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A note on surfaces of general type with p, =g =1

AL RFER TR %R AW 54 (Ishida Hirotaka)
Mathematical Institute,
‘Tohoku University

1 #/A

S % C Lo/ —RAihmEe 5. thim S 123 L THE p, % p, = dime H2(S, Os),
FRIERAK q % q:=dime H}(S,05) EERTS. £/, Ks & S OFBERF L35, LU,
Sitp,=q=17%3M —REMEL TS ZOLE, S OEERTFOHCKREK K2 1T
2< K2<9 2T, a: S— AD(S) S DTANRX—BERLTD. ¢q=1ThH5D
<, AIb(S) = E i1 C LOMMABBTHS. oT, Sk aicky, E LOMBRE 25,
g aD—ET 7 AN—DREEETH. o NEERTHE LD, e Ks 1T E LD~
MVERERD. w: S - Pr(aKs) A EREERE L, m: Pr(a.Ks) = E Z BRRHE
tTBHE,a=mmow MRVIUD. aDteE TOT AN N—% 8§ LEL. a.Ks DR
it WO(Ksls,) =g THB. EHIZ, Leray DAY MAFNZE Y, a,Ks DREIT1THS
ZERbMND. ok &, Catanese & Ciliberto i1 [4] IZ8BW T, a . Ks DEBEAI~NZ bV
BT X D4R M3

wKs= € W
=12k
(72721, degW; =1, degW,; =0, rank W, =1 (j =2,3,... ,k)) &RDBZT L EZRLTW
5. ZOGRRCEY, UTOWBREAEZED.

S —u-)-) PE(G*Ks)

(*) w! J' /‘P Jf T
Pz(W1) & E

H% p.Op,w)(H) =Wy R2EFEL, FiZpDd3d7 74 " —DORFERERETS.
Wi HRE 1 OEBEFIRZ RV TH S 55, Atiyah [1] 12 & 0 HEZEHER Py(W,) 1ZERY
FROT—EICEE 5. JHEZER Pe(W)) 13N E O g RAHE EQ LRETHD
(cf. [1] p. 451). ZZ T, g RITHERE EW &3, B9 it S, DIEA 71 Sy, x B9 — EY
z,

(0, P, P2, -+ , Py) = (Prqys Py - -+ 5 Pa(g))

EEBLICLE B DS, \CLB BERAEYS, itk ExbhD, ZDLE p: BW —
E % p(P,Py... ,P)=Pi+Po+..+ P LEETHL, piZL ) EW IREEHKRT
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HDIENDND. W T, B, AR L O/ — B S 55 EW ~BERLY
THAEL, ZDFH% para-canonical map &9

S DE¥ERFOHOCRREE2ER I3 DL ?_? iX, S @ para-canonical map % FEMIZ
AL EILEY, BEEHESRIN TS, K2 =2 ® L &3, Catanese [3], Catanese-
Ciliberto [4] IZEWWTHIZE S, KO L 5 2ERBBELN TS, 22T, i Lo mE
AP R1EOFHFLO blow up (2L D BEEEN m - LUTORICAHMT 5L &, Bfim
HREESRZ LIZT S,

X 1 (Catanese [3]), Catanese-Ciliberto [5, Theorem 3.1])) S,o,E,g,w,7 # D X

LB Ki=20k%, g=2Th 2L TRV I,

(1) a.Ks I 3FE%2, RE 1 OEBERNRZ MAKTH 3.

2) wit2: 1 ERERTHS.

(3) w DMERTF B iL 6H —2F IZHMRMET, B (3% RAL LTI 2 EAE IT M3
BRDHEFFO.

K% =3 ® & %13, Catanese-Ciliberto [4], [5] ioBWTHIESH, K2 =2 DL ED LS
IS EHEARINTWS,

TEH 2 (Catanese-Ciliberto [5, Theorem 3.1)) S,a,E,g,w,m 2 EDX 2L B. ZDE

Z,g=2%%x3 L7235,

Hg=2m&t%,

(i-1) a.Kgs I3B53K2, ¥ 1 DEBEK /27 NAKRTH A,

(i-2) wid2:1BBTHD, PeSHFLDblowup 28HTHEENERERD

(i-3) w DDIEHET B iX 6H ICRIERHET, BIZ P 2 @57 7 A N—%8H, ZDT7 74
AR, BMAERZ 2RED. Thb2 QUSAORRRE LTI2BERERIZ
Bigli 3 ERDA % .

(i) g=3 DL ¥,

(ii-1) a.Kg IXBESC3, RE 1 OEBEKRRZ MAKRTH 5.

(ii-2) w IXERIE®THS.

(ii-3) w( S) IIBEEETF L ELRBTH 5.

(ii-4) w(S) X 4H - F EHRERETH 5.

