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Derived Categories in Representation Theory
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VVe survey recent methods of derived categories in the representaion theory of al-
gebras.

1Triangulated Categories and Brown Representabil-
ity

Definition 1.1 A triangulated category $\mathrm{C}$ is an additive $catego?\backslash y$ together with
$(’l)$ an autofunctor $T:\mathrm{C}$ $arrow \mathrm{C}\sim$ ($i.e$ . there is $T^{-1}$ such that $T\mathrm{o}T^{-1}=T^{-1}\mathrm{o}T=1_{C}$ )

called the translation, and
$(_{\sim}^{u},’)$ a collection $\mathcal{T}$ of sextuples $(X, Y, Z, u, v, w)$ :

$Xuarrow Yarrow Zv$ $arrow T(X)\omega$

called (distinguished) triangles. These data are subject to the following four axioms:

(TR1) (1) Every sextuple $(X, Y, Z,u, v, w)$ which is isomorphic to $a$ (distinguished) $tr\cdot-$

angle is $a$ (distinguished) triangle.
(2) Every morphism $u:Xarrow Y$ is embedded in $a$ (distinguished) triangle

$Xarrow Yarrow Zarrow T(X)uvw$ $Z$

$(1)\swarrow^{/}w$ $\nwarrow$

$XY\underline{u}$

(3) For any $X\in \mathrm{C}$ ,

$Xarrow X1arrow 0arrow T(X)$

is $a$ (distinguished) triangle
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(TR2) $\wedge 4s\epsilon.\iota\cdot t\tau\iota_{\mathit{4}}Jle$

$Xarrow 1^{r}arrow Zarrow’ T(X)uvu$

$i.\backslash ^{\neg}r\iota$ $(di_{5^{\neg}}.ti|?gni.arrow\backslash h\epsilon d)t/^{\urcorner}irimgl\rho$ if $a?l.d$ only if
$1^{\cdot}arrow Zarrow T(X)arrow T(1’’)vw-T(u)$

is $a$ (distinguish $ed$) triangle.

(TR3) For any ($di\grave{s}tin$guished) $t\iota\cdot ia\uparrow\iota gles(X, \}’, Z, u, v_{f}w)$, ( $X’$ , $1”$ , $Z’$ , $u’$ , $v’$ , to’) $a’\iota d$ $a$

commutative diagram

$\wedge\lambda.arrow Yarrow Z[^{\prime uv}$

$arrow Tw(X)$

$.\mathrm{X}$

$’-,u’f[arrow]$
$g$

$’\prime_{arrow Z^{\prime_{arrow T(X’)}^{w’}}}^{U}$

’

there exists $h:Zarrow Z’w$ hich $n\iota akes$ a commutative diagram

$\wedge d\mathrm{Y}^{uv}\mathrm{x}’arrow Y\mathrm{I}_{r^{u}}^{f},\downarrowarrow \mathrm{I}^{J’}arrow Z$

$arrow Tw(X)$

$g,$
$arrow’ Zv\downarrow$

$h$ $\{$

’ $\underline{w’}T(_{\wedge}$

$T(f)$

$\lambda’)$

(TR4) (Octahedral axiom) For any two consecutive morphisms $u$ : $Xarrow \mathrm{I}\check{.}andv$ :
$Yarrow Z$, if we embed $u$ , vu and $v$ in (distinguished) triangles $(X, \mathrm{Y}^{\vee}, Z’,u,i,i’)_{J}$

( $X$ , $Z$, $Y’$ , vu, $k$ , $k’$ ) $a\}\iota d(1’., Z, X’, v,j,j’)_{J}$ respectively, then there exist $mo’\backslash phisms$

$f$ : $Z’arrow Y’$ , $g:1’\prime\primearrow X’$ such that the following diag ram commute

$X^{\cdot}Z\wedge\lambda^{-\underline{u}}YZ’T(X)||\downarrow\underline{vu}\underline{j}\underline{i’}$

$v.|\underline{k}\underline{k’}1’’ T(\mathrm{v}_{r}^{J||}|\mathrm{s}\mathrm{t}’)$

$X\downarrow$$\vee j,|g[---\mathrm{x}^{\mathrm{v}_{-\underline{j’}}}’ T|$
$T(u)$

$Y$

$T(\downarrow$$\mathrm{Y})arrow T(j^{\prime l}T(i)$

$T(i)j’$

$Z’)$

and the third column is a triangle.

$Somet^{l}irnes_{f}$ we write $X[i]$ for $T^{i}(X)$ .

Definition 1.2 ( $\partial$ functor) Let $\mathrm{C}_{f}\mathrm{C}’$ be triangulated categories. An additive functor
$F$ : $\mathrm{C}$ $arrow \mathrm{C}’$ is $cc\iota lled$ $a\partial$ functor (sometimes exact functor) provided that there is $a$

$fu|)$ctorial $isomor?Jhism$ $\alpha$ : $FTcarrow Tc\prime F\sim$ such that

$F(X)arrow F(Y)arrow F(Z)arrow T_{\mathrm{C}’}(F(X))F(u)F(v)\alpha \mathrm{x}^{F\{w)}$



103

$i\underline{.\backslash }c\iota$ triangle in $\mathrm{C}’?1’ l\iota enc\prime 1el$ . $Xarrow 1l1’arrow l^{1}Zarrow wT_{\mathrm{C}}(X)i_{-}.\backslash ^{\neg}$ a $t,.im\iota g/\kappa$ in C. $\Lambda I_{ol\epsilon Ol)\epsilon}.,\backslash$. if
($l$ $\partial^{-}- f.n\uparrow\iota c\cdot t_{\mathit{0}l}$ . $Fi.-\backslash a’\iota eq?li\iota’ al\epsilon nc\epsilon$ . then $Fi.\backslash callc-.d\mathrm{r}\iota$ triangulated equivalence In $thi_{-}.\backslash ^{\neg}$

$’\Delta$

$cc\iota_{5}.e$ , $n’\epsilon rl\epsilon not\epsilon$ by $\mathrm{C}$ $\cong \mathrm{C}’$ .

$Fo\}$ . $(F, c\iota)$ , $(\mathrm{C}_{\mathrm{J}}’, \beta)$ : $\mathrm{C}$
$arrow \mathrm{C}’\dot{\mathrm{t}}?- f’ \mathrm{c}\iota nctot_{-}^{1\neg}.\backslash$, $c\iota$ $f.\mathrm{t}\iota’\iota cto" ir\iota l\prime\prime lO\uparrow^{\backslash }l^{j}hi_{5\mathfrak{l}7l}.\acute{\varphi}$ : $Farrow G$ is called $a$

$\partial- fu’ cto/\cdot ialmo$ ”$\mathit{1}Jl\mathrm{r}i.-\backslash ^{\tau}?t$ if
$(T_{C’}\phi)0\alpha$ $=\beta$ $0\phi T_{\mathrm{C}}$

$1\prime \mathrm{I}^{r}\prime e$ denote by $\partial(\mathrm{C}, \mathrm{C}’)$ the collection of all $\partial$-functors from $\mathrm{C}$ to $\mathrm{C}’$ . and denote by
$\partial$ Mor(F, $G$ ) the collection of $0$ -functorial$?$ morphisms from $F$ to $C_{7}$ .

Proposition 1.3 Let F : C $arrow \mathrm{C}’$ be a $\partial$ -functor between tr iangulated categories. If
$G:\mathrm{C}’arrow \mathrm{C}$ $i^{q}\underline{.}$ a $ric/ht$ (or left) adjoint of F, then G is also a $\partial$ -functor.
Definition 1.4 A contravanant (resp.f covariant) additive functor $H:\mathrm{C}$ $arrow A$ from $a$

triangulated category $\mathrm{C}$ to an abelian category$y$
$A$ is called a $ho$ mologi $cal$ functor $(?\cdot esp.f$

a cohomological functor), if for any triangle $(X, ]^{\prime’}$, $Z$, $u,v$ , $w)$ in $\mathrm{C}$ the sequence

$H(T(X))arrow \mathrm{H}\{\mathrm{Z})arrow \mathrm{H}(\mathrm{Y})arrow H(X)$

(resp., $H(X)arrow \mathrm{H}\{\mathrm{Z}$ ) $arrow H(Z)$ $arrow H(T(X)))$

is exact. Taking $H(T^{l}(X))=H^{i}(X)_{f}$ we have the long exact sequence:
. . $arrow H^{i+1}(X)arrow H^{i}(Z)$ $arrow H^{i}(Y)arrow H^{i}(X)arrow\cdots$

$(’\backslash esp., \cdot\cdotarrow H^{i}(X)arrow H^{i}(\mathrm{I}’\vee)arrow H^{\iota}(Z)arrow H^{i+1}(X)arrow\cdots)$

Proposition 1.5 The following hold.

1. If (X, Y, Z,$\mathrm{e}\iota,$t”w) is a triangle, then vu $=0_{f}ufv$ $=0$ and $T\{x)$ $=0$ .

2. For any X $\in \mathrm{C}$ , Home (-, X) : C $arrow \mathfrak{U}\mathrm{b}$ (resp., $\mathrm{H}\mathrm{o}\mathrm{m}_{C}$ (X, -) : C $arrow \mathfrak{U}\mathrm{b}$) is $a$

homological functor (resp., a cohomological functor).

3. For any homomorphism of triangles

$Xarrow uYarrow vZ$ $arrow wT(X)$

$\downarrow f$ $\downarrow g$ $\downarrow h$ $\downarrow T(f)$

$X’arrow u’Y’arrow v’Z’arrow w’T(X’)$

$i,f$ two of $f_{f}g$ and $h$ are $isomor.phis^{\neg}ms_{f}$ then the rest is also an isomorphism.

