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Bifurcation of helical wave from traveling wave

Tsutomu Ikeda (Ryukoku Univ.), Masaharu Nagayama (Kyoto Univ.)
and Hideo Ikeda (Toyama Univ.)

1 Introduction

In the present paper, we show that helical waves can bifurcate directly from
planar traveling waves by using a simple mathematical model.

A helical wave is observed in self-propagating high-temperature syntheses
(abbr. SHS), for instance. The SHS is a synthetic method creating refractory
ceramics, intermetalic compounds, composites and so on ([9]). One can create
a very-high-quality uniform product by the SHS when a combustion wave keeps
its profile and propagates at a constant velocity, that is, combustion waves of
steady-state mode (planar traveling waves) bring high quality products. When
experimental conditions are changed, however, the planar traveling wave may
lose its stability and give place some non-uniform waves. Actually, a planar
pulsating wave appears through the Hopf bifurcation of planar traveling wave.
We also observe a wave that propagates in the form of spiral encircling the
cylindrical sample with several reaction spots ([9], [3] for instance). In the
present paper, this wave is called a helical wave since it has been shown by our
three-dimensional numerical simulation ([11]) that the isothermal surface of the
wave has some wings and it helically rotates down as time passes on. It is also
observed that the number of wings is the same as that of reaction spots on the
cylindrical surface. Similar helical waves are observed also in propagation fronts
of polymerizations in laboratory ([13]) and they are obtained also by numerical
simulation of some autocatalytic reactions ([8]) as well as the SHS.

We have been interested in the existing condition of stable helical wave and
the transition process of wave patterns from steady-state mode to pulsating
mode and/or helical mode. For this purpose, we have studied the following
mathematical model exhibiting helical waves:

& Mutufun), W=—vfw) (>0, 2e®), (LD
where the domain (2 is a line R, a two-dimensional band domain Q, = {(z,y);z €
R, y € (0,L)} or a three-dimensional cylindrical domain Q3 = {(z,y,2));z €
R, y* + 2% < R?} (L: band width, R: radius). The unknowns are u(t, %) and
v(t,x) and a reaction term f(u;p) has some parameter u. In the case of the
SHS, u(t, ) and v(t, ) stand for the non-dimensional temperature and reactant
concentration, respectively, and the reaction term is given as

f(uieapp) =0 (8 <wuig),  f(u;eap) = exp(-—ue_:”;o) (u>uy) (1.2)
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by the use of the non-dimensional ignition temperature u;,, the non-dimensional
apparent activation energy e,,, and a positive constant u. For the autocatalytic
reaction mA + B — (m + 1)A, u(t, ) and v(t, ) correspond to the density of
A and B, respectively, and

f(u;m) = u™. (1.3)

Through various numerical simulation ([11]) we have observed the following
propagation patterns:

1) a planar traveling wave is stable when ey in (1.2) or m in (1.3) is small,

2) for the one-dimensional problem, there appears a pulsating wave via the Hopf
bifurcation of the traveling wave when the parameter becomes large,

3) if the parameter is set so that the pulsating wave exists stably for the one-
dimensional problem, then the planar pulsating wave is still stable in the band
and cylindrical domains when L and R are small while a helical wave takes the
place of the pulsating wave when L and R become larger.

The above observation indicates the existence of bifurcation branch connect-
ing a planar traveling wave and a helical wave, however, it is not clear whether
planar pulsating wave bifurcates first from a planar traveling wave and a helical
wave takes the place of a planar pulsating wave when some parameter varies
or a helical wave bifurcates directly from a planar traveling wave under some
suitable condition.

Quite recently we have found a similar behavior of solution for

flusugg) = -(1 + tanh =9 (1.4)

)

where 0 < u;, < 1 is a parameter and 0 < § < 1 is a constant, Moreover, we
have succeeded in detailed mathematical analysis by adopting a reaction term
given by a step function

flusug) =0 (u<uy), fluug) =1 (u> uy) (1.5)

(0 < ugy < 1). In the present paper, we report the following results obtained by
using the reaction-diffusion system (1.1) with (1.5):

(1) A stable helical wave can bifurcate directly from a planar traveling wave.

