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EXISTENCE OF LIMIT CYCLES
FOR COUPLED VAN DER POL EQUATIONS

NORIMICHI HIRANO AND SLAWOMIR RYBICKI!

ABSTRACT. In this paper, we consider the existence of limit cycles of coupled van
der Pol equations by using S1-degree theory.

1. INTRODUCTION

Our purpose in the present paper is to discuss the exsitence of solutions for the
system of Lienard differential equations. A second order ordinary differential equa-
tion of the form

Uy + f(u)ue + g(u) = e(t)

is called a Lienard differential equation, where f : RY — R" and ¢g : R¥ — RV are
usually assumed to be a continuous function on RV, and e(t) : R — R¥ is a forcing
term. Recent 30 years, Lienard equation has been investigated by many authors
from various points of view. One of the reason why many mathemticians have been
studied this kind of equations is that a broad class of phenomina in Science and
Engineering is presented by the Lienard equation. Though the Lienard equation is
very simple, the investigation of solutions for the equation is very difficult. One of
most interesting problem is to find a nontrivial solution of the autonomous Liearnd
equation. Let consider the Lienard problem with f(t) = ¢(t? — 1) and g(t) = ¢ for
t € R, where ¢ > 0 is a given constant. That is we consider the problem

ug+e(w - Dus+u=0 teR (1.1)

Problem (1.1) is known as van del Pol equation. The van der Pol euation has
been studied by many authors due to its adoption to wide variety of mechnical,
electonical, biological and economical systems, and the behavior of the solutions is
now well understood(cf. Guchenheimer and Holmes [[?]]. When e(t) = 0, Problem
(1.1) has exactly one limit cycle, that is there exists a unique nontrivial periodic
solution of (1.1). The period of the solution is determined by € > 0. The proof
of the existence of the limit cycle is basend on the Poincare-Bendixson theorem.
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Since Poincare-Bendixson theorem is valid only in two dimensional Euclidian space,
the proof for the exsitence of llimit cycle of (1.1) is not effective in n-dimensional
cased( n > 2). We will see in this paper that there is a limit cycle for a system of
autonomous van del Pol type equations.

On the other hand, the Lienard equation with a periodic forcing term e(t) has
also been studied by many authors. It is known under some conditions, the Liniard
problem has multiple periodic solutions and sometimes the dynamics of the solu-
tions are chaotic. We will see that under suitable conditions, n-dimensional Lienard
equation has periodic solutions.

2. LIENARD EQUATION WITH PERIODIC FORCING TERMS

In this section, we discuss the Lienard equation of the form

Uy + ;—tF(u) + Au =e(t) teR (V)
where N > 2, u € RY, A is (n,n)— matrix, F : R¥ — R" is a C! function
and e : R — R" is a continuous T-periodic function with period 7 > 0. In [He],
Egami and the author established an existence result for the periodic solution of
problem V. To state the result, we need to give some notations In the following, |-|
and (-, -) stands for the norm and the inner product of R", respectively. For each

u € L*([0, T];RY), we put ||ul| = (fOT |u[2) 1/2. We also set
T T
= RNY . — 2 ; 2 ]
H {u e C([0,T);RY) : u(0) u(T),/0 |ul®dt < oo,/0 lug|“ dt < oo}

The norm of H is defined by |[ull, = (Jjul® + ]|u1¢||2)1/2 for each u € H . We also

put
- 2
H:{uEH:/ u(t)dt:O}.
0

We denote by B.(0) the open ball in H centered at 0 with radius r > 0. 8B,(0)
denotes the boundary of B,(0). That is 8B,(0) = {u € H : ||lu| =r}. For each
compact mapping L : H — H and an open set U, we denote by deg(f — L, U, 0) the
Browder degree of L on U with respect to 0. We consider the case that F' has the
form

F(z1,29, -+ ,z,) = . (F1)
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where F; : R — R is continuous mapping. We put f; = F/ for 1 < i < N. We
assume that each f; satisfies '

fi(s) — £i(0)
2

We putu:min{f";f‘o) :s#O,lSiSN} and v = min {|£;(0)] : 1 <4 < N}.

We also assume that o '

0 < (Au,u) < |ul? for all uw € RV \ {0} . (A1)

Then we have the following existence result[He]:

fi(0) <0  and >0 fors#0. (F2)

Theorem 2.1. Suppose that (F1), (F2) hold. Let e € H. Then the problem (V)
has a T -periodic solution.

The proof of this theorem is based on~the qvegree theory. For each A € [OL 1],
d € [0,1], we define a mapping T'(A,8) : H — H by v = T'(\,6)u, where v € H is
the solution of problem

v = —0LF(u) — M+ de(t) on[0,T)
v(0) = v(T), v:(0) = ve(T) |

It then easy to see that T'(},d) is a compact mapping. Next we define a homotopy
of mappings on H by

T(1-3(1—-X)t,1)u forte[0,1/3] and u € H

T(Ao;2—3t)u forte[1/3,2/3] and u € H.
T(3A(1—1t),0)u forte[2/3,1] and u € H.