Definition 1.6 (Compact Object) Let $\mathrm{C}$ be $c\iota$ triangulated category. An object $C\in$

$\mathrm{C}$ is called a compact object in $\mathrm{C}$ if the canonical morphism

$\prod_{\mathrm{i}\in I}$
Ho me

$(C, \lambda_{\acute{i}})arrow \mathrm{H}\mathrm{o}\mathrm{r}\mathrm{n}_{C}(C, \prod_{i\in I}\simarrow \mathrm{Y}_{i})$

is an isomorphism $fo\uparrow^{\backslash }any$ set $\{-\mathrm{Y}_{i}\}_{i\in I}$ of objects (if $\mathrm{I}\mathrm{J}_{i\in I}\wedge \mathrm{Y}_{i}$ exists in $\mathrm{C}$).
For a triangulated category $\mathrm{C}$ , a set $S$ of compact objects is called a generating set

if $\mathrm{H}\mathrm{o}\mathrm{m}_{C}(S, X)=0\Rightarrow X=0$ , and if $T(S)=\llcorner\sigma$ . A tria??gulated category $\mathrm{C}$ $i.-\forall compactly$

$gen\epsilon\uparrow^{t}ated/f\mathrm{C}$ contains arbitrary coproducts, and if it has a generating set
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Definition 1.7 (Homotopy Limit) $L\epsilon t$ C’ be, a $t?^{v}ia?lgul\Gamma lted$ category which conttl $i,\mathrm{t}.\acute{5}$

$c\iota’\cdot b;t?.Cl’\cdot y$ $co_{l^{JO/:l\prime \mathbb{E}_{-}^{\backslash }}}’\cdot uct,\backslash -(’.\forall^{-}p., p’ 1od\iota\iota ct_{\overline{6}})$ . $F_{\mathit{0}\prime^{7}}a.-\backslash ^{-}\in quence\{arrow \mathrm{Y}_{i}arrow\wedge 1_{i+1}^{r}\}_{i\in \mathrm{I}\mathrm{f}}(l’\epsilon.-\backslash ^{\sim}l^{j}\cdot’\{_{\wedge}1_{\iota+1}’-.arrow$

$X_{i}\}_{i\in?\mathrm{q}^{\mathrm{T}}})of\uparrow no?^{1}ph^{r}i.\backslash - msi_{1l}\mathrm{c}^{2}$, $t/?eho” lot\circ pycoli?\gamma \mathrm{l}$ it $(\uparrow\cdot r_{--}.\sigma p., l_{l}0\prime\prime\iota otopy /imit)$ of
$\cdot$

the se-
quence $i_{-}.\backslash ’$

, the third $(/^{\backslash }r_{\vee}\grave{s}p., secol\iota cl)$ term of the triangle

$\prod_{i}\wedge \mathrm{Y}_{i}-1-arrow \mathrm{I}shift\mathrm{I}_{i}^{\chi_{i}^{-}}\wedgearrow \mathrm{h}\mathrm{o}\underline{\mathrm{c}}0\lim_{\neg}\lambda_{i}^{\vee}.arrow T(\prod_{i’}\mathrm{t}_{i}’-)$

(resp., $T^{-1}( \prod_{i}\wedge\lambda_{i}^{\vee}’)arrow \mathrm{h}\mathrm{o}\lim_{-}-\mathrm{Y}_{i}arrow\prod_{j}\lrcorner \mathrm{t}_{i}^{\vee}.arrow 1-s’\iota ift\prod_{i}X_{i}$ )

where the above shift morphism is the coproduct (resp., product) $ofA\lambda_{\acute{i}}arrow\lambda_{i+1}^{r}f_{j}$ (resp. $f$

$X_{i+1}arrow\lambda_{i}’\wedge)f_{j-}(i\in \mathrm{N})$ .

Proposition 1.8 Let C be a $tt^{\sim}iangulated$ category which contains arbitrary coproducts,
$\{\lambda_{i}^{r}arrow\lambda_{i+1}^{-}.\}_{i\in \mathrm{N}}$ a sequence of $|’ norphi_{S’ llS}$ in C. For a compact object C in C, we have

Hom(C, hocolimA,) $\cong\lim_{arrow}\mathrm{H}\mathrm{o}\mathrm{m}$( C, Xi)

Proof. We have an exact sequence

$0 arrow\prod_{i}\mathrm{H}\mathrm{o}\mathrm{m}(C,\grave{d})r_{\dot{8}}arrow\prod_{i}\mathrm{H}\mathrm{o}\mathrm{m}(C,X_{i})arrow \mathrm{H}\mathrm{o}\mathrm{m}(C, \mathrm{h}\mathrm{o}\underline{\mathrm{c}}0\lim_{arrow}\lrcorner\lambda_{i}’\vee)arrow 0$ $\square$

Theorem 1.9 (Brown Representability Theorem [Ne]) LetC be a compactly gen-
erated triangulated category If a homological functor $H$ : $\mathrm{C}$ $arrow \mathfrak{U}\mathfrak{d}$ sends coproducts
to $products_{f}$ then it is representable, that is, $the\uparrow^{\mathrm{v}}e$ is an object $X\in \mathrm{C}$ such that
$H\cong \mathrm{H}\mathrm{o}\mathrm{m}_{C}(-,X)$ .

Sketch of Proof. Let $S$ be a generating set of C. There exist a coproduct $X_{1}$ of
objects of $S$ and a morphism $\mathrm{h}x_{1}arrow H$ such that $\mathrm{H}\mathrm{o}\ln c(C, \lambda_{1}^{r})arrow \mathrm{H}\{\mathrm{C}$ ) is surjective
for any $C\in S$ . For a functor $I\iota_{1}=\mathrm{K}\mathrm{e}\mathrm{r}(\mathrm{h}x_{1}arrow H)$ there exists a coproduct $Z_{2}$ of
objects in $S$ and a morphism $\mathrm{h}z_{2}arrow K_{1}$ such that $\mathrm{H}\mathrm{o}\mathrm{m}c(C, Z_{2})arrow I\mathrm{t}_{1}(C)$ is surjective
for any $C\in S$ . Then we have a triangle $Z_{2}arrow X_{1}arrow\lambda_{2}’-arrow Z_{2}[1]$ . Since $H$ is a
homological functor, we have a $\mathrm{c}$ ommutative diagram

$H(X_{2})\downarrow \mathrm{l}$

$arrow$
$H(\swarrow\chi_{1}^{-})\downarrow|$

$arrow$
$H(Z_{2})\downarrow I$

$\mathrm{M}\mathrm{o}\mathrm{r}(\mathrm{h}_{\lambda_{2}’}., H)arrow \mathrm{M}\mathrm{o}\mathrm{r}(\mathrm{h}_{-\lambda_{1}’}, H)arrow \mathrm{M}\mathrm{o}\mathrm{r}(\mathrm{h}_{\mathrm{Z}_{2}} , H)$

Then there is a morphism $X_{1}arrow\lrcorner \mathrm{Y}_{2}$ satisfying a commutative diagram

$0arrow \mathrm{K}_{1}arrow \mathrm{H}\mathrm{o}\mathrm{n}\tau_{\mathrm{C}}(-,X_{1})arrow H$

$\downarrow$ $\downarrow$ $||$

$0arrow \mathrm{K}_{2}\cdotarrow \mathrm{H}_{01}\mathrm{n}\mathrm{c}(-, X_{2})arrow H$
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$\partial 11\mathrm{t}1$ we have a morphism of exact seeluellce

$0arrow \mathrm{I}[searrow] 1\vee(C)arrow \mathrm{H}\mathrm{o}111_{\mathrm{C}}(C’, \wedge \mathrm{t}_{1}’\sim)$ $arrow \mathrm{H}\{\mathrm{C})arrow 0$

$\downarrow \mathrm{U}$ $\downarrow$ $||$

$0arrow 1_{12}^{\vee}(C’)arrow \mathrm{H}\mathrm{o}\mathrm{n}\mathrm{c}\mathrm{e}$ $(C, \wedge \mathrm{t}_{2}’.)arrow \mathrm{H}\{\mathrm{C})arrow 0$

for ally $C\in S$ . By inductive step, we have a triangle

$\prod_{i^{A}}\mathrm{X}_{i}- 1-arrow.\prod_{i^{A}}\mathrm{s}\mathrm{M}\mathrm{t}\mathrm{X}_{i}^{r}arrow \mathrm{h}\mathrm{o}\underline{\mathrm{c}\mathrm{o}}\lim\lambda_{i}’arrow T(\prod_{i^{\grave{d}j)}}’-$

and we have an exact $\mathrm{s}\mathrm{e}\epsilon 1\iota\iota \mathrm{e}\mathrm{n}\mathrm{c}\mathrm{e}$

$H$ hocolim Xi) $arrow$ $\prod_{i}H(\lambda_{i}^{r})$ $arrow$ $\prod {}_{i}H(\wedge \mathrm{X}_{i}^{\vee})$

$\overline{\downarrow}l$

$\downarrow\iota$ $\downarrow 1$

$\mathrm{M}\mathrm{o}\mathrm{r}(\mathrm{h}_{\mathrm{h}\mathrm{o}\underline{\mathrm{c}\mathrm{o}\mathrm{I}}\dot{\mathrm{I}}\mathrm{m}\mathrm{Y}_{i}’}-, H)arrow\prod_{i}$ Mor(h$\sim\cdot \mathrm{Y}_{\mathrm{i}},$

$H$) $arrow\prod_{i}\mathrm{M}\mathrm{o}\mathrm{r}(\mathrm{h}_{\mathrm{Y}},\prime H)\mathrm{j}’$

Therefore there is a morphism $\mathrm{H}\mathrm{o}\mathrm{n}\mathrm{l}\mathrm{c}(-, \mathrm{h}\mathrm{o}\underline{\mathrm{c}\mathrm{o}}\lim Xi)arrow H$ such that

$\mathrm{H}\mathrm{o}\mathrm{m}_{C}(C, \mathrm{h}o\mathrm{c}\mathrm{o}\mathrm{I}\mathrm{i}\mathrm{m}X_{j})\cong H(C)arrow$

for any $C\in S$ . Hence we have $\mathrm{H}\mathrm{o}1\mathrm{n}_{\mathrm{C}}$(-, hocolim ’-i)\cong H. $\square$

Corollary 1.10 (Adjoint Functor Theorem [Ne]) Let $\mathrm{C}$ be a compactly generated
triangulated category. If a $d$-functor $F:\mathrm{C}$ $arrow D$ commutes with arbi trary $cop’\backslash oducts$ ,
then there exists $a\partial- f.unctorG:Darrow \mathrm{C}$ which is a $ri/cht$ $adj$oint of $F$ .