(2) Even if a traveling wave is stable in R, the corresponding planar traveling
wave can be unstable in the band domain as well as in the cylindrical
domain, and a helical wave takes the place of planar traveling wave.

(3) There are no stable helical wave when L is small or R is small.

(4) Helical waves with different numbers of reaction spots can coexist stably.
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2 Planar traveling wave

In our mathematical analysis, we begin with

%% = Au+ afvf(u), %% =dAv—-oavf(u) (t>0,z€N) (2.1)

‘where o and (3 are positive constants, and f(u) is the same as f(u;u;,) given by
(1.5). Since we assume that a chemical rcaction propagates from left to right,
we subject the following boundary condition at |z} = oc:

z}ix;nw u(t,x) = u_,zgxzxoo v(t,x) =0, :l_i_{& u(t.x) = 1z+,zlir£1° v(t,z) = vy (2.2)

on u(t,x) and v(t, &), where positive constants u,, v, and u_ satisfy
U =ty + Py, Uy <y <u (2.3)

because u, and u_ respectively correspond to the temperature before and after
synthesis and v, means the initial concentration of reactant. The diffusion
coefficient d is assumed to be non-negative in this paper. Terman [16] dealt
with the gas-solid combustion ([7]) where f(u) is given by the Arrhenius kinetic
with high activation energy, and he discussed the stability of planar traveling
wave in the specific case of d = 1. To return to our subject, reactants do not
diffuse in the gasless synthesis system. We can construct a planar traveling wave
even if d = 0, however, we have few mathematical tool for studying its stability
in this case. For this reason, we will study the stability of planar traveling wave
and routes to a helical wave in the case of 0 < d < 1 ([2] and [17]) and will try
to obtain results in the case of d = 0 by letting d — 0.
Changing variables

t=ot, &=+\ox, 4=

and denoting £, &, #, ¥ and :L-li”-ﬂ-i—u—t respectively by ¢, &, u, v and u;, again,
+
we rewrite (2.1), (1.5), (2.2), (2.3) as

%?:Au+vf(u), -g—j:dAv-—vf(u) (t>0, z€N)
fw)=0 (u<uy), fluy=1 (u>uy), O0<uy<l (2.4)

z_l_l’I.I.lm u(t, ) = 1’,.1.1,1.11°ov(t’ x) =0, E1_1_’r{.1° u(t, @) = 0’2:13{010 v(t,x) =1.

We first construct a traveling wave solution of (2.4) on R.
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Let d > 0. We denote the velocity of traveling wave by s, which is an
unknown non-negative constant. By the use of the moving coordinate system
with velocity s, the equations in (2.4) are expressed as

ou O*u  Ou v 0w Ov
5—555+3-é—£+vf(u), E;—dgl:—z-+35£—'vf(u). (2.5)
A traveling wave (U(x), V(z)) is a stationary solution of (2.5) satisfying
U(-o00) =1, V(=00)=0, U(oo)=0, V(o0)=1. (2.6)

Since we cover a traveling wave with the property U’(z) < 0 alone (' = ;—a;), we
may fix U(0) = u;y. Thus, (U(z), V(2)) has to fulfill

U'+sU' +V =0, dV"+sV' =V =0 (z<0), (2.7)
U'+sU' =0, dV"+sV"'=0 (z>0). (2.8)
The solution of (2.7) subject to (2.6) is
azr Ui
V(z)=upe, Ule)=1- ="0—c (2<0), (2.9)

where v;; = V(0) and « is the positive root of dz? + sz — 1 = 0. Noting
U(0) = uyy and V(0) = v;,, we express the solution of (2.8) subject to (2.6) as

V(g)=1=(1—uv,)e /D Ulz) = ue™ (z>0). (2.10)
Since both U(z) and V(z) are of class C' at z = 0, it should be satisfied that

Vig Vig
1 - 9 = uiQ’ -
o + s a+s

8
= —SUjg, QUjg = -(-1-(1 — Vjg). (2.11)

Multiplying the third equality by da and noting da? + sa — 1 = 0, we have
vig = sa. By the substitution of v;; = sa the first and second equalities of
(2.11) are respectively rewritten as

