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Viscous shock profile for 2 x 2 systems
of hyperbolic conservation laws
with an umbilic point

Fumioki ASAKURA*and Mitsuru YAMAZAKI'
BERHE (KREBRBEKRFETER) - ILEH (RERERER)

1 Introduction

Let us consider a 2 x 2 system of conservation laws in one space dimen-
sion:

Ui+ FU), =0, (z,t)€RxR4 (1)

where U = Y(u,v) € Q for a domain @ C R? and F =!(F, F3): 1 R?is a
smooth map. We suppose that this system of equations (1) is hyperbolic, i.e.
the Jacobian matrix F'(U) has real eigenvalues X (U), Ao(U) for any U € Q.
If, in particular, these eigenvalues are distinct A(U) < A(U), the system
is called strictly hyperbolic at U. A state U* € (2 is called an umbilic point,
if \(U) = X(U) and F'(U) is diagonal at U = U*. We suppose that the
system of equations (1) is strictly hyperbolic at any U € Q\ {U*} and that
U* is a single umbilic point in . Since U = U* is an isolated umbilic point,
we have the Taylor expansion of F(U) near U/ = U*:

F(U) = F(U*) + AU - U*) + QU - U*) + O()|U - U”

where X* = A\ (U*) = X3(U*) and @Q : R? — R? is a homogeneous quadratic
mapping. After the Galilean change of variables: £ — £ — A*t and U —
U + U*, we observe that the system of equations (1) is reduced to

Ui+ QU): =0, (z,t)eRxRy | (2)
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modulo higher order terms. Now by a change of unknown functions V =
S~1U with a regular constant matrix .S, we have a new system of equations
Vi + P(V), = 0 where P(V) = S71Q(SV). Thus we come to

Definition 1.1  Two quadratic mappings Q1(U) and Q2(U) are said to be
equivalent, if there is a constant matriz S € GLy(R) such that

Q,(U) = §1Q,(SU) forall U e R2 (3)

A general quadratic mapping Q(U) has six coefficients and GLy(R) is a
four dimensional group. Thus by the above equivalence transformations, we
can eliminate four parameters. These procedures are successfully carried out
by Schaeffer-Shearer [25] and they obtained the following normal forms.

Let Q(U) be a hyperbolic quadratic mapping with an isolated umbslic point
U = 0, then there ezist two real parameters a and b with a # 1+ b? such that
Q(U) is egquivalent to 3VC where V = {0,,8,) and

C(U) = taud + bu?v + uv?. (4)

Moreover, if (a,b) # (d,b'), then the corresponding quadratic mappings:
1VC and 1VC' are not equivalent.

In the following -argument, we shall confine ourselves to the quadratic
mapping:

1 2 2

P =) = 3900) = 3 ( 5T ) @rre?) @)

Mathematical properties of the systems of equations (1) depends on (a, b).
Schaeffer-Shearer classify in [25] ab-plane into four cases: Case Iis a < 3b%
Case ILis 3b% < a < 142 for a > 1+b?, the boundary between Case III and
Case IV is 4{4b?>—3(a —2)}® — {16b® +9(1 — 2a)b}*> = 0. We notice that these
2 x 2 system of hyperbolic conservation laws with an isolated umbilic point
is a generalization of a three phase Buckley-Leverett model for oil reservoir
flow where the flux functions are represented by a quotient of polynomials of
degree two. In Appendix of [25]: in collaboration with Marchesin and Paes-
Leme, they show that the quadratic approximation of the flux functions is
either Case I or Case II.

The Riemann problem for (1) is the Cauchy problem with initial data of
the form

_J Uy for <0,
U(:z:,O)—{ Ug for >0 (6)
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where Uy, Ug are constant states in 2. A jump discontinuity defined by

| Uy for z < st,
U(:C’t)—{ Ug for = > st (7)

is a piecewise constant weak solution to the Riemann problem, provided these
quantities satisfy the Rankine-Hugoniot condition:

s(Un — Ur) = F(Ug) - F(Uv). ®)

We say that the above discontinuity is a j-compressive shock wave (=
1,2) if it satisfies the Laz entropy conditions :

/\j(UR) <8< Aj(UL), Aj_l(UL) <8< Aj+1(UR) (9)

(Lax [16], [17]). Here we adopt the convention Ag = —oo and A3 = oo. The
presence of an umbilic point bring us to face with non-classical: overcom-
pressive shocks and crossing shocks. We say that a piecewise constant weak
solution (7) is a overcompressive shock if it satisfies

)\I(UR) <8< /\1(UL), Az(UR) < s< )\Q(UL). (10)