Proof. For any $Y\in D$ , the functor

$\mathrm{H}\mathrm{o}\mathrm{m}_{D}(F(-), Y)$ : $\mathrm{C}$ $arrow \mathfrak{U}\mathfrak{d}$

is a homological functor. By Brown representability theorem there is an object $GY\in \mathrm{C}$

such that
$\mathrm{H}\mathrm{o}\mathrm{m}_{D}$ $(F(-), Y)\cong \mathrm{H}\mathrm{o}\mathrm{n}\mathrm{p}(-, GY)$ $\square$

Definition 1.11 (Multiplicative System) Let $\mathrm{S}$ be a multiplicative system in a tri-
angulated category $\mathrm{C}$ which satisfifies the following conditions:

(FRO) For a morphism $s$ in $\mathrm{C}$ , if there $ex\prime i_{3}^{\mathrm{t}^{\neg}}.tf,g$ such that $sf.$, $gs\in \mathrm{S}_{y}$ then $s\in \mathrm{S}$ .
(FR1) (1) $1_{X}\in \mathrm{S}$ for every $X\in \mathrm{C}$ .

$(_{\sim}^{lly})F_{\mathit{0}\uparrow\backslash }s$ , $t\in \mathrm{S}$ , if $st$ is defifin $ed_{f}$ there $st\in \mathrm{S}$ .
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(FR2) $E\mathrm{t}’\epsilon’\backslash ydi\Gamma lg,\backslash \Gamma t\mathfrak{l}\gamma l$ $1.12$ $\mathrm{C}$

$Xarrow\delta]/\vee$

$f\downarrow$

$X’$

with $s\in \mathrm{S}$ , can be completed to a commutafive $squcr\epsilon$

$Xarrow sY$

$J\downarrow$ $\downarrow g$

$X’rightarrow t1^{\prime’}$’

with $s$ , $t\in \mathrm{S}$ . Ditto for the statement with all arrows $?’ ever\backslash sed$ .

(FR3) For $f,g\in \mathrm{H}\mathrm{o}\ln c(X, Y)$ the following $cre$ equivalent.
$\dot{(\mathit{1}})$ There $e.|jist\epsilon-8$ $\in \mathrm{S}$ such that $sf=sg$ .
$(_{\sim}^{\mathit{0})},)$ There exists $t\in \mathrm{S}$ such that $ft=gt$ .

(FR4) For a morphism $u$ in $\mathrm{C}$ , $\mathrm{t}l$
$\in \mathrm{S}$ if and only if $T(u)\in \mathrm{S}$ .

(FR5) $Fo’\backslash$ triangles $(X, 1”, Z, \mathrm{t}\iota, \tau" w)$ , $(X’, 1’.\vee, Z’, \mathrm{c}\iota_{7}’\mathrm{c}"’?v’)$ and morphisms $f$ : $Xarrow X’$ ,
$g:\}’$

.
$arrow Y’$ in $\mathrm{S}$ with $gu=u’f$ , $the’\backslash e$ exists $h:Zarrow Z’$ in $\mathrm{S}$ such that $(f, g, h)?.S$

a homomorphism of triangles.

Definition 1.12 (Quotient Category) VVe defifine the quotient $cate/co\iota^{\backslash }y$
$\mathrm{S}^{-1}\mathrm{C}$ of C,

X5’ follows:
1. $\mathrm{O}\mathrm{b}(\mathrm{S}^{-1}\mathrm{C})$ $=\mathrm{O}\mathrm{b}\{\mathrm{C})$ ,

$\sim i)$. For $X$ , $Y\in Ob\{C$ ), let $V(X, Y)=\{(s, 1’’, f)|s : Yarrow Y’\in \mathrm{S}, f : Xarrow Y\}$ . In
$V(X, Y)$ , we defifine $(s, Y’, f)\sim(s’, Y’, f’)$ if there $i_{\grave{u}}’(s’, Y’, f’)$ such that all
$t_{l^{\backslash }}iangles$ are commutative in the following diagram:

$X-,-\succ Y^{\vee;r}’<-,,-Y\backslash _{Y’}^{\mathrm{A}}f_{1}\nearrow s\nearrow_{f^{\prime\prime \mathrm{v}_{1}^{1}’}}^{1}f\backslash _{s’}^{s}\mathrm{y}^{\vee}$

Then we defifine a morphism from $X$ to 1” by an equivalence class $s^{-1}f$ of $(\mathrm{s}, Y’, f)$ .

3. For $s^{-1}f$ : $Xarrow 1’.$, $t^{-1}g$ : $Yarrow Z_{f}$ by $(FR_{\sim}^{l)})$ there are $s’$ : $Z’arrow Z’\in \mathrm{S}$ and
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$g’$ : $]^{-}’arrow Z’\overline{\mathrm{s}}\iota\iota cl\iota$ that $\llcorner\overline{\backslash }\mathrm{o}g=g’\mathrm{o}.\mathrm{s}’$ . $T/\iota e\uparrow\iota u’\epsilon$ define $(t^{-1}g)\mathrm{o}(_{-}^{-1}.\backslash f)=(s’\mathrm{o}t)^{-1}g\mathrm{o}_{c}f’$ .

$X$ $]^{-}$ $Z$

$\lambda^{f}l^{s}\backslash ^{g}l^{t}$

$\mathrm{I}^{r}.$

,
$Z’$

$\backslash \backslash g’$

$|$

$\backslash \star \mathrm{v}^{\mathrm{I}s’}$

$Z’$

Moreover, we define the quotient functor $Q:\mathrm{C}$
$arrow \mathrm{S}^{-1}\mathrm{C}$ by

(Q1) $Q(X)=X$ for X $\in \mathrm{C}$ .
$(\mathrm{Q}\underline{?})Q(f)=1_{1’}^{-1}f$ $/or$ a morphism f : X $arrow Y$ in C.

Remark 1.13 Can u}e define (2) in the above?

Definition 1.14 (\’Epaisse Subcategory) Let $\mathrm{C}$ be a triangulated category. A full
subcategory $l\mathit{4}$ of $\mathrm{C}$ is called a full $t\dot{n}a?l/r$ulated subcategory if $Xarrow Y$ is a morphism in

$\mathcal{U}$ , then there is a triangle $Xarrow Yarrow Z$ $arrow TX$ with $Z$ $\in \mathcal{U}$ .
A full triangulated subcategory 14 is called an epaisse $s\prime u$ bcategory if it is closed

under direct summands. In $thi_{-}^{-}..\mathrm{c}a\mathrm{s}\mathrm{e}$ , let $\mathrm{S}(\mathrm{U})$ be the collection of
$\cdot$

morphisms $s$ such
that $Xarrow s\}^{r}arrow Z$ $arrow X[1]$ is a $t$ riangle with $Z$ $\in \mathcal{U}$ . Then $\mathrm{S}(\mathcal{U})$ is a multiplicative
system satisfying (FRO) . (FRO). $b\mathrm{T}^{\gamma}/e$ write $\mathrm{C}/\mathcal{U}=\mathrm{S}(\mathcal{U})^{-1}\mathrm{C}$ .

$I_{ll}tl_{l}e$ case that $\mathrm{C}$ contains arbitrary coproducts, a full triangulated subcatego $’\psi \mathcal{U}$

is called a localizing $subcategor/e$ if it is closed under coproducts.

Remark 1.15 The above $cl$ efifinition of an \’epaisse Subcategory) $\mathcal{U}$ is the same as the
origininal defifinition $[Ve]$, that is, a full triangulated category satisfying that if $Xuarrow Y$

factors through some object in $\mathcal{U}$ and if there is a triangle $Xarrow 1’uarrow Zarrow \mathrm{T}\{\mathrm{X}$ ) with
$Z\in \mathcal{U}$ , then $X$ , $Y\in \mathcal{U}$ .

Proposition 1.16 ([BN]) Let C be a triangulated category which contains arbitrary
coproducts. Then any localizing subcategory is an \’epaisse subcategory.

Sketch of Proof. Let $\mathcal{U}$ be a localizing Subcategory) and $X\in 14$ with $X=Y\oplus Z$

in C. We take a morphism $e:Xarrow Y\llcorner_{arrow X}$ , and consider th sequence of morphisms

$(*)$ $Xarrow Xarrow Xarrow eee$ , .

Then it is easy to see that $Y\cong \mathrm{h}\mathrm{o}\mathrm{c}\mathrm{o}\mathrm{I}\mathrm{i}\mathrm{m}(*)arrow\in l\mathit{4}$ . $\square$

Proposition 1.17 Let $\mathrm{C}$ be a triangulated category. $Fo’$ . a multiplicative $s?/\cdot-\backslash t\backslash em\mathrm{S}$

satisfying the $condition\overline{s}$ (FRO) $-(FR\mathit{5})$ , let $l\mathit{4}(\mathrm{S})s$ be the full triangulated subcategory
$cor\iota si_{\llcorner}’\vee ting$ of objects $Z$ which $\prime i_{\mathrm{L}}\vee.in$ a $t_{I}$ .angle $Xarrow Yarrow Zarrow X[1]$ with $s\in \mathrm{S}$ . Then
the following hold
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1. $\mathrm{S}(f\mathit{4})a$ ’$?dl\mathit{4}(\mathrm{S})i\uparrow\iota C/14$ ce full 1 $\cdot \mathit{1}$ $\mathrm{C}O\mathfrak{l}.?\cdot e\underline{.\backslash -}l^{Jo\prime\iota rle\uparrow\iota ce}$
$b_{\mathrm{F}}t_{\mathrm{I}l^{f}}\epsilon e$

} $\iota$ the collection of multi-
$plicc\iota ti\mathrm{t}|e.\underline{\backslash }/1\cdot\backslash ^{s}t\epsilon ms$ $\mathrm{S}\overline{\mathrm{s}}ati_{-}.\backslash f|\dot{/}mg$ tfie $CO’ l$ ‘lifio’$\iota s$ (FRO) -(FR5) $/\iota’\iota d$ the collection of
$\acute{e}pai_{\grave{\mathrm{c}}_{-}}^{\tau}.\backslash \theta S\mathit{2}/bC\Gamma lt-\rho/co;^{\backslash }i_{i\overline{\backslash }},l\mathit{4}$ .