H(t)u =

Then H : [0,1] x H — H is a homotopy of compact mappings. By calculating the

degree of the
homotopy H, we can get the existence of periodic solutions. We can derive some

properties of the solutions.
A solution u of problem (V) is said to be an attractor if there exists a neighborhood
U of the set {(u(t),u;(t)) : t € T} C RN x R¥ such that for each (ug,vo) € U,

tli}l’(t)losup{l(T(t, (uO:U0)7Tt(u07U0)) - (’U,'LU)! : (v,'w) € {(u(t)>ut(t)) ‘te T}} = 0’
where 7(t, (uo, vp)) is the solution of initial value problem
Uy + iF(u) + Au = e(t)

dt
U(O) = Up
Ut(O) = Up-
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On the other hand, a solution u of (V) is said to be a repeller if there exists a
neighborhood U of the set {(u(t),u;(t)) : t € T} such that for each (ug,v0) € U,
there exists t; > 0 such that

(1(t, (wo, v0)), Te(t, (w0, v0)) ¢ U for all ¢ > t,.

Theorem 2.2. Suppose that (F1) and (F2) hold. Lete c H.

(1) if |le|| is sufficiently small, there erists a solution u € H of (V) which is a
repeller;

(2) if |lel| is sufficiently large, there exists a solution u € H of (V) which is an

attractor.

The proof of above theorem is also based on the degree theory.

3. ExisTENCE oF LiMIT CYCLES

For the existence of limit cycle of autonormous Lienard equation, we consider a
coupled van del Pol equations. The existence of limit cycles for coupled van der Pol
equations is not yet established except some restrictive cases(cf. [6]). In the present
paper, we discuss the existence of limit cycles for coupled van der Pol equations by
using S'-degree theory. To avoid unnecessary complexity, we restrict ourselves to

the case that n = 2. That is we consider the problem
Uy +81('U,‘1°‘ — 1)’[11 + uy + coug =0
’uz + 62(’&% - 1)’LL2 +cu; + Uy = 0

(P)

Our argument below remains valid for the case that n > 2. We impose that following
condition on ¢; and ¢y :
c1- ¢ € (0,1) U (1, 4+00) (A)

We can now state our main result:

Theorem 3.3. For any o sufficiently large, there ezist €1,€5 > 0 such that problem
(P) has a nontrivial periodic solution u € C%(R) x C*(R) with period 2ma.

The proof of theorem above is based on the theory of S'— degree. We will explain
the frame work of the theory and show how the theory is applied to our problem.

S'-degree: We denote by I'y the free abelian group generated by N and let ' =
Zy @ Ty. Then v € I means v = {7,}, where 7 € Zy and v, € Z for r € N. Let
V be a Hilbert space which is a representation of S'. For each proper subgroup
Q of St and each S'-equivariant subset X of V, we denote X@ the subset of fixed
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points of Q in X. For each U C V @ R and each S' equivariant compact mapping
f : U = V, we define, by using the fact that there is a one-to-one correspondence

between N and the proper, closed subgroups Q of S*, Deg(I — f,U) = {v} € I' by
v = degg:1 (I — f,U) and o, = dego(I — f,U) if r = |Q|, where Q is a closed proper
subgroup of S*(cf. [1] and [5]). The S'— degree theory has been studied by several
authors. The following theorem has been formulated and proved in [1] and describe

properties of S! -degree.
Theorem 3.4 ([1]). Let V be a Hilbert space which is a representation of S*, U be
an open bounded, invariant subset of VAR and f : U — V is a compact S*—mapping
such that
(I - £)(8U) c V' \ {0}. Then there exzists a I'—valued function Deg(I — f,U) called
S1—degree, satisfying the following properties:
(a) if Dego(I — £,U) # 0, then (I — £)™(0) NU2 # 4,
(b) if Uy C U is open, invariant and (I — f)~1(0) NU C Uy, then

Deg(I — f,U) = Deg(I — £, Up);
(c) if h: cl(U) x [0,1] = V is an S'—equivariant homotopy of compact mappings
such that (I — h)(6U x [0,1]) € V' \ {0} . Then '

Deg(I — ho,U) = Deg(I — hy,U).