8

1o
=y, and ot = g,

1-

a+s
which are equivalent each other. Hence,

32 = (1 — uig)z o ———
(1 - U,'g + du,-g)u;y’ 1~ ’U.;g

s Vg = sa. (2.12)

Substituting these into (2.9) and (2.10), we obtain a traveling wave solution of
(2.4) with d > 0. We note that

. 1—u; N . 1 .
lim s = , / Y% =4, lma=—, lm vy = 1. (2.13)
d—0 Ujg d—0 8* d—0
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Figure 2.1: A traveling wave solution (u;, = 0853555)

A traveling wave solution of (2.4) with d = 0 is similarly constructed. The
solutions of (2.7) and (2.8) with d = 0 subject to (2.6) are given by

V(z) =vige™, Ulz)=1- az—?’ae‘” (z <0), (2.14)
Vi) =1, U(z)=uyze™® (z>0), (2.15)

respectively, where s > 0 and a = -1- Since U(z) is of C! and V(z) is of class

s
C?® at 2 =0, 5 and v;; have to satisfy

e Uig, — Pyl —SUyy, Uy =1. (2.16)
We thus obtain
1—-u 1
32 = '—t":gi', Q= ;, Vig = 1. (217)

The profile of traveling wave with d = 0 is shown in Figure 2.1. As derived from
(2.9)~(2.10), (2.13), (2.14)~(2.15) and (2.17), the traveling wave for d > 0 tends
to that ford =0 as d — 0.

We now proceed to a planar traveling wave in the band domain Q, and the

cylindrical domain €23. We cmploy the periodic boundary condition in the y-

direction on the boundary of 2, and the no-flux condition gﬁ = g_v = 0 on the

n n
boundary of 23 where n denotes the unit outer normal vector on the boundary.

Hence, (u(t, z,y),v(t, z,y)) = (U(z—st),V(z—st)) and (u(t, z,y, 2), v(t, 2, 9, 2)) =

(U(z — st), V(z — st)) are a planar traveling wave in Q, and Qs, respectively,
where (U(z — st), V(z — st)) is the traveling wave on R.
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3 Linearized equation around the planar trav-
eling wave

We first deal with the one-dimensional problem. The inner product of L?(R)
is denoted by (£.¢) = /R £Cdz, and the moving coordinate z — st is simply

expressed by = again. Let d > 0. Then, the linearized equation of (2.5) around
the traveling wave (U(z),V(z)) is given by

0¢ O

(Z2.6) = ~(32, ) + 5(32.6) + WF(U), &) - w(t,0)£(0)
Vé € H'(R), 3.1)
(Bl0y = ~a(32, %) 4+ 5(5L,0) ~ (01 (1), 0) + (2, 0)(0)
V¢ € HY(R)
in the weak fqrm, where
=Y o s _, (3.2)

U'(O u,-g 1 - uig

We define an operator L by the right-hand side of (3.1). More precisely,
L($,¢)T = (L1(9,¥), La(4,%))7 is defined by

(r(6),6) = ~(2. L) £ o« 2.0) + 1), 8) - it 00)
V¢ € H'(R),
3 ¢ 5 C (3.3)
(L2(¢,9),C) = ~d(5= ( C) — (W f(U),¢) +we(t,0)¢(0)
V¢ € HY(R).
Let us consider the spectrum of £ in the weighted Banach space
Xwgug) (R) = {(¢,9); pw, € H'(R),Ywy € H'(R)} (3.4)
where wy(z) and wy(z) are smooth weight-functions satisfying
wy(z) = e**/? (z € R), (3.5)

wy(z) =1 (£ <0, |z| > 1), wy(z)=e=* (x>0, |z|>1). (3.6)

Then, as described in [2], [10] and [12] for instance, £ defines a sectorial operator
and its essential spectrum lies in the left half complex plane bounded away from
the imaginary axis. We thus arrive the eigenvalue problem around the traveling

wave (U(z),V(z)):
Find A € C and (¢, ¢') € X(u, u,)(R) such that

L(p,9)T = Mo, 9)7, @7
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which is equivalent to