$\sim \mathit{0})$ . For an \’elJ\Gamma l $i_{-}.\backslash \mathrm{s}\neg\epsilon.s^{n}tlbcatego\prime^{\backslash }y$
$l\mathit{4}$ , $\mathrm{C}/l\mathit{4}i.\underline{\overline{\triangleleft}}$ a $t,\prime iang^{l}nl_{l}clt\epsilon d$ $cate/c\mathit{0}?^{\mathrm{Y}}l/who_{-}.\backslash e\neg$ $(di_{-}.-\forall ti,-$

guished,) triangles $a’\tau e$ ddefined to be $iso$ }morphic to (distinguished) triangles of $C$ .

3. $Assu\uparrow?\iota\epsilon \mathrm{C}$ contains arbitrary coproducts. For a localizing subcategory $l\mathit{4}$ , $\mathrm{C}/\mathcal{U}$ also
contains arbitrary $copr^{\mathit{7}}oduct\grave{L}\neg$ .

Definition 1.18 (stable $t$-structure) For full sub categories $l\mathit{4}$ and $\mathcal{V}$ of a $t_{\mathfrak{l}^{\mathrm{B}}}.iangu-$

lated category $\mathrm{C}$ , $(\mathcal{U}, \mathcal{V})i_{-}.\backslash ^{\tau}$ called a stable $t$ -structure in $\mathrm{C}$

$p\uparrow.Ol$)ided that

1. $l\mathit{4}$ and $\mathcal{V}a|^{\backslash }e$ stable for translations.

2. $\mathrm{H}\mathrm{o}\mathrm{m}c(\mathcal{U}, V)=0$ .

3. For every X $\in \mathrm{C}$ , there exists a $t\uparrow^{\backslash }iangleUarrow Xarrow Varrow TU$ with U $\in \mathcal{U}$ and
V $\in \mathcal{V}$ .

Proposition 1.19 ([BBD], $\mathrm{c}.\mathrm{f}$. [Mi]) Let $\mathrm{C}$ be a triangulated category, $(l\mathit{4}, \mathcal{V})$ a sta-
$blet$ -struc rure in $\mathrm{C}$ , and $i_{*}$ : $\mathcal{U}arrow \mathrm{C}$ , $j_{*}$ : $Varrow \mathrm{C}$ the canonical $e$ mbeddings. Then the
following hold.

1. $l\mathit{4}$ and $\mathcal{V}$ is epaisse subcategories of C.

2. $\cdot i_{*}$ (resp., $j_{*}$) has a right adjoint $i’$. (resp., a left $adj$oint $j^{*}$).

3. The $adj$unction arrows induce a triangle

$i_{*}i\acute{.}Xarrow Xarrow j_{*}j^{*}X\alpha_{X}\beta_{X}arrow i_{*}i^{!}X[1]$

for an $yX\in \mathrm{C}$ .
$\forall/$ . $\mathrm{C}/\mathcal{U}$ (resp., $\mathrm{C}/V$) exists , and it is triangulated equivalent to $V$ (resp.f $l\mathit{4}$).

$\mathrm{C}$

$l\{$

$u_{\overline{\overline{i’}}}/v_{i_{l}\mathrm{j}\cdot}\backslash _{\mathrm{C}\mathcal{V}\overline{\overline{\backslash ^{j}}}\mathrm{I}^{l}}.$

.
$\mathrm{C}/\mathcal{U}$

Corollary 1.20 Let $\mathrm{C}$ be a compactly generated triangulated category, and $\mathcal{U}$ a $local\acute{\iota}z-$

$ing$ subcategory ofC. Then $C/\mathcal{U}$ can be defined if and only if there is a full triangulated
subcategory $\mathcal{V}$ such that $(14, V)$ a stable $t$ -structure in C.

Proof. If $\mathrm{C}’/l\mathit{4}$ can be defined, then the quotient functor $Q$ : $\mathrm{C}$

$arrow \mathrm{C}/\mathcal{U}$ commutes with
coproducts. By Adjoint Functor Theorem, $Q$ has a right adjoint $F$ : $\mathrm{C}/l\mathit{4}arrow \mathrm{C}$ . By
Proposition 1.19, it is easy to see that $(\mathcal{U}_{\backslash }{\rm Im} F)$ is a stable $t_{J}$-structure in C. $\square$
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2 Derived Categories
$\mathrm{T}\mathrm{h}_{1}$

$.0\iota \mathrm{l}\mathrm{g}\mathrm{h}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{t}$ this section, $A$ is an abelian $\mathrm{c}\mathrm{a}\mathrm{t}\mathrm{e}\mathrm{g}\mathrm{o}1_{\backslash }^{\cdot}$}$.\dot{\epsilon}\mathrm{t}\mathrm{n}\mathrm{d}$ $B$ is an additive $\mathrm{s}’ \mathrm{u}\mathrm{l}\supset \mathrm{c}\mathrm{a}\mathrm{t}\mathrm{e}\mathrm{g}\mathrm{o}\mathrm{l}\cdot \mathrm{y}$ of
$A$ which is closed under isomorphisms.

Definition 2.1 (Complex) $A(cocha?.l?)$ complex $i_{\mathrm{b}^{\neg}}$ a collection $X^{\cdot}=(X^{ll},$ $d_{1’}^{n}-\cdot$ : $X^{n}arrow$

$X^{n+1}),\iota\in_{A}\pi$ of objects and morphisrns of $B$ such that $d^{n+1}d^{n}-\mathrm{Y}_{-}\lambda’=0$ . A complex $X$
.

$=$

$(X^{\mathrm{z}\iota}, d_{\mathrm{Y}}^{n}. : X^{n}arrow X^{n+1})_{n\in^{m}}\underline{\prime’}$ is called bounded below (resp.l bounded $abo?$) $e$ , bounded) if
$X^{n}=0$ for $n\ll 0$ ($?^{\backslash }es’ p.$ , $n\gg 0$ , $n\ll 0$ and $n\gg 0,$).

A $co$ mplex $X$
.

$=(X^{n}, d_{\mathrm{Y}’}^{n})-$ is called a $stalk$ complex if there exists an $i?\iota tege\}^{\backslash }$ $n_{0}$ sncfi
that $X^{i}=O$ if $i\neq n_{0}$ . We identify objects of $B$ with a stalk complexes of degree 0.

A morphism $f$ : $X$
.

$arrow 1^{\sim}.$
. of complexes is a collection of morphisrns $f^{n}$ : $X^{n}arrow Y^{n}$

which makes a commutative diagram

. . . $arrow X^{n}arrow d_{X}^{n}X^{n+1}arrow\cdots$

$\downarrow f^{n}$ $\downarrow f^{n+1}$

, . . $arrow Y^{n}arrow d_{1’}^{n}Y^{n+1}arrow\cdots$

$\mathrm{V}Ve$ denote by $\mathrm{C}(B)$ (resp.f $\mathrm{C}^{+}(B)$ , $\mathrm{C}^{-}(B)_{j}\mathrm{C}^{\mathrm{b}}(B)$) the category of complexes (resp.,
bounded below $complexes_{f}$ bounded above complexes, bounr $ed$ complexes) of B. 14 $n$

autofunctor $T$ : $\mathrm{C}(B)arrow \mathrm{C}(B)$ is called translation if $(TX.)^{n}=X^{n+1}$ and $(Td_{X})^{n}=$

$-d_{J}^{n_{\mathrm{Y}’}+1}fo^{1}l^{Y}$ any complex $X^{\cdot}=(X^{n}, d_{\mathrm{Y}}^{n}.)$ .
In $\mathrm{C}(A)$ , a $n\iota 0\prime^{\backslash }phisrnu$ : $X$

.
$arrow 1’-$ . is called a quasi.-isomorphism if $Hn\{u$ ) $i\overline{s}$ an

isomorphism $fo\uparrow^{\backslash }any$ ’$l$ .

In this section, $”*$” means “nothing”, $”+”$ , “-,, or $” \mathrm{b}"$ .

Definition 2.2 For $u\in \mathrm{H}\mathrm{o}\mathrm{m}\mathrm{c}(B)(X., Y^{\cdot})$ , the mapping cone of $ui.\backslash$’ a complex $\mathrm{M}^{\cdot}(\mathrm{t}\downarrow)$

with
$\mathrm{M}^{n}(u)=X^{n+1}\oplus Y^{n}$ ,

$d_{\mathrm{M}(u)}^{n}=\{\begin{array}{ll}-d_{X}^{n+1} 0u^{n+1} d_{Y}^{n}\end{array}\}$ : $X^{n+1}\oplus \mathrm{Y}^{\vee n}arrow X^{n+2}\oplus Y^{n+1}$

Definition 2.3 (Homotopy Relation) $Tu’ 0$ morphisms $f$, $g\in \mathrm{H}\mathrm{o}\mathrm{m}_{\mathrm{C}(B)}(-\mathrm{Y}., Y.)$ are
said to be homotopic (denote by $f\simeq hg$) if there is a collection of morphisms $h=(h^{n})$ ,
$h^{n}$ : $X^{n}arrow Y^{n+1}$ such that $f^{n}-g^{n}=d_{Y}^{n-1}h^{n}+h^{n+1}d_{X}^{n}$ for all $n\in \mathbb{Z}$ .

Definition 2.4 (Homotopy Category) The homotopy category $\mathrm{K}^{*}(B)$ of $B$ is de-
fifined by

1. Ob(K*(B)) $=\mathrm{O}\mathrm{b}(\mathrm{C}^{*}(B))$ ,

2. $\mathrm{H}\mathrm{o}\mathrm{m}_{\mathrm{K}^{*}(\mathcal{B})}$ (X., $1^{\vee}..$ ) $=\mathrm{H}\mathrm{o}\mathrm{n}\mathrm{u}_{\mathrm{C}(\mathrm{B})}.(X., Y.)/\simeq_{\iota}$, for $X^{\cdot}$ , $\}’.$
.

$\in \mathrm{O}\mathrm{b}(\mathrm{K}^{*}(B))$ .
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Proposition 2.5 $\wedge 4cr\ell te.go\mathfrak{l}^{\backslash }y$ $\mathrm{K}^{*}(\mathcal{B})i.\backslash$ a $t?^{\mathit{2}}ia’?gnlclt\epsilon dcat\epsilon$go $,\backslash y$
$\iota\ell\prime ho_{-}.\backslash \epsilon(di_{-}.\backslash -ti_{l},g?li_{\backslash }^{-}.hed)$

$triangl_{FS}$ $\Gamma 1’\cdot\rho_{-}ple_{-}fifin\epsilon cl$ to $b\epsilon i_{-}.\backslash ^{\neg}O?\mathit{7}lO\Gamma l^{yhic}$ to

$X^{\cdot}ll\vec,$ $1’-$
.