UEDOEBIZEIY, Kg=2,3 D& %X a,Kg=W; £72Y, para-canonical map & FHxt
REERITI—HTS. bLg=2725 2KMHE E® 02R#EECTELLNS. HZ
EH 1 (3) (resp. FH 2 (i-3)) DFMEW -T2 kX E® LORTFB%ELY, Bisy
EHF LT oMEORNETNEEDZ LIZLY p,=q=1,K: =2 (resp. K =3) 72
SN —BEHHEZ XD ENTED. g=3DELEL, SRABHEE® LD 4H - F
ERIERE T, A2 RO A% B oMx 4 R OB NET AR py=g=1,KE =3
ROEN—RREEE 2 5.
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&M £ 0HCRE T, # T,(P):=P—0 EEHL, E D o [ZLDETHBEIL V).
hE EQOHBRAEL TS, ok, EW 0HCRE RY 2ARKIZ WO(PLB,... \P) =
(MP),MP,),... ,h(B) LV EHETS. tt-T, E DETBHOR2TEIL EO® ofR¥K
HIRMESIZER 5.

&8 3 (Catanese-Ciliberto [5, Proposition 1.5])) E OEfTHEIDZTHO EW OREK
AREEA~DIERIL gD — F OBEFZOBEEROCTHEBNTHD. 2¥9, 9D - F 0%
BAEUAN OREWFEEE mD + nF OEEOD 25 Dy, D, X LT, 5 0 € E BFE
LT TE(Dy) & Dy 3BHRETH 5.

Atiyah [1] 12X 0, FEMH MR EORE 1 DEBEFAZ MVBRITKRE 0 DERRDOT Y
NEDEZRNWT, —BIZEES. JOBAT, HHBARLEOKEK 1 0EBEN~NZ MK
TEZRINIHEZEMEIIFAREFROT—EIZEES. &> T, LT TIXHEM ds Lo
¥ g, IREL1 DEBERS MRV, 21 2@ET 5. S b6i8, 0 MR E OFxs
L,detV, = Og(0p) &M= TEDET 3,

7, ME3ICLY, p, =q= 1K =2 0L XIHMERFRONERT B 1L 6H —
2p~1(0g) KARERMETH B ELTLVW. p,=q=1,K2=3,9 =3 © & X IHEFEERD
1% 4H — p~1(0g) IZHRERETHDH L LTI

P =qg=1K:=2¥7113 RAMPM—REMEORD Y ICBET D& R (2KRHE
BOERTRRARAOB) IHEZERKADH R+ THEHDOT, 1l KOFERLFEAE
EZBZ itk v limE2WICHBR T LN TES. £, K22 4,9=20D,% %, 4.1
BHDr IO CHEVYERO2KREFEL 20, DERFOMITRERERDLNE. 20
L) R EMRANTERIERE LA T 5252 L2 L VSR T& 2 mDFEEER
HIBR L L TOBEIZSOWTHIEL, ATORREZB-.

(1) EEOHEMER E Zxt LT, E = AIb(S) 272 L, BETTAHERRT, o DR
BRI 7AN—%7=Z 12082 p,=q=1,K2 =3,9g =3 25/ — BB EIFE
L, EDEREIT4OTHS.

(2) pp=q=1,K2=4,59=2 258 —BE#EIFEET 5.

EHLoHABNICREZMER LICERFBRAEZ £ 25 2 LI R, —R&iC, ¥
WIIER T 74 "— L UT Lefschetz 7 7 A N— DA EFRDL, BB L LT, Ly
RERT 7 A R—fFoMBRENEFET L BbNd. BV EEL LT, FET 7
A N—% 1 AR THEOHBEIEZOLND., LHL, £/ FeI—0@FRICLY, P E
DEBRIIIFER T 7 A N—%F T, LI 1ERRERT 7 A SA—2 8 ERINIER 2.
HoT, (V)VREVFERT 7y A N\—% 7 1 Sl RITEZER 2 MMk LTI
DTHRIVBIHABTHHZ L¥bmnd. (2) 2B L T, Xiao [10] Theorem 2.2 12 & ¥,
P, =q=1,9g=20LE2< KL< 6 THBZERTRINTVS. E5iZ, Xiso [10]
Theorem 2.9 (i) BV T K: =4 OFREZLNTWS. L L, K2 =5 Ofliz5 256
hTixvwiRWy, £ K2 =4 T%, Xiao [10] Theorem 2.9 (i) TIXEBKROEFNQMT 5
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XY MR TERS W HE L_ﬁ%ﬁ(f)ﬂk?&ﬁfﬁ?xbfwéd)f BBEAIR 7 PAKRT
EEINTHEERRO 2REBEER TS LIV HEEZD.

2 HEEBMRATOERAEN

Z OFETI, HEZMK Pe(V,) NTOERFBALRDS. ZI2T, ERH/EXLE
R B0 Tix7/2 <, Takahashi [9] OFEZAVD. TOEE L LT, V, (JHEAMEER
DRI 1 OFSEBERRT "AERTH-OT, FREZE L RENIZ L DT LB TE R,
WoT, ERSFBRAEEZ BB EbEEELRTIARLT, UTEMIIRD. L
L, HEEZMREERT 57 M ESERROBEICOMETE, FREREZ KRR
Bz TE, RFREOEESBERTI VB LL 2%, Takahashi ®J5iEi% Oda (8]
& Atiyah [1]1Z & ZFEF BB OE Y R A RE I X HEBEHR S MV ROPEASERED
BEfZORTH 2L 2HWT, EEFRXZEERD 200V (2, FRDORY PVKTE
BINAHELZBMEATRODEZFETHD. ZOFTIRZIOHFEEZRTL, ;n%fﬂu\r
py=q=1,K:=39g=37% ka‘ﬁd\*ﬁx&'%ﬁ]‘@?ﬁ%le(Di’%jiﬁK%Eﬁi%

T UT, Vs ZHICV £EL.