We say also that a piecewise constant weak solution (7) is a crossing shock
if it satisfies

/\1(UR) <8< AQ(UR), Al(UL) < s< Az(UL). (11)

In this note, we shall confine ourselves to Case II of the representative
quadratic mapping F(U) = Q(U) defined by (5). Our aim is to show that
there is no crossing shock with viscous profile on the complement of medians
M; U M3 hence the associated vector field X,(Uy, U) is structurally stable on
the complement of M; U M3 in Case I1. In Section 2, we introduce the vector
field X, (U, Uy) which allows us to determine the existence of a viscous profile
to the shock wave solutions. Then we classify the character of critical points
for the vector field X,(Uz,U). In Section 3, we show that there is no crossing
shock with viscous profile on the complement of M; U M. In Section 4, as
conclusion, we show that the vector field X,(Ur,U) is structurally stable on
the complement of M; U M3 in Case II.

2 Viscous Shock Profiles

One admissibility condition for shock wave solutions (7) to the Riemann
problem (6) for a hyperbolic system of conservation laws (1) is to obtain these
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solutions as limits of travelling wave solutions to an associated parabolic
equation:

U, + F(U)y = e(B(U)s)gy€ > 0 . (12)

with an admissible matrix B(U) in [4, 8, 9, 21, 28, 31]. More precisely, let
U, and Ug be two constant states to Riemann problem (1), (6). If there
exists a shock U(z,t) (7) with speed s to this Riemann problem and the two
constant states U and Ur are connected through a travelling wave solution

Uz t) = U (=%

shock wave U(z,t) (7) as € tends to 0, then we say that this shock (7)
satisfies the viscosity admissibility criterion and that it has a viscous shock

profile Us(z, t) = U ( Z=2). The travelling wave U(z,) = (z = St)

should satisfy, by integrating (12), the 2 x 2 system of nonlinear ordinary
equations:

to (12) with shock speed s which converges to the

B(U)Ug = —s(U — UL) + f(U) = f(UL) (13)

— st
with £ = T % and the boundary conditions at the infinity

Jim U(€) = Us, Jim U(§) = Ur. (14)

The conditions (13), (14) required for the travelling wave solution imply
automatically the Rankine-Hugoniot condition (8) for the Riemann problem.
The existence of shock with a viscous profile is equivalent to the system of
(13) with the boundary condition (14).

Let X,(U,Ur) be the vector field

X,(U,U) = —s(U—-U) + F(U) - F(UL). (15)

The shock wave solution (7) has a viscous shock profile if and only if there
exists an orbit along the vector-field X (U, Ur) from the critical point U L to
the critical point Uy of this vector-field.

Let p be a critical point of a vector field X. We say that p is hyperbolic if
dX has two eigenvalues with non-zero real part at p. Clearly the eigenvalues
of dX,(U,UL) are —s+A;(U). In particular, dX,(U,UL) has real eigenvalues.

The critical point U of X is not hyperbolic if and only if s = A\;(U) (j =
1 or 2).

Proposition 2.1  The shock wave (7) is
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e I-compressive shock if and only if Uy, is repeller and Ug is saddle.
e 2-compressive shock if and only if Uy, is saddle and Ug s attractor.
e overcompressive shock if and only if Uy, is repeller and Ug is attractor.

e crossing shock if and only if Uy, and Ur are saddles.

For all above shocks, both critical point Uy, and Ug are hyperbolic.. Moreover
there ezists a shock wave (7) with a viscous profile if and only if there exists
an orbit connecting two critical points of the vector field X,.

We say, for example, repeller-saddle connection or simply R-S connection
an orbit from a repeller point to a saddle point.

In Case 11, we investigate the critical points of the vector-field X,(U,UL)
in the finite part of the U—plane and at the infinity. The Poincaré transfor-
mation [2, 9] enables us to make a one-to-one correspondence from U—plane
including the infinity to the sphere S? by 1dent1f'y1ng two antlpodal pomts
The line joining two antipodal points of $? = {(z1, x3, T3) € R3; 22412 +22 =
1} intercepts the plane P, = {(u,v,—1);(u,v) € R?} ~ U — plane at one
point. This mappmg induces the vector field X,(U,UL) on U—plane to the
vector field X5°(U,U;) on the sphere S? minus the equator {z3 = 0}. The
equator {z3 = 0} corresponds to co x S! of U—plane. Similarly the line
joining the origin and a point on P, = {(1,w, —z); (w, 2) € R?} intercepts
S? at two antipodal points. By this mapping, a vector field on P is induced
to a vector field on the sphere S minus the equator {x; = 0}. Therefore the
composition of two mappings above transforms a point (1,w, —z) € Iy to a
point (u,v,1) € P;:

u=1/z,v=w/zif 2#0,
or equivalently
w=v/u, z=1/uif u #0.