$arrow \mathrm{M}^{\cdot}(1l)$ $arrow T(X)$

$fo?\backslash a?lyu$ : $X$
.

$arrow]^{\sim}$
. in $\mathrm{K}^{*}(B)$ .

Definition 2.6 (Derived Category) The derived category $\mathrm{D}^{*}(A)$ of an $abelia\uparrow\iota$ cat-
egory $A$ is $\mathrm{K}^{*}(A)/\mathrm{K}^{*,\phi}(A)_{J}$ where $\mathrm{K}^{*,\phi}(A)$ is the full subcatego $,\backslash y$ of $\mathrm{K}^{*}(A)$ consisting
of null complexes, that is, cocomplexes whose all $coho?nologie_{-}\wedge^{\neg}$ are 0.

Proposition 2.7 The following hold.

1. $\mathrm{D}^{*}(A)$ is a triangulated $category_{f}$ and the canonical fimctor $Q:\mathrm{K}^{*}(A)arrow \mathrm{D}^{*}(A)$

$i.\grave’$ a $\partial- fi_{ll},ctor$.

2. The $i$ -th cohomology of complexes is a cohomological functor in the sense of Def-
inition 1.4.

Proposition 2.8 If$.0arrow X$ . $arrow u$ $Y$
. $arrow v$ $Z$

.
$arrow 0i_{-}.\mathrm{s}$ $a$ exact sequence in $\mathrm{C}(A)$ , then it can

be embedded in $c$ triangle in $\mathrm{D}(A)$

$Q(X^{\cdot})arrow Q(Y^{\cdot})arrow Q(Z)Q(u)Q(v).arrow TQ(X^{\cdot})$ .

Definition 2.9 ( $\mathrm{K}$-injective Complex) A complex X. of $\mathrm{K}(B)$ is called K-injective
(resp.

$f$

$\mathrm{K}$ -projective) if
$\mathrm{H}\mathrm{o}\mathrm{m}_{\mathrm{K}(\mathrm{B})}(N^{\cdot}, X^{\cdot})=0$ ( resp., $\mathrm{H}\mathrm{o}\mathrm{m}_{\mathrm{K}(\mathrm{B})}$ ( $X^{\cdot}$ , $N^{\cdot})=0$ )

for any null complex N.

Example 2.10 Let $A$ be a ring, Mod A the category of right $A$-modules, and lnj $A$

(resp., Proj $A$) the category of injective (resp., projective) right $A$ -modules. Then any
complex $I^{\cdot}\in \mathrm{K}^{+}(\mathrm{l}\mathrm{n}\mathrm{j}A)$ (resp.f $P^{\cdot}\in \mathrm{K}^{-}$ (Proj $A$)) is a $\mathrm{K}$ -injective ($re_{\mathrm{c}}\acute{\vee}p.r$ K-projective)
$co’ t\gamma\iota plex$ in $\mathrm{K}(\mathrm{M}\mathrm{o}\mathrm{d}A)$ .

Example 2.11 Let $k$ be $a$ fifield, $A=k[x]/(x^{2}).$, and

$X^{\cdot}$ : . . $arrow Aarrow Aarrow xxx$ ..

Then $X^{\cdot}$ is a null complex of finitely generated projective-injective $A$-modules. But it
is neither $\mathrm{K}$ -projective nor $K$ -injective, because $\mathrm{H}\mathrm{o}\mathrm{m}_{\mathrm{K}(\mathrm{M}\mathrm{o}\mathrm{d}}A$ } $(X., X^{\cdot})\neq 0$ .

Theorem 2.12 ([Sp], [Ne], [LAM], [Fr]) Let $\mathrm{K}^{inj}$ (Mod A) ($re\tilde{s}p.f$
$\mathrm{K}^{proj}$ (Mod $A’$)) be

the category of $\mathrm{K}$ -injective ($res^{\tau}p.r\mathrm{K}$ -projective) complexes, then the $followi\uparrow lg$ hold.

1. ( $\mathrm{K}^{p\cdot oj}$’ (Mod $A$ ), $\mathrm{K}^{\phi}(\mathrm{M}\mathrm{o}\mathrm{d}A)$ ) is a stable $t$ -structure in $\mathrm{K}(\mathrm{M}\mathrm{o}\mathrm{d}A)$ , and hence $\mathrm{D}(\mathrm{M}\mathrm{o}\mathrm{d}A)$

exists $a?\iota d$ i.s $t?^{\backslash }iangu$ lated equivalent to $\mathrm{K}^{proj}(\mathrm{M}\mathrm{o}\mathrm{d}A’)$ .
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$\sim^{J}$ . ( $\mathrm{K}^{\underline{\prime}h}$ (Mod $A$ ), $\mathrm{K}^{j_{7/}}$’ (Mod $A)$ ) is $a.\cdot\backslash -t.able$
$t_{-}-.\backslash t\prime\prime\cdot nctu?\backslash \epsilon$ in $\mathrm{K}(\mathrm{M}\mathrm{o}\mathrm{d}\mathrm{A})$ , $a)\iota rl$ hence $\mathrm{D}(\mathrm{M}\mathrm{o}\mathrm{d}.4)$

$i_{-}.\backslash ^{\neg}tf.\dot{?}a’\iota gnlated$ $\epsilon qni_{l\}}ale’\iota t$ to $\mathrm{K}^{l\prime 1f}(\mathrm{M}\mathrm{o}\mathrm{d}.4)$ .

$d$ . $F_{\mathit{0}1^{\mathrm{u}}Cl}G^{7},oth\epsilon ndi\epsilon c\lambda$. category $A$ , $(\mathrm{K}^{q)}(A), \mathrm{K}^{i\prime\iota_{J}}(A))$ is $a.-\backslash t\neg rble$ t-.-st $,\sim uctu’\cdot ei,l$ $\mathrm{K}(A)$ ,
and hence $\mathrm{D}(A)\epsilon.\iota\cdot i_{-}.\backslash t\neg.-\backslash \urcorner$ and $i_{-}^{\mathrm{B}}.\backslash t\uparrow\backslash ia??gulrted$ $eq?li\iota\prime alent$ $t\mathit{0}$ $\mathrm{K}^{inj}(A)$ .

Proof. For a complex $X$
.

$=(X^{i}, cl_{1}^{i})$ , we define the following truncations:

$\sigma\leq nX^{\cdot}$ : , . . $arrow X^{n-2}arrow X^{n-1}arrow \mathrm{K}\mathrm{e}\mathrm{r}d^{n}arrow 0arrow$ , . .
$\sigma_{\geq n}X^{\cdot}$ : . . $arrow 0arrow \mathrm{C}\mathrm{o}\mathrm{k}d^{n-1}arrow X^{n+1}arrow X^{n+2}arrow$ ..

(1) For any $n$ , there is a complex $P_{n}^{\cdot}\in \mathrm{K}^{-}$ (Proj $A$ ) which has a quasi-isomorphism
$P_{n}$

.
$arrow\sigma\leq nX^{\cdot}$ . Then we have the following quasi-isomorphisms (qis)

$X^{\cdot} \cong\lim_{arrow}\sigma_{\leq n}X^{\cdot}\mathrm{q}arrow \mathrm{h}\mathrm{o}\underline{\mathrm{c}\mathrm{o}\mathrm{l}}\mathrm{i}\mathrm{m}\sigma_{\leq n}Xarrow \mathrm{h}\mathrm{o}\underline{\mathrm{c}\mathrm{o}}\lim P_{n}\mathrm{i}\mathrm{s}.\mathrm{q}\mathrm{i}\mathrm{s}$

.

Since $\mathrm{H}\mathrm{o}\mathrm{m}c(\prod_{r\iota}P_{n}., -)\cong\prod_{n}$ Honu $(P_{n}.,-)$ , $1\mathrm{I}_{n}^{P_{n}}$
. is $\mathrm{K}$-projective. Here $\mathrm{h}^{\mathrm{A}/I}=\mathrm{H}\mathrm{o}\mathrm{m}\mathrm{c}$ (LIn-)

for any object $\Lambda;I$ . It is easy to see that $\mathrm{h}\mathrm{o}\underline{\mathrm{c}}0\lim_{arrow}P_{n}$ is $\mathrm{K}$-projective by the following
exact sequence

$\mathrm{h}^{1]_{n}P_{n}}arrow \mathrm{h}^{1\mathrm{J}_{n}P_{1}},arrow \mathrm{h}^{\mathrm{h}\mathrm{o}\underline{\mathrm{c}\mathrm{o}}\lim P_{n}}arrow \mathrm{h}^{T(\mathrm{L}\mathrm{I}_{n}P_{n})}arrow \mathrm{h}^{T(\mathrm{L}1_{n}P_{n})}$
.

(2) For any $n$ , there is a complex $I_{n}$
.