2.1 MR isogeny
BANCROEBREBIT L TBEL.

B 4 (cf. [1], 8], [9, Theorem 2.4]) E ZF5MBh#R, Ep(r,d) (r,d € Z) ZFEE r, KE
d DEBHIN7 NRORBEOERS LT 5. ¢ E— E 2K¥E r ©isogeny & <.
(r,d)=17251%,

{L € Pic(E)|deg I = d} — Eg(r,d) : L+—> ¢,L
TEHNEBERTHD. G:=kerp £ T5E&,
¢l = PTL

ceG

L5,

LUFCi, 8 p,=q=1,K: =3,g =3 23— BEEEOREETT VOERTE
KERDIFREED . B

¢: E— E #¥3 Disogeny #EEIZL D, ZOFRIZLY, L=V RBH E
LOEREK L = O5(P) BEET 5. 1751, P e E Ofi#it3 Chd. G =kerp =
{0z,0,(20)} (0 # 0, (30) =03) £ BEFBDOT (HFOALZ—FLERT D70, FiH
H# DT o O n BOBABBRTORE (no) £EL Z LT 5),

CVELOT LOT;L
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LRBZELDND. V=V EELL Z0LE, UTOTHRRKKPEKY L.
Py(V) -5 Pg(V)
Py 4 D
E 45 E
ﬁ‘j‘r X 1’57,*0%(‘7)(?1‘7) ~V RBZERTFETDH. Dk &,
" Opg(v)(4H —p}(0g)) = OPE(T-’)(‘lﬁt' _ITEI(OE) - f’%l(a) _2“5‘:11((20-)))

L7220, @ kB HE S € [4H —p~i(0p)| O [4H; - 5 (05) - 55 (0) — P51 ((20)))
CBY 5. LdL, [4Hy — 551(05) — B3l (0) — P51 ((20))] BT TR &5 22BEL
TRORW. G = {05,0,(20)} 1T |4Hy — 551 (05) — B! (0) — 551 ((20))] 12 {id, T3, T3, }
ELTHALTWS., ZDE &, Takahashi (9] IXIROMEE R L7

5 ([9, Lemma 3.23)) BBE LD X SIcE 5. ZDL X,

*|4H — p~}(0g)| = [4Hy — B71(05) — 53'(0) — B3 ((20))[°.

ZOMBIZLY, py=q= 1,K% =3,9 =3 25/ —RRMEORBE & P5(V) OB
% 145y — 551(05) — 3(0) — B (20))[C IR BB+ A 2 BA LKL R\
DRAIEI 1A LIRS Y 5. N

T:ﬁV = OE.(OO) ®Ozlo)® OE((QO')) 0, W= OE.(OO) &b OE(G') 57 OE((‘ZO')) BN
TUTOHMRREZELD.

Pz :=Pz(W) — Pg(V)
Pl 4 Py

~ T 3 ~

E E

H#% Hy LRBRICEHETS. 20L&, PcE Ofuz3noT, I v b,
HOP5(V), Op, (45 — 55 (05) ~ B (0) — B ((20)))
2 H(Pg, Op, (4H — 57(05) — 57 (0) —7'((20))),
NE, ZORENT G OERETTRTHHDT,
H(P5(V), Op, (4 Hy — 55'(05) — B5'(0) — P57 ((20)))°
 H(Py, Opy (4H — 571(0g) — 57'(0) — 7((20)))°,

LEAND. [EoT, RO S DEEEF L S Ikt LT, WM isogeny ¢ A5 B IRITHL
BEND & Ik iR &' 1 MR [4H; —P4((0g) + (0) + (20))[C ILBT 5. kT,
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py=q=1,K}=3g=3 R 3M —REEEOFRMEL Py OMER 4H - (05) -
(o) — P ((20))|° IR B & 4 HE 2 EA Lﬁ)##tfzb\ﬁh@@ﬂ’*“ﬁcilﬁl A So
T5. 8" % |4H - Fo ~ F, — F(za)lG BT AHmET S G Z/BZ TS IZEE
HEORNEERA L LTHERTS. #-T, §"/G X [4H — p~(0g)| IZBT 5. Sp %
S"DPEETDTrA1—EL, (8"/G)p & S"/G D P € E '603774/»—H"
5. 5L, o({P, PLR}) =P, (P, PP € E) THDLTHE, & S 12 (S"/G)p LT
BTHD. £ 2{Q0,Q1,@2}) = Q,(Q0, @1, Q2 € 8") &F B &, & Os",o,; & Osnje
CRAETHS. |4H — p~1(0g)| G:E?éf%‘%-&?ﬁﬁzEﬁbrbxﬁk&b\fﬁiﬁ@&bb&:
[4H — 571(05) — 7Y (0) = 7~ ((20))|° BT 2B~ HE 2 EA LAHEi e\ i & 522

