r(t)) Thd, EED to € RFICHLT

t
(2.18) o = o(to) := sup {/ (B [—ra) [b(s, u)|du—a(s))ds| t € R"‘} < oo
to 4
4B, SO iTRHLT, Kn=n(t) %
n:=ae

‘:J:O‘tﬁgfao

FRR (2.16) KHLT, KDOZL T —REHBAEER 5,
(2.19) ¢ = (By / bt s)lds - a(®)a, ¢ € B*.

BE¥ g : [to — r0,0) = R* %: XM [to — ro, to] J:'(‘!:t q(t) = 0. KM
[to, c0) LTI EIME RIS

¢ = (By /_ 1o 9)lds ~a®)g, i) =, 82t

D—BML LTEET D, COLE o) BEO L5 IKESh, Th (218)
16 (2.9) HBBILS,

q(t) = ne -l Oy By / g 2 [ ey 1b(8, u) dug(s)ds

N ) ([3‘1 e [b(a,u)ldu—a(:))ds

=ne , t 2 1.

FEX (2.16) DMOLRTEN L & FECH L TR 2 EEFRY Lo, Y

FZ 84 Theorem 2.1 XU Theorem 2.2 DEEY L FURTH S D TEMET S,

Theorem 2.3. Suppose that solutions of (2.1) are uniquely determined by
continuous initial functions, and that (2.2), (2.5), (2.17) and (2.18) hold.
Then we have: ’

(i) The zero solution of (2.16) is stable.

(i) ¥ o* := sup{o(t) : t € R*} < oo, then the zero solution of (2:16) is
uniformly stable.

(iii) If we have

(2.20) -/r; (a(s) = B, :-.-(.) |b(s, u)idu)ds — 00 as t = oo,
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then the zero solution of (2.16) is asymptotically stable.

(iv) In addition to ¢* < oo, if we have

/ (a(s) By f._'_(') |b(s, u)|du)ds —+ oo
(2:21) to |

uniformly for to € R_'" as t = 00,
then the zero solution of (2.16) is uniformly asymptotically stable. -

Theorem 2.4. Supose that solutions of (2.1) are uniquely determined by
continuous initial functions, and that (2.2*), (2.5), (2.17) and (2.18) hold.
Then we have: o

(i) Solutions of (2.16) are equi-bounded.

(ﬁ) If o* < oo, then solutions of (2.16) are uniformly bounded.

(iii) If we have (2.20), then solutions of (2.16) are equi-ultimately bounded.

(iv) If we have 0* < oo and (2.21), then solutions of (2.16) are umformly :

‘ultimately bounded.
B#ic. b5 1o0BETT,

Example 2.2. B3 a: Rt -+ R % Example 2.1 tFLCbDEL, r(t) =
r (0 <r<2/3), b(t,s)=B (0< B<55/2r). RKA=1,T3, ZDL
X, y=2LL%(217) & 0® <0 BRYUDZ EBEBIANS, H#-T,
Theorem 2.3 & Theorem 2.4 25, (2.16) DEMIT—EE. H (2.16) D
Biz—ERTHS, EiZ. 0< B < 55/26r ThHhiE (2.21) B Y szoh
B, (2.16) DEMIT—IRWEKE. # (2.16) oﬁii—ﬁ#ﬁﬁﬂ'cbbo

Burton-Furumochi [1] I23V T, ﬁﬁ
@22) / - J atwu

(nixEHK HTT, RN ERIURE T, (2.16) Oﬁ:&fﬁ&t‘ﬁ (V3
hTw3, LHL, Example 2.2 I8 5B% a(t) RO b(t,s) X r=2/3 &
L7 (2:22) M7= LTVRV,

|b(s, u)|duds <9<l

a—r(c)
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