Find A € C and (¢,%) € X(uw,u,)(R) such that
'+ +yY =29, Y+ -y =y (z <0),
" +3d =Ap, dY'+ s =AY (z >0),
¢(+0) = ¢/(=0) = wh(0),  d!(+0) — dy/(~0)) = ~wh(0).
We now turn to a planar traveling wave in the band domain ;. Denote the
inner product of L%(Q,) by (£,¢) = f £Cdr and let X(9,) = {§{ € H(N,) :

£1s
&(x,0) = €(z, L) for z € R} because of the periodic boundary condition in the
y-direction. Then, the linearized equation around the planar traveling wave is
expressed as

(3.8)

06 o __ 26 0% _ 0 %
~o [Cotou0udy  Vee X(@)
oy oy 8 oy 8 9)
B0 = =l 52) ~ A5, 55 + (52,0 = WAD).0)
L ‘
o [Cot000000 W eX(@)
in the weak form, and the eigenvalue problem is given by
A¢+s§2+w Ao, dA¢+sg¢ v=XM (<0, ye€(0,L)),
A¢+8?—A¢, dA¢+s@—=,\¢ (z >0, y €(0,L)),
(3.10)

-——-(+O,y) - a—m'(-O,?l) = W¢(01y) (y € (Oa L))a
61/) (+0 ) dglﬁ-(_o’y) = —w¢(0, y) (y € (O,L))

Applying the Fourier expansion to the eigenfunctions ([15] for rigorous treat-
ment), we look for a solution of (3.10) in the form

;3xn

#(a, y) =" Th(2), o(z,y) = V) n=0,1,2,---  (3.11)

where i = +/—1. We put k = g_;r;_r_z_ and denote ¢(2) and 9(x) in (3.11) by é(z)
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and (z), respectively. Then, (3.10) together with (3.11) is expressed as

Find A € C and (¢,%) € X(uw,,w,)(R) such that

¢ +38d —k2p+ =X, dY'+sy —(1+dk*)p =X (z<0),
¢ +s¢ — K p=Ap, dY' +sy —dk*W =X (z>0),

¢'(+0) — ¢'(-0) = we(0), d(¥'(+0) — ¢'(—0)) = —we(0).

The problem (3.12) with & = 0 is the same as the one-dimensional eigenvalue
problem (3.8).

We apply the Fourier-Bessel expansion to eigenfunctions with the polar co-
ordinate in the cylindrical domain Q3 = {(z,7,6));z € R,r < R,0 < § < 2r}:

(3.12)

¢(x,r,0) = e‘"oJ,.(E%"ir)éS(z), Y(z,r,0) = e‘"eJ,,(E}%'ﬁr)gb(m),

where J,(r) is the Bessel function of order n (n =0,1,---) and Ry, is the m-th
positive root of

dJ,
=2(r) = 2Ju(r) = Jara(r) =0

(m =1,2---). Each Ry, is determined so that ¢(z,r, 8) and y(x,r,0) satisfy
the no-flux boundary condition at r = R, and it holds that

Ryy < Ryy <Ry < Rg1 < -+

Thus the eigenvalue problem in the cylindrical domain is given by the same form
as (3.12) except the wave number k defined by k = —-Rg (n=0,1,---,mn =
1,2,---).

4 Computation of eigenvalues

In this section, we discuss the way to solve the eigenvalue problem (3.12), where
an eigenvalue X can be assumed to satisfy

Re) > —1/2. | (4.1)

Step 1 (general solution of dy” + s — (A + 1+ dk*)Y = 0in z < 0) Let m
and v be two roots of dz? + sz — (A + 1+ dk?) = 0 (Rev; < Rey). Then, ™% is
eliminated because Rey; < —s/(2d) from 7, + = —s/d. On the other hand,
Rey > 0. Actually, comparing the real part of the relation between roots and
coefficients |

(A+1+dk*)/d = —y1y = —(—s/d = v)y = (8/d+ )7,

47



we obtain (Rel + 1+ dk?)/d = (s/d + Rey)Rey — (Im7)?, which together with
Rey > —s/(2d) and (4.1) implies Rey > 0. We thus obtain the general solution
with an integration constant C

P(z)=Ce™ (2 <0) (4.2)

Step 2 (particular solution of ¢" + s¢' — (A +£?)¢ = —¢ in 2 < 0) Generically,
it holds that 2 + sy — A — k? # 0 and the particular solution is

Ce™
TR tsy - AR

The exceptional case of 42 + sy — A — k? = 0 will be discussed in Step 8.