3. EEFBRALEEE 250 TERL, Py £T [4H - p1(05) —57Y(0) — —1((20))|G
RIS HMEDOERETBALEZDHZ L To

2.2 Py TOEBARERX
Fo:=p7YQ) &B<L. EBMC, H'Ps, Op,(4H - Fo, — F, - Fap))® Ok kD 5.

UTF, E % P2 itBnTEERYLZ = X(X - 2)(X - AZ) (A e C\{0,1}) THEx LR
BHEDETH. ZIT,(X:Y:2) 2 P2 OFREERLT D, £z, MHMROBER
B oo:=(0:1:0)2FnEToL512Ld. Z0&E, 0= (a:f:1) &R L,
20) =(a:—B:1) LD, cAMIKIDEATHIDT, 40 THY, 3BT, 0,8 1
m =32 - 22+ Da+ A\ £BL &,

B =a® - (A+ 1) + Ae,

3a* —4(A+1)a® + 6022 — A =0 (1)
7= 9. Leray D AXZ MAFNIZ X,

H(Pg, Op, (H — Foo)) = H(E, 05 @ O((0) — 00) ® Op((20) — 00)) = C

LRBDT, 0 TR Zg € H"(IP’E,OP~(H Foo)) RBTHEEDZENTED. 7y 1=

T3 Zo € HPg, Op, (H — F,)), Zo:=T;, %0 € H'(Pg, Op, (H — Fy,)) B ET,
_X-aZ 4ﬂ3(, —aZ) - 463X — aZ)
fo=——g— 9= 28(Y —BZ) —m(X —aZ) = —2B8(Y +B8Z) —m(X —aZ)

LBL. TOLE, HPg, Op, (4H — Foo — F, — F,)) OEEIUTO L IZRO LS.

WE6 H'(Py Op, (4H — Fo— F, — Fi2,)))¢ DEEE LT,
U, = fZg* + gZ1* + hZy?,
Uy := Z0Z2122(Zo + Z1 + Za),
Wy := gZ0Z12 + hZ12:3 + fZ0° Zs,
Uy = hZ0Z® + fZo*Z1 + 9213 Zs,
Uy == ghZy2Z9® + fhZe’Zs" + f9Z0° 21
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LD ENTED.

3 FEE1DOBRI7A4/N\—%F DA

S BEHEET VNIRRT, o ODRRT 7 A N—% 11280 p, =q=1,K; =3,9=3
R DR/ — Bl E LT 5. S w(S) F e itk D EMtAR E EOBMBROEENRAD
DT, Sp B P TDTyA RN~ 5L,

Xtop(S) = (2 = 29)Xeon(E) + Z(Xtop(SP) +2g - 2), (2)
: PeE

AER U 3ID. Noether DARDN D, X10p(S) =9 THD. xeop(E) =0, =3 THHZ &
L, 1 ODBRT 7 A N—0OH A4 T—8iT5 TR TR LRV, ARMBOAA T —
BOBKMIXS T, A4 F—HN5 L 22D 4RDERN 1 R TRDD 4RERDOAT
b5, o T, BRIV 7AN—NREEL1DLRDIVLOBFEETIWREESDY, TORA
T 7 AR AROEBN 1A TRDIMBERDRTRRLRV. 4XDEROZR
TiE 3 EOREBEAT ATOLRDILEDD, ZORMGEMITERSIBXETNTE
ETTL, ROMELES.

7 (EEOHEMMER E I LT, E2AD(S) 2L, BEETANERRET, o
DR 77 ANR—2 1282 p,=q=1,K:=3,g=3 258/ —BREEIRD 4
D2ONTNNDERXTEZLNIHEERETHL. 272 L, (% -28 D3RBLETD.

U, =fZ¢* + gZ1* + hZy?,

U, :=fZg" + 921" + hZy* — 1202 2021 Z5(Zo + Z1 + Z)
+4(920Z,2 + hZ1Z3® + fZ3Z3) + 4(hZp2Z5® + fZo°Zy + 9243 7,)
— 6¢"2(ghZ\2Z9* + fhZeZ5* + f9Zo°Z,%), (i=1, 2, 3)

4O5DREB/EHLOD, CNOBRERETHHMENSIEFRERDINE D NEFRDLEDRN
HBH., £, ¥, KOWVWTHNS.

00 DT 7 A N—DEHERIE Uy (00) = 20(Z1* — Z5Y) £ 25, Uy(oo) TEBIND H
RERAES1EATRDIERERD. 00,020 LHNAD T 74 RX—TIT,

02,¥1 = Af Zo®, 82, U1 = 49Z,%, 82,0, = 4hZ)}

Wk, RT3, F, HERRANSNIE, oo TOT 74— EDRKE
RTREERTTR LA, L, (oo, (1:0:0) CBWTRFMICERXERD &,

¥, =208(z* — %) +t + (higher term),
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(TC?iL, zZy = Z]/Z(), 29 = ZQ/Z(), t: o0 T@E‘ET/\G77Z'_§7) &%HZQ(D’G, lﬁ]ﬁ& L
THBERTHD. WoT, U TERINAHE S © GIZLIESREL LD L, EEE
FNANEHFRT, 0o DBRR T 7 A NRN—2E 12582 p, =q=1,K;:=3,9=3 25/
— xR & 2 D,

S¢ & =0 TEBRINDHMEETD. ) ZHFFRTH 722, S LIEFFRTHB. L
ML, S DLEDLDICEEHETRTORELVOT, S OMEEZHWTFRY. 22
TV OPDOHEEELRBINT 5.