To apply S'—degree theory to our problem, we need some preparations. We denote
by < -,- >4 the scalar product of L%([0, 2], R?). Define

H,er = {v: R — R?: v is absolutely continuous, < 9,7 >2:< oo and v(t) = v(t+27) =V :t € R}
and scalar products < -, >g,,,: Hper X Hper — R as follows
<w,v >g,,=< W,V >3+ < W, 0 >3.
Let S! = {z € C ] z |= 1} be a group of complex numbers with an action given
by multiplication. For any fixed m € N we denote by Z,, a cyclic group of order m
and define homomorphism py, : S* = GL(2,R) as follows

~1\ _ [ cos(mB) —sin(m
fm (e‘m) = [ Z(i);(:nn@) 202(%

It is obvious that R[1,m] := (R?, pn) is a two-dimensional representation of the
group S!. We will denote by R[k,m] the direct sum of k copies of representation
R[1,m] and by Rk, 0] k—dimensional trivial representation of the group S'. Define
action p : S x Hye, — Hr of the group S* as follows

p(8,v(t)) = v(t+9) (3.1)

In the following fact we collect some well known properties of the space Hpe,.
Under the above assumptions:
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Fact 3.1. 1. (Hper, < -, >m,..) is a separable Hilbert space,
2. (Hper, <+, >m,.,) is an orthogonal representation of the group S* with S*—action
given by (3.1) ,

o0

3. Hyer = D R[2,n].

n=0
Define
H = {v:R — R?: v is absolutely continuous, < ,7 >; < co and v(t) = —v(7 +1t) Vt € R}.

In the following fact we collect some well known properties of the space H.

Under the above assumptions:

z\ L
Fact 3.2. 1. H= ((Hperp) 2) ,
2. (H,<-,- >n) 15 a separable Hilbert space,
3. (H,< -, >g) 1s an orthogonal representation of the group S' with S'—action
given by the restriction of (3.1)
o0

4. H= PRz 2n - 1.

n=1

Let v = (v1,v2) be a periodic solution of (P) with period 27a for some a > 1.
Then by putting ¢t = a7 and u(7) = (u1(7), u2(7)) = (v1(a7), vo(ar)), we find that
u = (u1,up) € H is a 27— periodic solution of problem

(3.2)

iy + ela(uf - 1)u1 + az(ul -+ 027112) =0
fig + £20(ud — )iy + ®(cruy +ug) =0

-Here we put
e1(3ud —u
F(u) = l(?; 1) ’ A=(1 Cz).
52(~3—u2 — UQ) a 1
We define a smooth S!'—equivariant function § : H — [0,1] by the following
[[l®
2

Denote by 7 : R[2,0] @ H — H the S'—equivariant orthogonal projection.
For each o > 0 and ¢ € [0, 1], we define a mapping G(-,,6) : H — H by

G (v,a,d) = -dan (/:F(’U(T))d’r) + o9(v)L(v)

formula 6(u) =7
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Then each solution u € H of problem G(u,«,d) = u for some (o,d) € Rt x R*

satisfies
i+ 60:%1*"(11) + ®0(u)Au =0 (3.3)
We will also consider the following family of differential equations
(3.4)

d
i + Jaa;F(u) +a?Au =0
Then one can see that there exists a continuous function m : Rt — R* such that
lu]l € m(a) for each solution u of 3.3.

We define a bounded operator F : H — H as follows

t
61/ ’Uldt
EWv)=m Ot for each v = (vy,v;) € H.
62/ ’Uzdt
0

For each o > 0 and § € [0, 1], we define a mapping H(-,,a,6) : He& R — H by
H(u, A a,6) = Gu,a,d) + AaE(u).

It is easy to see that H(,-,«,08) is an S'-equivariant compact mapping. One can

see that if u € H satisfies u = H(:,,,9) for (a,6) € RT x R* then

o d 2 L@
i+ 5aEF(u) + a*f(u)Au = /\aaﬁE(u) (3.5)
That is
ﬂl + 6810&(’(1,% - 1)U1 + 0426(’11,)(11,1 + CQ'LLQ) = 610)\’&1 (3 6)

{ tig + dea(ul — 1)Up + @?0(u)(cruy + uz) = €20:My
. Then (3.6) can

If (u) > 0 and 1+% > 0, we put @ = ay/8(u) and w = S
| V1+3

be rewritten as

0+ A) - . ~
el + )a(wf — 1)y + &*(wy + cowa) =0
(3.7)

S+ M)~ ~
52-g—-'F———)-a(wg — Dy + &*(cywy +ws) =0

w1, We) Is a solution of (P) with &1,&, and o replaced

Then one can see that w = (
O+ A 0+ A ~
and a.

b 1 y €2
YW i)
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Lemma 3.1. 1. if cjcp € (0,1), then

(0, @=5",
2, Q=2Zyn_1 forme {1,...,no— 1},
DEGq(Id— H(:,+,0,0),U) = 2, Q= Zop,—1 and py;, > %,

1, Q= Zsmy1 and g, < 4,

(0, otherwise,

where U = {ue H:m < |Jul| < M} x [-1,1],
2. if cicp > 1, then

(0, Q=25

DEGoUd - H(-,,,0),U) ={ 1, Q= Zym_y forme {1,... ,no},

(0, otherwise,

where U = {u e H: m < |ju|| < M} x [-1,1].
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