Step 3 (general solution of ¢” + 8¢’ — (A + k?)¢ = —1 in = < 0) Let «; and
K2 be two roots of 22 + sz — (A + k?) = 0 (Rek; < Reks). Since Rex; < —s/2
from Ky + K2 = —s, €™ cannot be a ¢-component of a function pair belonging
t0 X(wyuy)(R). Hence, the general solution of ¢” + s¢' — (A + k?)¢ = 0 in
x < 0 is ¢(z) = Ae™? (A: an integration constant), and the general solution of
9" +5¢' — (A +k?) ¢ = —¢ in z < 0 is given by

Ce™
Y2 4 8y — A — k2

¢(:c-) = Ae"** — (z <0). (4.3)

Step 4 (general solution of ¢" + s¢/ — (A + k2)¢ = 0 in £ > 0) The general
solution is given by

¢(x) = Be"* (z > 0) (4.4)

with an integration constant B since e™** is eliminated because of Rex; > —s/2.
Step 5 (general solution of dy” + 8¢’ — (A + dk?)y =0 in = > 0) Let 4 and 4,
be two roots of dz? + sz — (A + dk?) = 0 (Red < Red,). Since Red, > —s/(2d)
from 8 +8, = —s/d, e%* cannot be a ¥-component of a function pair belonging
t0 X(y, w,)(R). Hence the general solution is given by

¥(x) = De’* (z >0) (4.5)

with an integration constant D. '
Step 6 (continuity and jump conditions) At z = 0, ¢(z) and ¢(z) are continu-
ous and their derivatives satisfy the jump condition in (3.12), it holds that
o
A_'yz—f-s'y—-/\—kz =B, C=D,
~C
N2+ 8y — A — k?

(4.6)
IilB - IGzA +

=wB, d(6D~-~4C)=-wB.
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Step 7 (algebraic equation determining eigenvalues) Removing A, B and D
from (4.6), we obtain

hq HzC
—d(y - §)C d(7 D S “n
¥C — '
Ly dly = 9)C,
which results in the following algebraic equation determining eigenvalues:
diy-146
(7_ )(m — Ky —w)+ =0. (4.8)

Step 8 (exceptional case of ¥* + sy — A — k? = 0) In this case, the particular

solution of ¢"+s¢'— (A+k?)¢p = -y inz < O is — . 5271'872. After calculations

similar to Steps 3 ~ 7, we obtain

A=B, (C=D,
(4.9)
k1B — k3 A + < T wB, d(6D—-~C)=-wB
corresponding to (4.6), which results in
d(y =) ) 1 __
- (K1 — K —w) + pany (4.10)

Since ¥ = k3 and k; + k2 = —s from 4% + sy — A — k? =0, we have s + 2y =
v — &1. Hence, (4.10) is the same as (4.8) and all eigenvalues satisfying (4.1)
are determined by (4.8).

5 Linearized equation for the case of d =0
The linearized equation around the planar traveling wave for the case of d = 0

is derived by the method similar to the case of d > 0. In the band domain (2,
for instance, it is expressed by

(52,6 = —(52.50) — (50 g0) + 4(35:6) + (B(0).0)

—w /o 8(1,0,0)E0,0)dy  VE € X(R),

BL.0) = ~s(d, 52) ~ (). 0)
. |
+o [ Be00CODd Ve HYE)
0
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in the weak form, where (£,() = / &(dr and
Q2

w_V(O)__l _ 5
TU0) T swy -y,

<0 (5.2)

It is natural to consider the weighted Banach space X, o.uy)(R) tends to

Xwm(R) = {(8,9); dws € H'(R),¥|lg_ € H'(R-),¥(z) = 0 for « > 0}

as d = 0 (R- = (—00,0)). Based on this understanding, we get the following
formal eigenvalue problem

Find A € C and (¢, %) € X(u, ) (R) such that
¢'+sd Ko+ =2, s -y=2  (¢<0),

(5.3)
¢ +s¢ — ko =X, sy =Xy (z>0),
¢(+0) — ¢'(-0) =wg(0),  s(¥(+0) — Y(=0)) = —we(0),
where £ = 2nn (n = O,i,~ -+). The formal eigenvalue problem in the one-

dimensional space and the cylindrical domain €3 is given by (5.3) with & = 0

and k= —= (n=0,1,---, m =1,2,---), respectively.