WME8 P(Oz(00)®O3(0) ® 05((20))) IZBNT, Ui=3, 50V TEHSNHHIE
S" BT H D, i, S BB TIERVLETSRER, gy =a3 = 04,05 =0 TH S,

BE9 S/ &V =0TEHRINDMELL, PcE 2IH20KETS. 0L,
S D P TODZ 74— 3HFRTH 5.

B2 oRERFBRZAVTHETAZ LiIZLVBONS. ZNLDOMEICKY,
S RERTHDZLAREND. S 12 Py L1OOXTERINDOT, S BEMRTH
DT EERTICE S ORBRADOERIZ LIRITOBERRS BFE L2V EZ2REE L,
bL,S! DREROESIC 1 RLOBMMIBEE L LT DL, FERT 7 A4 —OFF
E(ME MO, Itk rBIINERD. 20, HEEN 22U LOBENEIER/FO7 74
N=Fle. LaL, HEIICLY S ICIERER2U LOBNKA £/ 27 74 73—
TFELRVWI EBbME. 5L, 0,0, [T&bHIZ, U3 & U, OFFOEEF—E LTS
M, 03 & Uy OREOBER B LR TEZEINZMEIIUTOL S THESIToND.

WME10 U=, .07 ¢cH(PsOp, (4H - Foo— Fr — For)))® DEHET DRAHE
2ER LK 2VHEE S" L35, 8" IXARTRVWIE 2 DA CFEEN @ ZRoLT
5L, ZDLE ®FZ1E—E: P> -PHOHRIEBETEZOIHRHEEHRD: P; — P
ZSICHIRT D Z LiIzhVBELN, as =ay ZWT.

HHTROV K 20EEREREZHE ST =Y .. 0¥ TEEINHHMES" IZXH LT,
a3 = ay THBME, 00, 0,20 KBITHT 7 A N—ZLTHENCRVERT 7 R—2 i
% (BB 214+ Z, =0 2 TED). o, 0, 20 UADER P EIZBVWTHREZ 74 " —%
BoL¥5. f(P)= f(—P), g(P) = h(—P), h(P)=g(—P) &725. PIZBIH7 74
R—DEHEX U(P) 12, U(P)(Zo, Z1, Z2) = U(=P)(Zo, Za, Z1) T B 25, U(P) =0 N
(qo:q1:q) CHEREZESLTHE, U(-P)=01X(g0:q: q) CHRIEZF . IoT,
P=(pp:p1:1) € ECBWTRKRRY 7 A —%¥¢D&, P, P+o,P+20,—P,—P+o,—P+
20 IZBWTHLHRI7 A —%FKH. - ZC, PP+o,P+20,—P,—P+0,-P+20 ®
IL2OREWVCELWETBE, EONEK208%E v, 2,138 T2L, {P,P+o,P+
20,—P,—P +0,—P 4 20} = {00,0,20} £ {7, + 0,7 + 20} (i = 1,2,3) L2 D.
T, 00,0,20,%, % +0,% +20 (=1,2,3) SN THRY 7 4 ~A—% 1A CUT, AR
BERT7AN—BHL5EKDD. £77, 00,0,20,%,% + 0,9 +20 (1 =1,2,3) IZBWT
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BRI 7AN—2F TN LETH, BET7 7 A A—DEER (o @) P # @
THIE, A—T7 A= LOR (@o: @ q) CBOTY (@:q1: @) EBLVERIE
B, &5, 8" BERSERO L ZLREKIZV ODOHAEERVLT, Uz b SRR A
2RO, S bHERTRWIEK2OH Efﬂ@ﬁ#%%%, FTeBFEEONE SR, D
HEEERTOAZ E0 5, S¢ RIERETHAZERRTIENTES,

W 11 P(Oz(c0) ® Oz(0) ® O5((20))) WBWT, ¥, THZ b2 #hiE SY IXERR
Thb.

GEH) S!HERTHEOT, BRI IHESTHS. S, ORBAMEL Y : 5] —
St eds. coEE, x(Osy) = x(Og7) = Tpesy pa(SY, P) 39 3. SY iz B R A
B 1RIEET T, M2 2 REET 5. S BEER2ERLOMERRALESLT5 L,
FIET3OREETHS. S” i#%ﬂﬂﬁﬁt@ﬁﬁﬁs DHIRIRTH DM D, w(S7) =21 &
73, x(o,,,) >0kb, Eﬂ@%kﬁ@m ThHabH. - T, ET0OT, FE2EAUAD
R BRI 3 A D IEET 5. U, 1t ay =ag WL, BRATRWE 2 0B CRBSH
2. #0T, 00,0,20,%,% + 0,7 + 20 (i =1,2,3) USND KD T 7 A N— EiZ s
RAM 1 REETE, iz s RFEETS. FE 2 ERUAOHEFRRIL3 ROAEE
THDOT, FRERIL 00,0208 idy, i+ 0,7+ 20 (1 =1,2,3) D7 7 A RX"—FEiZ1 o7
OFETH. DFD, ﬁiﬁimuﬁczwm RDZ 7 A 3= EZFELRL TR LR,
ZALITAERE 9 u}}E‘i‘é. £oT, S{ 3B FE2ERLAFLRD. Ll 00,0,20
TOZ7 7 A —OHEDOAA 3~§f£*\®%¥$&i&)a‘9t"c 21 L 72 %. S} DAA T —Hid 27
THOD 0, HORRT 7 A N—RHH 2 ERBEMIFELR. LELY, 57 3HERR
ThHIENbhb. qe.d.

