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Adaptive expectation generates the Harrodian
Instability

Hiroyuki KATO*
Graduate School of Economics, Keio University

Abstract

This paper studies an instability and a cycle of a capital accumu-
lation path which permits a disequilibrium of labor market. We show
that an adaptive expectation plays an essential role for the instabil-
ity which does not recover. This result also explains why two sided
investment properties give rise to a Harrod’s knife edge. In addition,
we show an existence of business cycles by considering a government
expenditure as endogenous variable.

1 Introduction

There are two traditional conflicting view about the working of a market
economy. Classical school believes that the economy is by nature well-
behaved and stable, unless disturbances from outside—whether originating
from the external environment or from policy—are injected into the econ-
omy. But Keynesians do not believe in the controllability of the economy
because of their serious view of its ill-behavedness. So they believe the per-
sistency of a disequilibrium of a labor market whereas classical school has a
belief that markets clear at every time unless exogenous shocks occur. One
of the most important difference between the classical school and the Key-
nesians is the way of an expectation about a future economy. Models of the
classical vintage typically assume that every individual’s assesment of the
future is correct at any moment given his information.

According to the Keynesian view, a change of expectations are likely to occur
rather in an unpredictably way and are potentially major sources of endoge-
nous business fluctuations(market phychology, animal spirits). In a classical
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context for example, Friedman and Lucas explain a variation of a national
income by a seperation of an expected inflation rate and an actual one and
conclude that only a correct expectation supports an equilibrium of a labor
market. Grandmont, Azariadis and Guenerie show an existence of cycles
even under a perfect foresight or a rational expectation in a monetary econ-
omy.

On the other hand, in a Keynesian context, Harrod considered that a cause
of a fluctuation of an economy is two sided properties of an inventment.
One side of them is an effect of an investment on demand side, the other
is on a supply side by a variation of a capital stock. If there is an excess
demand, a firm feels capital shortage and increases an investment. Then
the demand increases and the excess demand does not recover. If there is
a excess supply, the opposite occurs. That is a so called “Harrod’s Knife
Edge”. Nikaido(1975, 1980) and Yosida(1999), for example, describes the
above manner and specialize a firm’s investment behavior. ! But these are
ambiguous on the reason why the firm behaves such a way.

In this paper, we show an occurrence of the “Harrodian” instability which
means that disequilibriums of markets persist essentially depends upon a
difficulty of a correct expectation of a future total demand. There are few
literatures on the Harrodian instability taking account of an expectation.
(except Futagami(1991) and Adachi(2000) ) We revice Adachi’s model and
make clear a relationship of an adaptive expectation and a instability. In ad-
dition, we study business cycles by considering a government expenditure as
an endogenous variable. For this purpose, we use the Hopf bifurcation theo-
rem which shows sufficient conditions for the existence of nontrivial periodic
solutions.

2 The Model

We consider a representative firm which produces a single good, workers(consumers,

capital stock-holders) and a government.

1In Nikaido(1980),

() = d(5 - L&D

I, K, L, 8, F are intended investment, capital stock, population, rate of saving, pro-
duction function respectively. ¢ is a signe preserving function and 'is a time derivative

167



2.1 The Firm’s behavior
2.1.1 The determination of capital stock

assumptionl.

The production function F(K, N) is in C?(R2, R;) and homogenous of de-
gree one. f'(z) >0, f"(z) <0 where f(z)=F(1,%)(z= %) K and N are
a capital stock and a labor.

Let Y be a level of demand long term ahead which a representative firm
predicts. Let (w® 7€) be a factor price vector which the firm forcasts. Let
z¢ = ¥ (w®/r®) be an optimal factor employment which satisfies f'(z¢) = w*,
f(z®) — z¢ f'(x®) = r°. Because the production function is homogenity of de-
gree one, z° is uniquely determined depending on only w®/r¢. Then a capital
stock the firm desired corresponding to Y is

— 1 e — Ewe re
et () =F gt r).

We consider the firm’s investment is determined by the follwing.

Ke

K=1=¢K®-K)

€ € (0,1) means the term of expectation. K is a current capital stock. Let
Y = F(K, N) be a current productoin level. Therefore

= Ye-Y)+ —Y - K
1= g =)+ ¥ )
I ( 1 YYe- Y+ 1 Y 1)
K~ “f@)K Y  f@)K
_ J@Ye-Y f(z)
=l v e D
We consider ¥>X as an expected rate of demand and put -—Y = g.. We
write
% = i(z, ge, T°)

For simplicity we assume that z° is a fixed number and put z* =z > 0
because we consider the expected factor prices are not so flexible. Then we
write,

_II';-' = i(xage)
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2.1.2 The determination of labor

For each time ¢, a representative firm maximize a following problem because
a K;is not a control variable at ¢ (K is determined at t — A)

H}%X[PtF(Kt, N;) — Wi Ny

Then the aggregate supply function at ¢ is

' W,
AS(K, Wi P) = (F(Ku N) € R | Fu(Ki, N = "2

2.2 The demand side

2.2.1 The saving function

A total saving consists of a private sector and a government sector. We define
as follows. '