The problem (5.3) subject to (4.1) is solved as follows. Put v = (A + 1)/s
and denote by x; and &, two roots of 22 + 52 — (A + k2) = 0 (Rek; < Rexy). It
is shown that there exists no eigenvalue satisfying 72 4 sy — A — k% = 0. Hence,
we obtain

Ce™
Y2 4+ 57— A — k2
¢(z) = Be™®, P(z)=0  (z>0)

Y(z) = Ce™,  g(c) = Aes® —

(= <0), (5.4)

corresponding to (4.2) ~ (4.5). It follows from the continuity of ¢ at # = 0 and
the jump condition in (5.3) that

C
T tey—A—k? =5
"C (5.5)
KIB—N2A+72+87__,\_ 72 =wB, -sC=-wB,
which leads to the algebraic equation
s 1 ,
;(ml — K3 —w)+ oo 0. (5.6)
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6 Appearance of helical waves

We solve (4.8) by using the Newton method since its solution is not be given ex-
plicitly. We first fix d and u;, suitably. Calculating the left-hand side of (4.8) and
checking the signs of its real and imaginary parts for various A (ReA > —1/2), we
find some approximate eigenvalues. Then, employing these approximate eigen-
values as initial values, we get eigenvalues by the Newton method. Moreover,
the dependency of eigenvalue on d and u;, is studied also by the Newton method.
Since the terms s +4d(A+1+dk?) , s> +4d(A+dk?) and s? +4(A+k?) included
in the left-hand side of (4.8) never take a negative real value, their square roots
with positive real part are denoted by using the notation ,/—. For d > 0,
d(vy — §) is expressed as

d(y—8) = %\/s"’ +4d(A + 1+ dk?) + -;-\/? + 4d(A + dk?), (6.1)

which implies d(vy — §) tends to s formally as d — 0. In this sense, (4.8) tends
(5.6) as d = 0.
The following behaviors of eigenvalues are proved.

Proposition 1 When k =0, A = 0 is a simple eigenvalue and the eigenfunction
is (U'(x). V'(x)).

2}

Proposition 2 If d = 0, A = 0 is not an eigenvalue for k # 0 and 57 lk=0,=0 < 0.

In the case of d = 0 and k¥ = 0, we can get more precise information
on solutions of (5.6). Put k; = sk. We note that Rex > —1/2 from (3.5).
Substituting k; = —s — k3 = —(1 + k)8, A = =K1K — k? = k(1 + £)s® — k? and
s?2 = (1 — u;y)/uiy into (5.6) and multiplying it by sw(y — r1)u;y?, we reduce
(5.6) to the cubic equation

{1 wip) (6 + 1) (1~ FHL = (L - u) @+ D} —uy =0 (62)
with respect to k. We here let £k = 0. Then, (6.2) is factorized as
~(1 = uig)k{2(1 — u;p)Kk® + (4 = Bugy )k + 2(1 — uiy)} = 0. (6.3)

Since D = u;y(9u;;, — 8) is the discriminant of the quadratic equation 2(1 —
uig)&? + (4 — Suy)k + 2(1 — u;;) = 0, its solutions are complex conjugate

5u;§ -4% i\/ -D
K =

4(1 - u,'g)

8/9. The condition Rex > —1/2 is satisfied by u;, > 2/3. Hence, the eigenvalue
problem (5.3) subject to (4.1) has just one solution A = 0 when u;; < 2/3, three
solutions A = 0 and a pair of complex conjugate numbers when 2/3 < u;; < 8/9

when u;; < 8/9 and they are positive real when u;, >
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and also three solutions A = 0 and two positive numbers when u;, > 8/9. The

real part of the pair of complex conjugate eigenvalues is expressed as
§ =,
8(1 - U,'g)

which is negative for small u;, and increases with u;,. The above expression
together with |Re| = (Buig = 2)y/1ig(8 — 9uig)

' Busg(1 — uig)
Jugate eigenvalues cross the imaginary axis transversely at the critical Uy =6/7
and they move in the complex plane with positive real part for larger u;, and
arrive at the point A = 1/4 on the real axis when u;, = 8/9.