$\in \mathrm{K}^{+}(\mathrm{l}\mathrm{n}\mathrm{j}A)$ which has a quasi-isomorphism
$\sigma\geq-nX$

.
$arrow I_{n}$

. . Then we have the following quasi-isomorphisms (qis)

$X^{\cdot} \cong 1\mathrm{i}_{\mathrm{l}}\mathrm{n}arrow\sigma\geq-nX^{\cdot}arrow \mathrm{h}\mathrm{o}\lim_{-}\sigma_{\geq-n}X^{\cdot}arrow \mathrm{h}\mathrm{o}\mathrm{I}\underline{\mathrm{i}}\mathrm{m}I_{n}\mathrm{q}\mathrm{i}\mathrm{s}\mathrm{q}\mathrm{i}\mathrm{s}arrow$

.

by the same reason of (1), we have the statement.
(3) Because there is a ring $A$ such that $A$ is a localization of Mod $A$ (Gabriel-Popescu

Theorem). See [LAM] or [Fr] for details. $\square$

Remark 2.13 If $P^{\cdot}$ is a $\mathrm{K}$ -projective complex ($e.g$ . a bounded above complex of $p’\cdot 0-$

jective $A$ -modules), then we have

$\mathrm{H}_{\mathrm{o}\mathrm{m}_{\mathrm{K}(\mathrm{M}\mathrm{o}\mathrm{d}A)}}(P^{\cdot}, X^{\cdot})\cong \mathrm{H}\mathrm{o}\mathrm{m}_{\mathrm{D}(\mathrm{M}\mathrm{o}\mathrm{d}A)}(P^{\cdot}, X^{\cdot})$

for any complex X. Similarly, for a $\mathrm{K}$ -injective complex $I^{\cdot}(e.g$ . bounded below complex
of injective A-modules), then we have

$\mathrm{H}\mathrm{o}\mathrm{m}_{\mathrm{K}(\mathrm{M}\mathrm{o}\mathrm{d}A)}(X^{\cdot}, I^{\cdot})\cong \mathrm{H}\mathrm{o}1\mathrm{n}_{\mathrm{D}(\mathrm{M}\mathrm{o}\mathrm{d}A)(XI^{\cdot})}.$,

for any complex X. In particular, given $A$ -modul.es $M$, $N$ , $u1e$ have

$\mathrm{E}\mathrm{x}\mathrm{t}_{4\wedge}^{j}(\mathbb{J}f, N)\cong \mathrm{H}\mathrm{o}\mathrm{n}1_{\mathrm{D}(\mathrm{M}\mathrm{o}\mathrm{d}\mathrm{A})}$ (M. $N[i]$ )
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Definition 2.14 (Double Complex, Total $\mathrm{c}\mathrm{o}$ mplex) A double $\mathrm{C}O\mathfrak{l}$}) $ple.\iota$. $C’..i_{-}.\backslash ^{\neg}r\iota$ bi-
$y’\cdot c\iota ded$ object $(C^{j^{1.\prime}\mathit{1}}’)_{p,q\in_{\mathrm{A}}^{-}}of\cdot Ato/\mathrm{f}F$ th $\epsilon’\backslash with$ $cl_{\mathrm{I}}^{p.q}J$ : $C^{\prime p.q}arrow C^{p+1.q}$ and $cl_{1\acute{\mathrm{I}}}^{pq}$ : $C^{\mathit{1}^{1},q}arrow C^{p,q+1}$

$s\mathrm{c}\iota chth_{Cl}t$

$C^{\prime\cdot q}=$ $(C^{p,q}, d_{1}^{p,q} : \mathrm{C}^{\mathrm{v}p,q}arrow C^{\prime p+1,q})$ , $C^{\prime p}$

.
$=(C^{\mathit{1}^{J}\cdot q}’, d_{\mathrm{I}\grave{\mathrm{i}}}^{pq} : C^{\mathrm{p},q}arrow C^{\prime p,q+1})$

$a?\cdot ecompl$ exes satisfyi,$?gd_{\mathrm{I}}^{p,q+1}d_{1\mathrm{i}}^{pq}-d_{\mathrm{I}1}^{l^{\mathit{3}+1,q}}d_{1}^{p,q}=0$. $F_{\mathit{0}\uparrow\backslash }a$ $doubl,e$ comple.r $C’..$ , $u$} $e$ define
the fotal complexes

$\mathrm{T}\mathrm{o}\mathrm{t}^{\Pi}$
$C^{\cdot}$

.
$=(X_{\backslash }^{n}cl^{n})$ , where $X^{n}= \prod_{p+q=n}C^{p.q}/$ , $d’ !l= \prod_{\mathrm{p}+q=n}(d_{\mathrm{I}}^{p,q}+(-[perp])^{p}d_{\mathrm{I}\acute{1}}^{pq})$

$\mathrm{T}\mathrm{o}\mathrm{t}^{\Pi}C’..=(\mathrm{Y}^{\vee}n, d^{n})_{7}whereY^{\Omega}=\prod_{p+q=\uparrow\iota}C^{p,q}$ , $d^{n}= \prod_{\mathrm{p}+q=n}(d_{1}^{p,q}+(-1)^{p}d_{1\acute{1}}^{pq})$

Definition 2.15 (Cartan-Eilenberg Resolution) For a complex $\mathrm{X}’\in \mathrm{D}(\mathrm{M}\mathrm{o}\mathrm{d}A)_{f}$

let
, . . $arrow P^{-1}$

.
$arrow P^{0}$

.
$arrow X^{\cdot}arrow 0(\acute{r}esp., 0arrow X^{\cdot}arrow I^{0}. arrow I^{1}. arrow\cdots)$

be an exact $S^{\neg}eque’\iota ce$ with $P^{n}$
. (re-sp.f $I^{n}.$ ) $beir\iota g$ a complex of protective (resp., injec-

tive) $A$ -modules. We call 1 $\cdot\cdotarrow P^{-1}$
. $arrow P^{0}$ . (resp., $I^{0}$

. $arrow I^{1}$ .
$arrow$ $\cdot\cdot$ ) a $Ca^{\tau}’ tan-$

$Eilenber/\mathrm{r}$ projective (resp.f $injec\mathrm{f}i_{l}ve$) $re.\underline{\mathrm{s}}olu\mathrm{f}ion$ of X. if the induced complexes $arrow$

$\mathrm{B}^{n}(P^{-1}.)arrow \mathrm{B}^{n}(P^{0}.)$ and . $1arrow \mathrm{H}^{n}(P^{-1}.)arrow \mathrm{H}^{n}(P^{0}.)$ (resp., $\mathrm{B}^{n}(I^{0}.)arrow \mathrm{B}^{n}(I^{1}.)arrow\cdot$ .
an $d\mathrm{H}^{n}(I^{0}.)arrow \mathrm{H}^{n}(I^{1}.)arrow$ $\cdot\cdot$ ) $a\uparrow^{\tau}eal.\overline{s}0$ projective ($res|p.$ , injective) $resol?\iota tions$ of

$\cdot$

$\mathrm{B}^{n}(\mathrm{X}^{\cdot})$ , $\mathrm{H}^{n}(\mathrm{X}^{\cdot})$ , respectively.

Proposition 2.16 Under the se tt\prime ing of Defifinition 2.15, the following hold.

1. $\mathrm{T}\mathrm{o}\mathrm{t}^{\mathrm{U}}$ P.. $i_{5}.’ \mathrm{K}$ -projective, and the induced morphism of complexes $\mathrm{T}\mathrm{o}\mathrm{t}^{\mathrm{L}1}$ $P..arrow X^{\cdot}$

is a quasi-isomorphism.

2. $\mathrm{T}\mathrm{o}\mathrm{t}^{\Pi}I^{\cdot}$ . is $\mathrm{K}- injective_{r}$ and the induced mmorphism of complexes $X$ . $arrow \mathrm{T}\mathrm{o}\mathrm{t}^{\Pi}$ I.. is
a $quasi- isomof^{\backslash }phism$ .

Sketch of Proof. $\mathrm{b}\mathrm{V}\mathrm{e}$ consider the following truncations

$\sigma_{\leq n}^{\mathrm{i}\mathrm{i}}P^{\cdot}$

. : . . $arrow\sigma {}_{\leq n}P^{-1}arrow\sigma\leq nP^{0}$, $\sigma_{\geq n}^{\mathrm{i}\mathrm{i}}I^{\cdot}$

. : $\sigma\geq nI^{0}arrow\sigma\geq nI^{1}arrow$ . .

Then it is easy to see $\mathrm{T}\mathrm{o}\mathrm{t}^{1\mathrm{J}}\sigma_{\leq n}^{\mathrm{i}\mathrm{i}}\mathrm{P}’ \mathrm{n}$ (resp., $\mathrm{T}\mathrm{o}\mathrm{t}^{\Pi}\sigma_{\geq n}^{\mathrm{i}\mathrm{i}}I..$ ) is $\mathrm{K}$-projective (resp., K-injective),
and that the induced morphism of complexes $\mathrm{T}\mathrm{o}\mathrm{t}^{\mathrm{U}}\sigma_{\leq n}^{\mathrm{i}\mathrm{i}}P^{\cdot}$

.
$arrow\sigma\leq nX^{\cdot}$ (resp., $\sigma\geq nX$

.
$arrow$

$\mathrm{T}\mathrm{o}\mathrm{t}^{\Pi}\sigma_{\geq n}^{\mathrm{i}\mathrm{i}}I^{\cdot}\cdot)$ is a quasi-isomorphism. Therefore we have the following quasi-isomorphisms
(qis)

$X^{\cdot}arrow \mathrm{q}\mathrm{i}\mathrm{s}$ hhocolim $\sigma_{\leq n}X^{\cdot}\mathrm{q}arrow \mathrm{h}\mathrm{o}\underline{\mathrm{c}\mathrm{o}\mathrm{I}}\dot{\mathrm{l}}\mathrm{m}\mathrm{i}\mathrm{s}\mathrm{T}\mathrm{o}\mathrm{t}^{\mathrm{L}\mathrm{I}}\sigma_{\leq n}^{\mathrm{i}\mathrm{i}}P^{\cdot}.\mathrm{q}\mathrm{i}arrow \mathrm{T}\mathrm{o}\mathrm{t}^{1\mathrm{I}}\mathrm{s}$
$P^{\cdot}$

.