S,=Y-T-C
S,=T-G

where Y, T, C, G are a national income, a tax, a consumption, a government
expenditure respectively. We specialize a consumption function such as

C=aY-T)+C
Let 7 > 0 be a rate of tax on Y. We write,
T=1Y
Then the total saving S is
S=85+S5,
=Y-T-C)+(T-QG)
=Y -1Y¥ —aY +arY -C0) + (1Y - G)

=(1—-a+ar)Y —(C+G)

Put a = &€, then

=(l-a+ar)f(z)-a

x|

= s(z,a)
So the aggregate demand function at ¢ is
AD(K\,K;,Gy)={Y, € R | Yi=C(Y,)+I(Ky Kf)+ G}



3 The Dynamical system

We assume that W; /P, is determined such as AD(K, K¢, G;) = AS(K:, Wy, P,

at each time because an adjustment of P, is instantaneous. So at each time,
i(z, ge) = s(z,a)

To guarantee the above setting, we have to postulate that the adjustment is
stable.

assumption2.
i2(Z, ge) # 8:z(z,a) for all (z, ge, a) with i(z, g.) = s(z, a)

Because the equation i(z,g.) = s(z,a) is always met, we can apply the
implicit function theorem to i(z,g.) — s(z,a) = 0 about z by assump-
tion2. Then there exists locally defined C? function z(-,-) which satisfies
i(z(a, ge), ge) = s(z(a, g.),a). Now let (K}, Gy, ge) be given. If there is an
excess demand, that is, s < i, P, increases and a firm increases production by
an increase of labor(so z) because W; /P, is down. In case of an excess supply,
the opposite occurs. Therefore, we need to assume the inequality i; < s;
for the above adjustment process to be stable. But the function z(a, g.) is
defined only locally because that is led by the implicit function theorem. So,
there may be multiple equilibria z for a given (a, g.) depending on shapes
of i and s. But in the following, we only consider equilibria which is stable,
that is, z which satisfy i(z, g.) = s(z,a) and i,(z, g.) < s3z(z,a) for a given

(a‘) ge)-
Then, we get
_ —$q(z,a)
200 = 0 - a@a)
tg. (%, e
zge(a, ge) - g‘( g ) > 0

iz(xa ge) — 8z(z, a‘)

We consider a dynamical system of g, as follows.

e = pli(z, ge) — i(Z, ge)]

1 > 0 is an adjustment parameter. The above system means that if a real
level of demand is higher(resp. lower) than an expected level of demand, an
expected rate of growth g, is up(resp. down). v

We first consider the case without a government expenditure, especially
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a = 0. A unique solution of (0, g.) = Z is ge = (1 —a+oar)f(Z). Thisisa
fixed point of the above dynamical system in case of a = 0. We assume the
following inequality so that the product market is stable.

assumption3.
iz(Z, (1 — a + ar) f(Z)) < 5,(Z)

Theorem1(Harrodian Insability without a government expenditure).

If a = 0, the fixed point of the system

ge = uli(z(ge), ge) — i(Z, ge))

is locally unstable.?

(proof) :
Because this is a one dimensional differntial equation, we only check the
derivative of the dynamical system at the fixed point.

dg .

3?:|9==%<1—a+ar>f(z> = WisTg, > 0

Then the system is unstable around the fixed point. (Q.E.D)

Remark:The conclution of the above theorem essencially depends on two
sided inventment properties and a lack of a rationality of a firm. If a real
demand is higher than a firm’s expectation, the firm revices his expectation
upward and increases an investment. But this increases an aggregate demand
at the same time, then the seperation of an expected demand and a real
become larger. If a real demand is less than a firm’s expectation, the opposite
will occur. This process leads to an instability of the system.

Next, we consider a case of a # 0.
We consider about a labor market.®> A labor demand curve Fy(K,N) =
¥ shifts right if K increases because of Fyx (K, N)(= —#7f"(z)) > 0 by

assumption 1. Since Fy(K,N) = f/(X), if K increases at the rate of £ and

2Let z* be a fixed point of a differential equation # = f(z). =* is locally unstable iff
>0 VE(IlE-=*|l<d) Ft2toll gt &) —2* 126 VE>1i
where ¢(t, ) is a solution of # = f(z) with a initial condetion (2o, £)

3In this model, we only see an excess supply of labor market, that is, a real wage rate
W:/P; is sufficiently high because of a shortage of an aggregate demand. Let a capital
stock be always fully employed. So F(K, N) is produced with Fy(K,N) = W/P.
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N also increases at -f-v’— = %, Fn(K,N) is invariable. Therefore, the labor

demand curve shifts right at the rate of % = % If K decreases, the opposite
occurs. :
We assume a supply of labor is a total population. Let g, > 0 be a rate of

population growth.