T, ROMECL Y, 4D E VAR TIRARN I L Bbns.

*ﬁg 12 \II = 212,,25 ai\p«i, ‘Il’ = 212¢25 (1:\1’5 @E%Téﬁ’? €ﬁ2 34‘.\5\ Lﬁ’ﬁf:fi‘/‘
MERAEVMCABMTHEET5E, U=cl £k U =crV (c e C\{0}) BRY 7.

LEIZ XY, EAEIRE.

EE 13 P(Op(c0) @ Op(0) ® O5((20)) IZ2BWT, ¥ = 0,9, = 0 THABND
I EWCIZEB TRy, 20, SR E 2BE L & &, B, RERIE L,
Ks® =3, g=3 TE = Alb(S) M OEEEF N LA TTANX—EEROBRT 74
N—DENBHEL S TH SN —RBEHEORBIEIL4 > TH 5.
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4 Ki=45g=2%E&-THEDOHEA
41 Ki> 4 g=20E

SMg=2K2:=223 %=L %L, 18D L 5T Catanese & Ciliberto (2 & ¥, #i&
TFESRINTVS, Zhb ERBRIZ, KE >4 0L E 0 S Oz~ &2 XK
(x) ZWARDZLICE VBB LRTE .

Riemann-Roch DEE LY, FED t € B 12X LT hO(S,05(Ks + St — Soz)) = 1 +
h1(S,Os(Ks + S; — Sog)) BV I, p, =1 & BN D, Zariski IS E' C E
T, EBD te BT LT, h%S,Os(Ks + 8 — Sop)) =1 ERDBEOBRFEETD. T2
bbb, t € B D& & Kg+ S — Sop WHRIBRMERZERNT C, B—BHICHFETS. 22
T, {(z,t) e S x E | z € C;} @ § x E T scheme-theoretic closwre Z Y &3 5. HE
SXE—ERLD, BRIUERIND Y — EDQ7 741 —%%DT,CeRBE, Zh
& VoK {C)} 258 5. {C)} OEERYE X LB, EY0OEE {M]} &
BL ri=Y - (zxE) LEHTDE, rankWy=r &7 5. ([4] Theorem 2.3) 9€->T, —
D xeSIZHLT, {M}ICEBTD z 2BHMBOREN r L1528 THD. ZDL
E,—BD2eSITHLT,J(x) =t +ta+ -+t £ERD2OIE, My, My, ..., M 1
z #i®5. F7-, para-canonical map ' NREE IR VRIT, {M;} D base point DA T
HDH. Zo&E, {M}CELT, ROFHELERTLSZ LICXY, {AM;} @ base point X
M? — 1 AT,

AR 14 (4] Lemma 44) S % p,=q=1 22N —REMELT5. SICEENDH
TR ST 248 dhfR b o FH gk (2 E B0 2 - vl Z oSk R
TB5200MBRII—MICEEREZROTIAOATRDLDZ L2V,

g=20t & HNEEERILI2: 15K L2D. a.Ks B ERROBEMIWT D LE,
bbb r=10%L X%, para-canonical map I 7 AR —EERIZHELL, #BE (M}
ETNANNRRX—PERD T 7 A N—DHEIZ% L1 (cf. [4] Remarks 4.3). a.Kg 2SEBE~Z
RIVIER®D & % para-canonical map (ZHHEETRIZE L.

Xiao [10] Theorem 2.2 % p, = ¢ = 1 R A8/ —BRUMEICENTHZ LIk, 2 <
K2<6 ThBERRIEDT A<SKI<6DEE HILIOHTRKE=4DLE%
ZET5.

ME15 S%p,=q=1K:=4,9=2725 —REMEH: T L, HAIREFRIT
2:1 58T, ZORZERT L 2RFEBEILUTONTAOHE LT
()r=1TwDONERF B2 6H+2F iIZEBREHS. 7=, B 2RERT &7
%5 ED ©02REEE S OBRSOSMEROMIZ4 LR, S OB/MNET IV SIZELL.
({) r=272"2wk2:1 5T L 6H CHRHRERERT B 28RN TET5 E®
D2IREE S ORNEFALERMTHD. &biz, & OBBROKMEROMMI2 L2
D,8 ik (-1)-HREEE 2.
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(i) r =22 w X 2: 1FRT2EDOFFLO blow up ZEHTHERLRD. w D
SYERF B 1X 6H 4 2F \ZHERMETH 5. B 2R T L35 E® 0 2Rk#E S 0%
(TREOFNT 4 L2 5. £, 81X (1)-BRE 2KER, 5 OBADET LN SIZELL.