(resp., $X^{\cdot}\mathrm{q}\mathrm{i}arrow \mathrm{s}$ holim $\sigma\geq-nX^{\cdot}\mathrm{q}\mathrm{i}arrow \mathrm{s}$ holim $\mathrm{T}\mathrm{o}\mathrm{t}^{\Pi}\sigma_{\geq-n}^{\mathrm{i}\mathrm{i}}I^{\cdot}.\mathrm{q}arrow \mathrm{T}o\mathrm{t}^{\Pi}I^{\cdot}\cdot$ )
$\mathrm{i}\mathrm{s}$

and $\mathrm{T}\mathrm{o}\mathrm{t}^{\mathrm{I}\mathrm{J}}$ P.. ( $\mathrm{r}\mathrm{e}\mathrm{s}1^{\mathrm{J}}\cdot,$

$\mathrm{T}\mathrm{o}\mathrm{t}^{\Pi}$ J’tl is $\mathrm{K}$-projective ( $\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{p},\mathrm{m}\mathrm{K}$-injecive). $\square$
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Definition 2.17 (Right Derived Functor) $F^{\urcorner}o’\cdot \mathrm{r}\iota\dot{\mathrm{r}}J- fm\iota cto|$
. $F$ : $\mathrm{K}^{*}(A)arrow \mathrm{K}(\mathrm{A}’)$ ,

$tl_{l}ef^{Y}l./cht$ derived $fi\iota$ ’$?cto’$ . of $Fi_{\mathrm{t}}\mathrm{s}^{\neg}a\partial-$]$.n$ ,$lctol$ $\cdot$

$R^{*}F$ : $\mathrm{D}^{*}(A)arrow \mathrm{D}(A’)$

$tog\epsilon ther$ with a functorial ’ $Ol’ phi\overline{s}’ tt$ of $\partial- functor\cdot..\mathrm{s}^{\tau}$

$\xi\in\partial \mathrm{M}\mathrm{o}\mathrm{r}(Q_{A’}\mathrm{o}F, R^{*}F\mathrm{o}Q_{A}^{*})$

with the following $p’\backslash ol^{Je}?’ ty$:
$F_{oi^{*}}G\in\partial(\mathrm{D}^{*}(A), \mathrm{D}(A’))a\uparrow\iota d$ $(\in\partial \mathrm{M}\mathrm{o}\mathrm{r}(Q_{A’}\mathrm{o}F, G\mathrm{o}Q_{A}^{*})$ , there exists a unique
$morl^{JhiSnl?l}\in\partial$ Mor(R*$F$, $G$ ) such that

$\zeta=(\eta Q_{A}^{*})\xi$ .

In other $u\prime \mathit{0}\uparrow^{\mathrm{Y}}ds$ , we can simply write the above using functor categories. For trian-
gulated categories $\mathrm{C}$ , $\mathrm{C}^{J}$ , the $\partial$ -functor category $\partial(\mathrm{C}, \mathrm{C}’)$ is the category $(^{p}..)$ consisting
of $d$ -functors from $\mathrm{C}$ to $\mathrm{C}’$ as objects and $\partial$-functorial morphisms as morphisms. Then
we have

$\partial \mathrm{M}\mathrm{o}\mathrm{r}(Q_{A}, \mathrm{o}F, -Q_{A}^{*})\cong\partial$ Mor(R* $F,$ -) $\mathrm{K}^{*}(A)arrow \mathrm{K}(A’)F$

$Q_{A}\{$

$R^{\mathrm{r}}F$

$Q_{A’}$

$\mathrm{D}^{*}(A)\mathrm{D}arrow(A’)\vec{G}$

as functors $f\dot{r}\circ’ n\partial(\mathrm{D}^{*}(A), \mathrm{D}(\mathrm{A}’))$ to Set.

Proposition 2.18 Let $A$ , $A’$ be abelian categories, $F:K(A)arrow \mathrm{K}(A’)a\partial$-functor. If
$A$ is a Grothendieck category, then we have the right derived functor $RF$ : $\mathrm{D}(A)arrow$

$\mathrm{D}(A’)$ such that $\mathrm{F}(\mathrm{X}’)\cong RF(X.)$ for any $\mathrm{K}$-injective $com,lJlex$ $X$
.

Remark 2.19 In tlze setting $of\cdot Defifin$ ition 2.17, the left derived $f\dot{u}ncto,\backslash L^{*}F:\mathrm{D}^{*}(A)arrow$

$\mathrm{D}(A’)$ can be also defifined by reversing arrows of $\partial$-functorial morphisms. Let $\mathrm{R}^{n}F(X^{\cdot})=$

$\mathrm{H}^{n}(RF(X.)),$ $\mathrm{L}^{n}F(X.)=\mathrm{H}^{n}(LF(X.))$ , then $\mathrm{R}^{n}F$ (resp., $\mathrm{L}^{n}F$) coincides with the or-
dinary defifinition of the $n$ -th right (resp., left) derived functor. According to Proposition
2.16, if $F$ commutes with products $($resp., $coproducts)_{f}$ then the $n$ -th hypercohomology
$\mathbb{R}^{n}F$ (resp., hyperhomology $\mathrm{L}^{n}F$ ) coincides with $\mathrm{R}^{n}F(\acute{r}esp., \mathrm{L}^{n}F)(c.f.$ [CE], $[\Lambda/Icf$,
$[Wef)$ .

Definition 2.20 $(\mathrm{H}\mathrm{o}\mathrm{m}_{A}. , \otimes_{-4})$ Let X., Y. be complexes in $\mathrm{C}(\mathrm{M}\mathrm{o}\mathrm{d}A)_{f}$
$\mathrm{Z}$

’ a complex in
$\mathrm{C}(\mathrm{M}\mathrm{o}\mathrm{d}A^{op})$ . $\mathrm{V}Ve$ defifine th.e complex $\mathrm{H}\mathrm{o}\mathrm{n}1_{\mathrm{A}}^{\cdot}$ (X., $Y.$ ) in $\mathrm{C}(\mathfrak{U}\mathrm{b})$ by

$\mathrm{H}\mathrm{o}\mathrm{m}_{A}^{n}(X^{\cdot}, Y^{\cdot})$ $= \prod_{j-i=n}\mathrm{H}\mathrm{o}\mathrm{m}_{A}(X^{\mathrm{i}}, Y^{j})$
, $d_{\mathrm{H}\mathrm{o}\mathrm{m}(\mathrm{Y},1’)}^{n}.(f)=d_{X}\mathrm{o}f-(-1)^{n}f\mathrm{o}d_{\mathrm{J}’}$

for $f\in \mathrm{H}\mathrm{o}\mathrm{n}\mathrm{u}_{4}^{\tau\iota}$. (X., $Y.$ ) . $A,\iota d$ We defifine $th,\epsilon$ complex $X^{\cdot}(.\hat{\theta}_{A}Z^{\cdot}$ in $\mathrm{C}(\mathfrak{U}\mathrm{b})$ by

$X^{\cdot} \frac{n}{\downarrow\hat{\mathrm{y}}}A$

$Z^{\cdot}=\mathrm{L}\mathrm{I}^{X^{i}(_{\acute{\mathrm{c}}^{\hat{\backslash \prime}}A}^{-Z^{j}}}i+j=n$ ’
$d_{1^{\gamma}\otimes \mathrm{l}’}^{n}--=d_{J},\mathrm{Y}’\angle\Gamma \mathrm{J}1+(-1)^{n}1\otimes$ $d_{Z}$
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Proposition 2.21 $L\epsilon t$ $A$ be $r\iota$ ring. $Th\epsilon’\iota u’ e$ $hav\epsilon$ a right de $\prime^{\mathrm{B}}i?ted$ full ctor

$R\mathrm{H}\mathrm{o}\mathrm{n}\mathrm{u}_{4}.\cdot$ : $\mathrm{D}(\mathrm{M}\mathrm{o}\mathrm{d}A)^{op}\cross \mathrm{D}(\mathrm{M}\mathrm{o}\mathrm{d}A)arrow \mathrm{D}(\mathfrak{U}\mathrm{b})$

and a left de rived $fm\iota cto\uparrow$ .

$\bigcup_{4}^{-L}\backslash ,\cdot\wedge$ : $\mathrm{D}(\mathrm{M}\mathrm{o}\mathrm{d}A)\cross \mathrm{D}$ (Mod $A^{op}$ ) $arrow \mathrm{D}(\mathfrak{U}\mathrm{b})$

Proposition 2.22 Let A be a ring. For cocomplexes $X^{\cdot}$ , $Y^{\cdot}$ , we have isomorphisms

$H^{n}(\mathrm{H}\mathrm{o}\mathrm{m}_{\mathrm{A}}. (X^{\cdot}, Y^{\cdot}))\cong \mathrm{H}\mathrm{o}\mathrm{m}_{\mathrm{K}(\mathrm{M}\mathrm{o}\mathrm{d}A)(-\mathrm{t}^{-}Y^{\cdot}[n.])}.$,
$H^{n}(R\mathrm{H}\mathrm{o}\mathrm{n}1_{4}.\cdot(X^{\cdot}, 1’.))\cong$ only (Mod $A$ ) $(X^{\cdot}, Y^{\cdot}[n])$

Definition 2.23 (Perfect Com plex) Let $A$ be a ring. A complex $\mathrm{X}’\in \mathrm{D}(\mathrm{M}\mathrm{o}\mathrm{d}A)$

$?.rightarrow\neg$ called a perfect complex if X. $i_{5^{\neg}}$. quasi-isomorphic to a bounded complex of finitely
generated projective A-modules.

Let $X$ be a scheme, $\mathrm{D}(X)$ the derived category of sheaves of $Ox$ -modules. $\mathrm{T}\phi^{r}e$ denote
by $\mathrm{D}_{q\mathrm{c}}(X)$ the full subcategory of

$\cdot$

$\mathrm{D}(X)$ consisting of $con\iota plexes$ whose coho mologies are
$q?\iota asi$-coherent sheaves. A $co$ mplex $X$ .

$\in \mathrm{D}_{q\mathrm{c}}(X)$ is called a perfect complex if
$\cdot$

X. ’is
locally quasi-isomorphic to a bounded complex of vector bundles (See $[TT]$).

$\mathrm{V}Ve$ denote by $\mathrm{D}_{pf}(A)$ the full triangulated $subcategot^{\backslash }y$ of $\mathrm{D}(A)$ consisting of perfect
complexes.

Proposition 2.24 ([Rdl], [Ne]) For a ring $A_{f}$ the following hold.

1. A complex $X$
.

$\in \mathrm{D}(\mathrm{M}o\mathrm{d}A)$ is $perf\epsilon ct$ if and only if it is a compact object in
$\mathrm{D}(\mathrm{M}\mathrm{o}\mathrm{d}A)$ .

2. $\mathrm{D}(\mathrm{M}\mathrm{o}\mathrm{d}A)$ is compactly generated.

Theorem 2.25 ([BV]) Let X be a qua$\overline{s}i$-compact quasi-separated scheme, then the
following hold.

1. A complex X’ $\in \mathrm{D}_{qc}(X)$ is perfect $if^{*}and$ only if it is a compact object in $\mathrm{D}_{qc}(X)$ .

2. $\mathrm{D}_{q\mathrm{c}}(X)$ is compactly generated.