Since £ = i(x(ge,a),g.), we consider the government recoginaizes the
following way. If g, > i(z(ge, @), ge), he thinks an involuntary unemployment
increases, if g, < i(z(ge, a), ge), the opposite will occur. Now we consider a
dynamical system of G. :

G.—-
C+G

So the dynamical system of a is

B(gn — i(z(ge, a), ge))

= B(gn — i(z(ge, @), ge)) — i(2(ge, @), Ge)

Then we get

a= a(ﬂgn -1+ ﬁ)i(x(gea a)’ ge))

We assume that g, > 0 is a fixed number. 8 > 0 is an adjustment parameter.

4 The existence of Hopf cycles

We consider the following dynamical systems.
ge = U[i(Z(ge, @), ge) — 4(Z, ge)]
a= a(ﬁgn - (1 + ;B)i(x(ge’a))ge))

We put the following assumption for the fixed point of the above dynamical
system to be in an interior of nonnegative orthant.

assumption4
(1-a+ar)f(z) - Tf—ﬂgﬁ >0

This assumption is met for sufficiently small S.
We write the above dynamical system as
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(!je, d) = H(ge’ a, ﬂ')

(@®=(1l-a+oar)f(z) - 1+ﬂg"’ ?1%759“) is a fixed point of H beause of the
equation i(z, TllLﬂiyn) =3(z,(1 - a+an)f(7) — 1£50) = 1550n.

We assume the following inequality for the product market to be stable at
the fixed point.

assumption5.
i2(%, gy 9n) < (8, (1 — @+ a7) (&) — 1259n)

We use a mathematical theorem of the following form.

Hopf bifurcation theorem(Lorenz[1], Marsden and McCradken[3], Wig-
gins(6])

Let & = X(z,p) be in C*(R®xR, R?*)(k > 2). Suppose X((z},z3),n) = 0
for all 4 € R and let D,X((z},z}), u) have two distinct , complex conju-
gate eigenvalues z+ (1) = a(p) + i6(p) such that a(u ) =0, o/(1*) # 0 and
B(k*) > 0. Then, there is an & > 0 and C¥~! function p* : (z—¢,z}+€) = R
such that p*(z}) = u* and such that for each z;¢€ (:c’{,a:‘{ + €), the point
(z1,z3) € R? lies on a closed orbit of X (-, u*(z,)) with period approximately
2m/B(u*) and which contains the origin in its interior.

Theorem 2(The existence of business cycles).

Put p* = a°(1 + B)z,./z,.

There exists an € > 0 and a C! function u*: (a® — ¢,a° + €) — R such that
p*(a®) = p* and such that for each a,€ (a°, a® +¢), the point (a;, ;(—I%F)g,.) €
R? lies on a closed orbit of H(-, -, u*(a;)) which contains the (a®, -e(—I;Lﬂ)g,,) in
its interior.

(proof)
We only have to check following conditions because of the Hopf bifurcation

theorem

1.H € C%
Because F is C? function, ¢ and s are C? functions too. By the implicit
function theorem z is C? class. Then H € C2.

2.H (L 15y 9n1 0 a®,p) =0 for all u € R.
By de%mtlon of H, it is clear.

3.D(g.,0)H (7 v gn,a% u) has two distinct, complex conjugate eigenvalues
z(p) such that Rez(u*) = 0 and L";f‘-(ﬂl,,:,,— # 0.
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Dig. o) H (;579m, 0% 1)

= ( MHizTg, HizTa )
—a’(1+ B)(iaZg, +1g.) (Bgn— (1 + ﬂ)i(x(s—(l%ﬁjgm af), 3—(1%3)‘91;) —a®(1 + B)(i:%a)
— KizZg, KigZa
—a%(1 + B)(izzg, +€) —a(1+ B)izza) |
The characteristic equation is
Q(z) = 22 — [pizzy, — a®(1 + B)izze)z + [{—a®(1 + B)plizzg,izza) } + {a®(1 +
B)u(izTy, + €)izTa}]
So the eigenvalue is
2(p)= 3{[u(izzq.) — a®(1 + B)icTa] £ /A(p)}
where A(p) = [u(izzq,) — a®(1 + B)izza]? — A[{—a’(1 + B)u(izZg, )izza} +
{a°(1 + B)u(isTq, + €)iaTa}]
Because of p* = a®(1 + 8)z4/z,,, we get Rez(p*) = 0,
Then A(p*) = —4[{—a’(1 + ﬂ)ﬁ* (12%4. )icTa} + {a°(1 + B)u* (152, +€)izTa}]
= ~4elo®(1 + el =
<0
So there exists § > 0 such that for all 4 > 0 with |p — p*| < 8, A(p) <0
Then 2(u) are two complex conjugate eigenvalues. In addition,
dp  lu=pr = 3laly,
So all conditions of the Hopf bifurcation theorem are satisfied. Therefore the
proof is complete. (Q.E.D)

We showed the existence of cycles of (ge,a) by theorem2, then the following
is clear.

Corollary. )

A real rate of capital accumuration £ = i(z(g.,a), g.) has cycles for each
p which is sufficiently close to u* = a®(1 + 8)z./z,. and for some initial
condition. '
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