GEH) M % M, DREAIFHEEE T3, X #0 LETS. K2= M*+ X -M+K-X =
4 ThHDH. 22T, K iZnef THHDT, Kg- X > 0BV ID. {M,} iIXFERBYTHo7=
DT, M2>0k75. ¥z, (2] &V, Ks i3 A 2-ERTHD0 5, XM > 0535bh5.
WoT, 1450, (M2 X-M,K-X,K-M) = (0,2,2,2),(0,3,1,3),(0,4,0,4),(2,2,0,4)
DT E 25, K- M+ M? iXB%20C, (M3, X-M,K-X,K-M)=(0,3,1,3) IX
BB M =025 r=1THB0T, {M} ZITARRX—EELDT 7 A X—
DFIZZE L, TARR—BEHEDT 7 4 X"—DE¥KL2, +72bb K- M+ M2=2T
HolzDT, (ML X -MK - X,K-M)=(0,4,0,4) i3&Z 0 {20,

() (M3, X - M,K-X,K-M) = (0,222 k& AM> =09, {M} ZT7AA
F—BEBRDOT7 7 A R"—DETHD. S OHMEEELONEE TS B L5, B %
6H +nF,(n € Z) IZREVFEEL T5. HAEEERICLSD X O®IZ H - F i2fAEMN
FMET, X, H — F O¥ENERIZ TR EN2, 1 THH1E, B (H-F)=n=2%183%.

() (M3, X -M,K-X,K-M)=(2,2,0,4) D& & {M} (ZBT5 200D H#
D {M;} D base point TORFFRFEOE p L2, B 142X, 41=0,2 &7225.
p=2,M*=2 32, r=1LRVFETEDT, u=0Thd. BRI, HXIEEER
O5ERT B OREMFEEIZ6H L7425, b2, B 3I2LY, ST 6H ICHFEHE
RIEEFZ2MERF &35 2 RBBORNETIVICFRIBITH 5.

i) X =00tE KEMD, {M}={C} L725. C O¥KENERILI5 THDHH
L, r=27Thd. HUAEEER w & W FELL, 2 1BRTHAZEND, p=2
ERLRLITIRARLRV. FERIC, HiEEERONIEZE T B ORERFEEZRD S &,
B ~6H +2F #13%. g.e.d.

K:=230LEx0L52, i 150E2M =3 E®D LORKRTEEDZLIC
0, BITHERTHELNTES. £io, K2 =5 DL X L4818 150X ) iz ERIC
DB ENTES,

X
3R

4.2 HHEOMK

HRE 15 DHERFOMIETREOBE Y ICHEAER TS, 22T, SEEET 58hE
T D208F5. 1L, Fi2 EQD Opb77A3—LT 5,

Dr=2»2wix2: 15EBT2ROEAF LD blow up ZARTIEHERD. w D
SHERT B X 6H + 2F [ZHERET, 2 KOHBR 27 74— F,F, 8%,
B-—F-FK X F,F BB 3ESE 258308,

2 r=22wiT2:1F{TIEOEHFLOblow up ZHRTHEREARSD. w DR
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IEHET B X 6H + 4F [ZBERE T, SEKDHERD 774 23— F, F, F3 28R,
B-—F —FB-FRitF, 5 R @3 Eay 2838,

K% =3,9=3 @Ok & LEHEIZ Takahashi DFEFHVBEZ LITE D, (1),(2) OLkE
FORDYVIZENEN (),(2) Khbd L5 R TAHEET 52 &mk%hiiw.tﬁ

AR X P2 B0 TEBRRY?2Z = X(X - 2)(X - 2Z) (A e C\{0,1}) TH
AbNBHDET R ZIT, (XY 2) & P2 OFREERET S, Fiz, HHEHKRO
BEELY co:=(0:1:0) 2FiELT5L910E5. 7:=(0:0: 1) e E &BL, T
K2 DR E R B, Py o= Py(Op(c0) ® Op(1)) &L, 5: P — E 258 E45. H
¥ B.O0p, (H) 2 Op(00) © Op(7) RIWFLL, F & Pz ObHDT77AR—T 5. £,
G i={o0, 7} 2 Z/2Z & T 5.

(1) Be |6H+4F|G T, 47li0)$5£7‘£6774/\— L =1,2,3,4) 8%, By =
B-%. 1,3 Fi 1 F (=1,2,34) L ;15.%3%%(%2,@001%0

(2) B € }6H+8F[" T, 6 KOMBRDE T 74— F (j = 1,2,3,4,5,6) &%,
By:=B =Y, 153456 Fi & Fy (j =1,2,3,4,5,6) i:& BH 3ERE 2 RS0

Pt g

2T, B T, By DEBFRRESAD. o= X/Zy =Y/Z &8 Fo =
51(Q),(Q € B) £ B<. 12, Py ORBMNARF KIS Zy € H'(Pg, Op, (H — F)) &
Z1 = T:ZO ‘—9‘-5

( ) 7= Bo DERGERX. REEUMERT HD, SHIZ . By iX 6 H o8B RIET,

= -\ k=T E J:@4;§®774/\~J:*Cﬁ.% 3ESAE 2RO L LTHL.
O]P (6H) DXRBEWORIELIL2HOL HIZEEXTFTILNTEAHDT, 2% = -\ &k
T E ED4RDT 748~ ETil% 3EEE 2 MR D, Op (6H) ORI
WOEKEOREEEDDIIENTES. C0LHZLT, BoBAAD12ELT,