Theorem 2.26 ([BN]) Let $X$ be a quasi-compact separated scheme, then the canon-
ical functor $\mathrm{D}(\mathrm{Q}\mathrm{c}\mathrm{o}\mathrm{h}X)arrow \mathrm{D}_{qc}(X)$ is a triangulated equivaIe $nce$ , where Qcoh $X$ is the
category of quasi-coherent sheaves of $\mathcal{O}_{X}$ -modules.

Corollary 2.27 ([BV]) Let $X$ be smooth over $a$ fifield, then we have

$\mathrm{D}^{\mathrm{b}}(\mathrm{c}\mathrm{o}\mathrm{h}X)\cong \mathrm{D}_{pf}(X)\Delta$ .
$u$where coh $Xi\overline{s}$ the category of $coh\epsilon/^{\tau}ent$ sheaves of $\mathrm{C}_{-}^{\gamma_{\mathrm{x}^{\gamma}-,nodules}}$ .
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$\mathrm{F}\mathrm{o}1^{\cdot}\dot{\epsilon}\mathrm{t}$ ring $\lrcorner 4_{\backslash }$ we denote $\mathrm{b}.\mathrm{v}$ proj $A$ the category of finitely generated projective
14-111o $\epsilon 1\iota\iota \mathrm{l}\mathrm{e}\mathrm{s}$ .

Theorem 2.28 ([Rdl], [Rd2]) Let A, B $b\epsilon$ algeb ras $\mathit{0}\iota$) er. a fifield X.. $Tl\iota e$ f.ollo $n’ i?\iota g$

$a/\cdot e$ equivalent.

1. $\mathrm{D}(\mathrm{M}\mathrm{o}\mathrm{d}A)\cong \mathrm{D}(\mathrm{M}\mathrm{o}\mathrm{d}B)\Delta$ .

2. $\mathrm{K}^{\mathrm{b}}(\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{j}A)\cong \mathrm{K}^{\mathrm{b}}(\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{j}B)\Delta$ .
3. The”$e$ is a perfect complex $T$

.
$\in \mathrm{D}(\mathrm{M}\mathrm{o}\mathrm{d}A)$ such that

(a) $B\cong \mathrm{E}\mathrm{n}\mathrm{d}_{\mathrm{D}(\mathrm{M}\mathrm{o}\mathrm{d}A)}(T.)$ ,
(b) $\mathrm{H}\mathrm{o}\mathrm{m}_{\mathrm{D}\{\mathrm{M}\mathrm{o}\mathrm{d}.4)(TT[i])=\circ}.,\cdot$ $for$ $i\neq 0$ ,
(c) $\{T.[i]|i\in \mathbb{Z}\}i.s$ a gener ating $ss$ et in $\mathrm{D}(\mathrm{M}\mathrm{o}\mathrm{d}A)$ .

4. There is a complex V. of B-A-bimoduleb’ such that

$R\mathrm{H}\mathrm{o}\mathrm{m}_{4}.\cdot(V^{\cdot}, -)$ : $\mathrm{D}(\mathrm{M}\mathrm{o}\mathrm{d}A)arrow \mathrm{D}(\mathrm{M}\mathrm{o}\mathrm{d}B)$

is an equivalence.

In this case, T. is called a tilting $co$ ,$nplex$ for $A$ , V. is called a twO-sided tilting
complex, and $R\mathrm{H}\mathrm{o}\mathrm{m}_{\dot{\mathrm{A}}}$$(V.-7)$ is called a standard equivalence.

Theorem 2.29 ([BO]) Let $X$ be a $s$ mooth irreducible projective variety with am-
ple canonical or anticanonical sheaf. If $X’$ is a smooth algebraic variety such that
$\mathrm{D}^{\mathrm{b}}(\mathrm{c}\mathrm{o}\mathrm{h}X)\cong\Delta \mathrm{D}^{\mathrm{b}}(\mathrm{c}\mathrm{o}\mathrm{h}X’)$, then $X’$ is isomorphic to $X$

Theorem 2.30 ([Be]) Let $\mathrm{P}=\mathrm{P}_{k}^{n}$. be the $n$ -dimensional projective space over a field
$k$ , and let $\mathcal{T}_{1}=\oplus_{j}^{n}=0O(i)$ , $T_{2}=\oplus_{i=0}^{n}\Omega(-i)$ , and $B_{1}=\mathrm{E}\mathrm{n}\mathrm{d}_{\mathrm{P}}(\mathrm{T}_{1} )$ , $B_{2}=\mathrm{E}\mathrm{n}\mathrm{d}\mathrm{P}(\mathrm{T}2)$ .
Then $B_{i}$ is a finite dimensional $k$ -algebra of finite global dimension, and

$\mathrm{D}^{\mathrm{b}}(\mathrm{c}\mathrm{o}\mathrm{h}\mathrm{P})\cong \mathrm{D}^{\mathrm{b}}(\mathrm{m}\mathrm{o}\mathrm{d} B_{i})\Delta$

where mod $B_{i}$ is the category of fifinitely generated $B_{i}$ -modules $(i=1,2)$ .

Definition 2.31 Let $A$ be an algebra over $a$ fifield $k$ , The derived $\mathrm{P}\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{l}\cdot \mathrm{d}$ group of $A$

(relative to $k$ ) is

$\mathrm{D}\mathrm{P}\mathrm{i}\mathrm{c}_{k}(A):=.\frac{\{two- sidedtiltingcomplexe\overline{s}T\in \mathrm{D}^{\mathrm{b}}(\mathrm{M}\mathrm{o}\mathrm{d}A^{\mathrm{e}})\}}{isomorphism}$

with $ide’\iota tity$ $ele$ ment $A_{f}$ product $(T_{1}, T_{2})\mapsto T_{1}\otimes_{A}^{\mathrm{L}}T_{2}$ and $invet_{\sim}^{\backslash q}e$ $T\mapsto T^{\vee}:=\mathrm{R}\mathrm{H}\mathrm{o}\ln(T, A)$ .
Given any $k$ -linear triangulated category $\mathrm{C}$ $we$ let

$\mathrm{O}\mathrm{u}\mathrm{t}_{\mathrm{A}}^{\Delta}$. (C) $:=’ \frac{\{k^{\triangleleft}- lineartric\iota ngulatedself- equi\mathrm{e}ale\iota \mathrm{z}c\epsilon \mathrm{L}\mathrm{q}of\mathrm{C}\}}{isomorphi\mathrm{s}m}..’$.
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Theorem 2.32 ([MY]) Let $\lambda$ . be $af\iota$ $algeb\prime^{l}aicrllly$ $clo_{-}.-\epsilon rl$ field, $c\iota d$ A $a$ fifinite $di’?l$ en-
$sior\iota l$ $l_{l}\epsilon r\cdot rdila’\cdot/$? k-a/c/ $\epsilon b\uparrow^{\backslash }a$ . $Th\epsilon’ \mathrm{e}\mathrm{o}e$ $hcl^{t}\iota’\epsilon$

DPkk $(_{-}4)=\mathrm{O}\iota 1\mathrm{t}_{\mathrm{A}}^{\triangle}$. $(\mathrm{D}^{\mathrm{b}}(\mathrm{M}\mathrm{o}\mathrm{d}A))=\mathrm{O}\mathrm{u}\mathrm{t}_{k}^{\triangle}$. $(\mathrm{D}^{\mathrm{b}}(\mathrm{m}\mathrm{o}\mathrm{d} A))$

M. $\mathrm{I}\overline{\backslash }\mathrm{o}\mathrm{n}\mathrm{t}\mathrm{s}\mathrm{e}\mathrm{v}\mathrm{i}\mathrm{d}_{1}$ aJld A. Rosenberg introduced the notion of $\mathrm{n}\mathrm{o}\mathrm{n}- \mathrm{c}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{u}\mathrm{n}\iota\iota \mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{v}\mathrm{e}$ pr0-
jective spaces $\mathrm{N}\mathrm{P}^{n}[\mathrm{K}\mathrm{R}]$ , and showed that

$\mathrm{D}^{\mathrm{b}}(\mathrm{Q}\mathrm{c}\mathrm{o}\mathrm{h}\mathrm{N}\mathrm{P}^{n})\cong \mathrm{D}^{\mathrm{b}}\Delta$ (Mod $kQ_{n}$ )

$\mathrm{D}^{\mathrm{b}}(\mathrm{c}\mathrm{o}\mathrm{h}\mathrm{N}\mathrm{P}^{n})\cong \mathrm{D}^{\mathrm{b}}\Delta$(mod $kQ_{n}$ )

where $Q_{n}$ is the quiver

$\mathrm{o}^{\wedge^{\alpha_{0}}}\ldots\cdot 0$

$\alpha_{1}$.
Corollary 2.33 ([MY]) For $non- comn\iota utat^{l}i.ve$ projective spaces $\mathrm{N}\mathrm{P}_{f}^{n}$ we have

$\mathrm{O}\mathrm{u}\mathrm{t}_{k}^{\triangle}$. ( $\mathrm{D}^{\mathrm{b}}$ (Qcoh $\mathrm{N}\mathrm{P}^{n})$ ) $\cong \mathrm{O}\mathrm{u}\mathrm{t}_{k}^{\triangle}$. $(\mathrm{D}^{\mathrm{b}}(\mathrm{c}\mathrm{o}\mathrm{h}\mathrm{N}\mathrm{P}\mathrm{n}))$

$\cong \mathbb{Z}\mathrm{x}$ $(\mathbb{Z}\ltimes \mathrm{P}\mathrm{G}\mathrm{L}_{n+1}(k))$

Theorem 2.34 ([BO]) Let $X$ be a smooth irreducible projtctive variety with ample
canonical or anticanonical sheaf. Then $\mathrm{O}\mathrm{u}\mathrm{t}_{k-}^{\triangle}(\mathrm{D}^{\mathrm{b}}(\mathrm{c}\mathrm{o}\mathrm{h}X))$ is generated by the autO-
rno’.phisms of variety, the hoists by invertible sheaves and the $translc\iota tions_{f}$ and hence

$\mathrm{O}\mathrm{u}\mathrm{t}_{k}^{\triangle}$ ( $\mathrm{D}^{\mathrm{b}}$ (coh X)) $\cong(\mathrm{A}\mathrm{u}\mathrm{t}\mathrm{j}\mathrm{b} X\ltimes \mathrm{P}\mathrm{i}\mathrm{c}X)$ x $\mathbb{Z}$ .
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