For u = 0, we take instead of the plane P, the plane Py = {(w, 1, —2); (w, 2) €
R?}. Similarly a point (w,1, —z) € P; corresponds to a point (u,v,1) € Py:
w=ufv, z=1/vifv#0.

d - Ey)(U
By the mapping from P, to Py, the differential equation ?d% = ————-———_:Z: Fj%U;

of the vector field X,(U, Uy) is induced to the differential equation
dz ¥

=~ == 16
dw EZ (16)
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where
U = —z{-s2(1—2ur)+ Fi(1,w) — 2*F(UL)},
= = —w{-sz(1 — zur) + Fi(1,w) — 22F1(UL)} + F»(1,w)

—22F(U) — sz(w — zvg).

The right-hand side of the differential equation (16) is well-defined also for
{z = 0} which corresponds to the equator {z3 = 0} of S? then to the infinity

of U—plane.
We consider the critical points of X,(U,UL) at the infinity. They satisfy
z =0 then

—wF(1,w) + F(l,w) = —®(w) = —(w? + 2bw? + (a — 2)w — b) = 0

which has three distinct real roots p;, us, pa for a < 1+b%. The corresponding
vector field of (16) is w = =, 2 = ¥ and its Jacobian matrix at z=0is

( ~Fi(3,w) —-wF%(l,w) + F5(1,w) __Flz)l,w) ) : (17)

We have already known [3] the configuration of the roots p; of ®{(w) = 0.
For b > 0,

in Case I, u; < ~b < pp < —b/2 < 0 < yg. (18)

Then we have

<0 forw = M1, 43,

~Fi(1,w) - wHLw) + Blw) = - { S ik g
and
— — _._1_ <0 for M1, K2,
F(l,w)= w(@(w) + 2w + b) { >0 for s (20)

Therefore in Case II, u; is a attractor, us is a saddle and pj3 is a repeller. On
account of the fact that, at the antipodal point, the character of a critical
point is the inverse, we have

Theorem 2.1  The vector field X,(U,UL) has six singularities at infinity.
In Case II, two are repellers, two are attractors and two are saddles.

We investigate critical points of X,(U,UL) in the bounded region of
U—plane. Owing to the Poincaré-Hopf theorem, we can show
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Theorem 2.2  The vector field X,(U,U) has two, three or four critical
points in the bounded region of U—plane. In Case II,

(i) if the vector field X,(U,UL) has four critical points in the bounded
region of U—plane, then the critical points are two nodes and two saddles.

(i4) if the vector field X,(U,UL) has three critical points in the bounded
region of U—plane, then the critical points are one node, one saddle and one
saddle-node.

(i) if the vector field X,(U,UL) has two critical points in the bounded
region of U—plane, then the critical points are one node and one saddle or
two saddle-nodes.

Let us recall the notion of structurally stable vector fields. Let x(M?) be
the space of all vector fields of C! class on a 2-dimensional compact manifold
M? with the C-topology. '

Definition 2.1 A vector field X € x(M?) is said to be structurally stable
if there exists a neighborhood N of X in x(M?) such that for any Y € N,
there exists a homeomorphism p : M? — M? which maps any orbit of X to
an orbit Y.

The following theorem due to Peixoto [24] gives a characterization of
structurally stable vector fields.

Theorem 2.3 A vector field X € x(M?) is structurally stable if and only
if it satisfies the following conditions:

. there are only a finite number of critical points and all are hyperbolic,
e there are only a finite number of closed orbits and all are hyperbolic,

o the w-limit sets and a-limit sets of any orbit consist only of critical
points or closed orbits,

e there are no saddle-saddle connections.

Since both eigenvalues of X,(Uy,U) are real, we have

Proposition 2.2  The vector field X,(Ur, U) has no closed orbits, nor sin-
gular closed orbit, nor w-limit sets, nor a-limit sets. '

The most unstable connection is clearly saddle-saddle connection. We
will show in the next section that there are no saddle-saddle connections on
the complement of M; U Mj; in Case II.
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3 Saddle-Saddle Connections

The aim of this section is to show that there is no crossing shock on the
complement of M; U Mj; in the Case II.

Theorem 3.1 A crossing shock has a viscous profile if and only if this
profile comes from a saddle-saddle connection which is a straight line on the
median M; = {U =*(u,v);v = pju} (j = 1,2,3).