U=(Z3+Z)((#* + A+ 1)Z3 + 2222 + (V22 + X+ 1)7})

M. a2 = -\ k2EkT E LosAE Q (j =1,2.3,4) £8L. Q; TOT 7 A3~
DEEFBRT Q) = (23 + 223 L i s, £, 2WREEK

02,0.Y = 82 Z3(ZE + Z2) + 4Zy(x 23 — Nz~ Z}),
02,0,¥ = —8X227373( 722 + 7%) + 47, (zZ5 — N2~ Z}),
0,0, = (Z% + Z2)(2Z4 + 672274 2Z}),

X (Q;, (V=1:1),(Q;, (—vV=1: 1) LB\ TO0% L30T, 3ERL LS. 3HRERELK
D (Qi, (V=1 :1)),(Qs,(—v/~=1:1)) COEERRBL2RLEHBEIERTHLHZ LA
EhHOLNE., TOMOFR7 7 A N—~L LT =—-(A+1), X"/(,\+1) -+ E b
D8 A Tnode® L DFFDT 7 A N—NEET H. F7, 00,7 1BV TS node & 1 K2
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T ANR—NEETHH, ZOnode (T A-FEATEDHD. ZNHUMIERT 74 13—
DIFELRNI LI, 02,0 & 02,0 D Zo (ZB8F 5 Resultant ZHE T 5 Z LI LD HEH:
WHZENTED. #oT, Bo+ Y, 104, Fo, ZERF LT3 2 REBOBIET N
DGR DEEEEIT p, =q=1,K; = 4,9 =2 258/ I T, 7/ "R—E
BRORET 7 A _— L 7T KFF.

(2) % Wi7=F By DEHEFBR. By 13 6H + Foo + F, ([CHIEREET, 22 = -\ &H
+TE ED4EE 00,7 DT 74— FTCRE 3%1?%%2,%@0%‘0& LTEL. 2Dk
REGEEETRD 1oL LT,

U=/ Z8 4+ (22 =20 Z5 Z, — (2~ 30+ N2 D) Z3 23 + (A2 72— 20) ZoZ° ++/— Xz "1 Z8

MEND. 22 =\ &WET E ED4R Q) & oo, 7 D7 74 N—LINDIERT 7 4 /18—
0%, 22 =4\ N4 2T E LD8 A Tnode & 1 D27 7 A4 N—RHEETZ. 2hb
PSMIERR 7 7 A R—DBHEEL RV LI, 02,0 & 62,0 @ Zy (289 5 Resultant % 3t
HYBZ L EVMPDDZENTES. (60T, By+ Foo + Fr + 5,1 554 Fo, B2
R¥&T5 2 REBOWNEF LD Gz LDFSHEER p, =qg=1,K2=5,9=271%
BB/ — BN E T, 7V ARR—EEROERT 7 A R — 17 K.
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Regular surfaces with genus two fibrations after Horikawa

— Obstructed surfaces with ample canonical bundle —

KRKRERFEREZHAR S8 —& (Kazuhiro Konno)

Department of Mathematics, Graduate School of Science, Osaka University

0 Introduction

The purpose of the present note is to show that some surfaces of general type with a genus two
fibration are obstructed, that is, the Kuranishi space of deformations is singular. More precisely, it
has two irreducible components meeting normally one of which parametrizes surfaces with genus
two fibrations while the other does not. Surfaces with such a property already appeared in his
famous series of papers “Small ¢?” by Horikawa and, indeed one of the highlights was to see that
they form a bridge connecting realms of surfaces with weak canonical map and those with birational
canonical map, that is, the other component corresponds to canonical surfaces (see [1}, [3] and [4]).
The calculations presented here are only a mimic of his, [1] among others, done as an exercise when
I learned Horikawa’s works at the begining of my research on surfaces of general type. This explains
a reason why it has not been submitted to a journal for a long time, though I already completed
around 1989. As time goes by, I become to think that it may have a certain meaning to gather my
sporadicting notes and put them in the preprint format.

1 want to emphasize here again the importance of the still misterious line K 2 - 4py—12 appearing
in Miles Reid’s Quadric Hull Conjecture [6] to which I refereed several times in my papers, because
our obstructed surfaces live in the region bounded from below by Reid’s line and the “unknown”
component of the Kuranishi space seems a new world of canonical surfaces.

Main Theorem. Let S be a minimal regular surface of general type whose numerical characters
satisfy K:‘; < min{4p, + 10,5p, + 2} and Kg is ample. Assume that S has a genus two fibration
with generic branch locus and that the canonical image of S is a cone over a rational curve. Let
p:.% — M be the Kuranishi family of deformations of S. Then

(1) M = My U M,, where the M;’s are complex manifolds with dim M; = 1lpg + 6 — 2K%,
dim M, = 10py + 10 — 2K§.

(2) N = My N My is a complex manifold of dimension 10p, + 9 — 2K3.

(3) For t € My, S; has a genus two fibration. Fort € My \ N, S; does not have a genus two
fibration.