Solving the algebraic equations (4.8) and (6.2) by the Newton method and
the bisection method, we clarify the following properties of eigenvalues. (In the
description of properties, we neglect two positive real eigenvalues which may
appear when u;, is very near to the unity.)

Property 1 (number of eigenvalues) The problem (3.12) subject to (4.1)
as well as (5.3) subject to (4.1) has one real eigenvalue and a pair of complex
conjugate eigenvalues at most.

ReA = Rek(1 + Rex)s? — (Imk) (6.4)

implies that the complex con-

Property 2 (real eigenvalue) There exists a continuous function IE(}:,-,,; d) of
u;g and d such that the problem has a real eigenvalue if and only if k < k(ug;d).
The real eigenvalue A is equal to zero for k = 0 and is negative for k # 0.

1.0 %—
2 O
A

0.0

0.82 0.90

Figure 6.1: Hopf bifurcation point ug"" f (k; d) of planar traveling wave

Property 3 (a pair of complex conjugate eigenvalues and the Hopf
bifurcation) Let d = 0 or d « 1. There exists an interval J C (0,1) such
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that the problem has a pair of complex conjugate eigenvalues for u;;, € J. Its
real part is negative for small u;; and increases with u;4, and the pair crosses
the imaginary axis transversely at a critical value u;; = ug"”f (k; d).

080 —3» ¥ L 00 —»y L

Figure 6.2: An approximate solution at the Hopf bifurcation point for k = 0.21
(t = 0.0, ul" (k;0) ~ 0.853555, A = io with o ~ 0.407945, L = 27/k for the
left pair while L = 47 /k for the right one)

Property 4 (relation between the wave number k and the Hopf bi-
furcation point ug"”f (k;d)) For each d, there exists k*(d) > O such that
~ng°" f(k; d) decreases with increasing k for k < k*(d) and ug"” !(k;d) increases
with k for k > k*(d) as shown in Figure 6.4.

As stated in Property 3 in the above, a planar traveling wave lose its stability
by the Hopf bifurcation at u;, = ug"”f (k;d). Then, what solution emerges
through the Hopf bifurcation ? The planar pulsating wave takes place of the
planar traveling wave clearly when k£ = 0, however, what kind of oscillatory
solution appears when k¥ # 0 ? The bifurcated solution in the band domain
Q, is approximated by a suitable sum of planar traveling wave and solution
of linearized equation (5.1) at the Hopf bifurcation point u;, = ug”f (k:d). A
solution of (5.1) with u;, = ug"”f (k; d) is given by

Red(z) Imo(x) cos(ky + ot) sin(ky + ot) a (6.5)
Rey(x) Imy(z) —sin{ky + ot) cos(ky + ot) b )
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with arbitrary constant a and b, where o denotes the imaginary part of eigen-
value and (¢(z), ¥ (x)) is the eigenfunction associated with io. In Figure 6.5 we
draw the distribution of the sum of planar traveling wave and the above solution
with @ = b = 1 with the view to checking the type of bifurcated solution. The
wave number k equals 0.21 for the both left and right pairs of figures. The band
width L equals 27 - 1/k for the left pair and it does 27 - 2/k for the right one.
The planar traveling wave propagates downward, and the left and right figures
of each pair display the distribution of u(0,z,y) and v(0,z,y) in a grey scale,
respectively. The expression (6.5) implies that the distributions of u(t, z,y) and
v(t,z,y) rotate left or right as time ¢ goes on, and tells us the appearance of
helical wave via the Hopf bifurcation of planar traveling wave.

Combining thc above discussion, we roughly summarize the results at the
end of Section 1. We note that there are reported bifurcation diagrams similar
to Figure 6.4 in [5], [1] and [6] among others, where the appearance of spin
waves (= helical waves) are discussed based on a reduced model called the two-
phase model of Margolis ([4]). Sivashinsky [14] also obtains a similar blfurcatwn
diagram by using another reduced system.
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