Proof. Suppose that there is a crossing shock. It is obvious, from Propo-
sition 2.1 and its following remark, that the existence of a crossing shock is
equivalent to the existence of a S-S connection. ‘The next lemma is due to
Chicone [6].

Lemma 3.1 Let X = ¥(¥U,E) be a quadratic vector field on the plane
where ¥ and = are relatively prime polynomials. Then every saddle-saddle
connection lies on a straight line.

To accomplish the proof of the theorem, we make of a use of a strategy
of Gomes [9]. Let U and Ug be two saddle points connected by an straight
orbit .L ;.U = *(1,k)t + Ur. Owing to the fact that the segment L from Uy,
to Upg is invariant under the vector field X,, we have (X,|;,*(—k,1)) = 0.

Denoting U = *(u,v) and Uy, = ¥(ur, vr), we have, from the above equa-
tion,

F(U) — F(Ur) = k(F(U) — F1(UL)), (21)

ie. (kFi(1,k) — F5(1,k))u? = 0 modulo polynomial of u of degree < 1. It
implies that

kFi(1, k) — Fy(L, k)(= @(k)) =0, (22)
then k = p; (j = 1,2 or 3). Substituting k = p; into (21), we obtain
k2(buL + 'UL) +k ((a - l)uL +bv) — (bug + vr) =0. (23)

(22) x up — (23) gives us (k? + bk — 1)(kur — v,) = 0. Because clearly
k% + bk — 1 # 0, we have kuy = vy. Then L is on a median.

Therefore the straight orbit lies on the medians and every median is
invariant of the vector field X,, which proves the assertion. The converse is
quite clear.

In the context of the above proof, we showed
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Corollary 3.1 i) Every median M; is invariant under the vector field X
and every straight line orbit lies on a median. ) The orbit of any saddle-
saddle connection lies on a median.

Let us investigate the structure of orbits on the medians. Let Uy =
t(uy,vy) be a point on a median M = {U = *(u,v);v = pu} where p =
pi (1 < j < 3). Owing to Corollary 3.1, the orbit through Uy lies on the
median M. Then we have

X,(U, Uy) = {0 + 26 + p2) (o = u2) — s(u— ur)} ( ! ) L@

Let U; = *(uy,v;1) be a point X (U1, Ur) = 0(Ur # Uyr). Then we have
v, = pu; and

8. (25)

_ Jd
= uL+b+2p

I up <ugie up> s, then both components of X,(U,UL) are

__*
2(b+ 2u) , .
negative for u; < u < uy and positive for v < u; and for u > ug. Hence
there is an orbit from Uy, to U.

. I

Ifu; >upie up < ——
RN ) |
negative for u;, < u < u; and positive for u < uz and for u > u;. Hence

there is an orbit from U, to Uy.
In any case, there is an orbit between UL, and U;. Therefore we have

3, then both components of X,(U,UL) are

Theorem 3.2  Any point Uy, on a median M; (1 < j < 3) can be connected
via one shock to a point U, on the common median M; and this shock has a
viscous profile.

Furthermore the character of shock waves on the median M; (1 <j < 3)
can be determined in Case II by the following two propositions

Proposition 3.1  Letb > 0. On the median My, there is no crossing shock
in Case II.

Proof. On the median M, = {(u,v);v = psu}, the system (1) is reduced

to the equation
b 2 2
v+ (-3 + —) (-”—) =0. (26)
H o wa/ \2/,
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Then the speed of shock wave joining U} = *(uy.vy) and U_ = *(u_.v_) is
2
(U, U-) = L2

o (v4 + v-). The Jacobian matrix F'(U) on the median
M2 is 2

) [ aut+bv bu+tv _ 1 a+bus b+ uy
F(U)—(bu+v u ) ;,LQ( b+ usg 1 v

As we have already seen in Proposition 5.1 [3], the eigenvalues of F'(U) are

b+2[l;2 L (1 )
AU +2b+ dAx-U)=({——-b-—
(U)= (ﬂ Nz) e v an ) o tg | v

2

and its eigenvectors are (v, uav) and *(—usv, v) respectively. We can deter-
mine A;(U) and A2(U) according to the sign of v (or u). In fact, we have

AU) = A U) = Mig(l + 12) (12 +b). (27)

On the median M,, taking into account of (18), for v > 0, \(U) =
AL(U), 2(U) = MU) and, for v < 0, \y(U) = MU), Ao(U) = /\L(U)

Suppose that there is a crossing shock on the median M,. We have four
cases: 1)vy > 0,v- > 0, ét)vy > 0,v- < 0, 4d)vy < 0,0- > 0.4w)vy <
0,v. < 0. In case i), we would have

\ 2

s(Usp, U-) = 2(Uy) = NL+ b(”- —v;) <0,

j
sUs, U= 2a(U) = ¥l o )<o

H;

which is not possible to realize. In case i), we would have
s(Us, UZ) = A (U2) = 2“2’”_'- b(v+ —wv_) > 0 then v, < v_
j :

which is not possible to realize. In case #it), we would have

2/1,J +b

s(U;,U_) = \(Uy) = —25—(v- —v,) >0thenv_ < v,

which is not possible to realize. In case iv), we would have

s(Uy, U-) = M(Uy) = 2MJ i b(v— v4) <0,

2,u_, + b
I

s(Us, UZ) =\ (U2) = (v4 —v_) <0



which is not possible to realize.
Therefore there is no crossing shock on the median M.

Proposition 3.2  Let b > 0. Suppose that (a,b) belongs to Case II. On
the median M,, there is a saddle-saddle connection from U_ to U, if and
only if v- < 0 < vy. On the median Ms, there is a saddle-saddle connection
from U_ to Uy if and only if vy <0 <w_.

We can prove this proposition using a similar strategy as Proposition 3.1.
Combining Corollary 3.1, Proposition 3.1 and Proposition 3.2, we have

Theorem 3.3 There is no saddle-saddle connection nor crossing shock
with viscous profile on the complement of My U Ms in Case II

The relation X,(U, UL) = 0 is the intersection of two quadratic equations
Fy(U) — Fy(Up) — s(u —ug) = 0 and Fp(U) — Fy(U) — s(v —v) = 0. Then
it consists of at most four points including Uy, and U;. In fact, the others are
two saddle points. More precisely

Proposition 3.3 Let Uy be a point on a median M; (1 < j < 3). The
set Xo(U,UL) = 0 consists of at most four points. The others critical points
then Uy, and U, consist only of saddle points.

Proof. Let Uy be a point on a median M, : vy = pjur. The equation
Xs(U,UL) = 0 implies that _
FR{U) - FR{UL) -s(u—uL) = 0, (28)
F(U) = FK(Uy) —s(v—v) = (29)

@

(29) — (28) x u; implies that
(ap; — b)u? + 2(bp; — 1)uv + pv? — spju+ sv + {F2(Ur) — p; Fa(Ur)} = 0.

Here

(b — ap;)ud + 2(1 — buj)urvr — pivi
ud {(b— apj) + 2u5(1 — bpg) — 43
—u? {13 + 2bu3 + (a — 2)p; — b}

0.

F(UL) — uiFa(UL)

!

Hence we have

0 = (ap; —b)u?+2(buj — uv + pjv? — spju + sv
(v — pu){pw — 5 (ap; — bJu + s}
= (v — pu){pv + (U2 + 2bp; — 2)u + s}.

Il
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Therefore we have v = p;u and

1 s
v = —(ap; —bu— — 30
ujz_( i = b) o (30)
2
or equivalently v = ( —p; —2b+ — )u——s—. (31)
M5 Hj

Substituting v = pju into X, (U, UL) = 0, we obtain as above U = Uy, Uj.

2
Similarly substituting v = (—uj - 2b+ ;) u— Iii into X,(U,UL), we
] ]
obtain

X, (U, Uy) = xg(U,UL)(ulj) (32)

4 4
where z}(U,UL) = (—-3b - 2u; + ——-) ui+s (2b + pj — —) u (33)
‘ Hj Mg
2

+;j—_ — (b + 2u;)ul + spjup. (34)
7

Therefore on the line v = | --p; — 2b + 2 ) u— —, the vector field X,(U,UL)

7y
has the constant direction +* (1 i) and passing through the critical point,
X4(U, Uy) changes the sign. It occurs only in the case of saddle points, which
proves the proposition.

4 Structural Stability

Applying Theorem 3.3 and Proposition 2.2 to Theorem 2.3, a vector field
X(UL,U) is structurally stable on the complement of M; U Mj if and only
if there are only a finite number of singularities and all are hyperbolic. Even
if there are many variations of critical points as stated in Theorem 2.2, in
any case, a vector field X,(Uy, U) has at most four critical points in bounded
region and six critical points at infinity of U-plane and all of these are hy-
perbolic. Therefore we have

Theorem 4.1 A vector field X,(UL,U) is structurally stable on the com-
plement of M, U M3 in Case I
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