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On Hochschild Cohomology Rings of Group Algebras
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Introduction

WHBR EDZTRIZH T 5 cohomology #itd Hochschild [8], MacLane [10], Cartan-
Eilenberg [2] HIZ X » THRIL SN, RIEFIIE EOFRKRTE TR D Hochschild co-
homology IZ2WT, RERE DEDLY Thhx RFEBITRDOATWA. REFHRRE, A
% R LRMRAERTHENZ R EOZTR, M EZERA-MBEL Lz E, FRTn >0
%t9 % Hochschild cohomology H™(A, M)(= Ext%.(4, M)) BEHEIND. SHICM MR
LSRRI THHLE, H(AT) = @, HNA, ) i cup I L o TREfT B E
LTOHWELZEATHZ LN TE, ZhE—MRIZ A D Hochschild cohomology 3 & L 5.
LAL2R 6, 4 DETRIZH LT Hochschild cohomology BBOME 2R ET D Lit
—RIHh RV EEETHS.

G ZHBR#EL 3 %. BB RG D Hochschild cohomology ﬁlj:%%%b WERO—DOTHY,
¥:2A=T = RG & L7z & & D Hochschild cohomology 8 H*(RG, RG) # HH*(RG) &
A<, BAF, BB RG @ Hochschild cohomology BIZOWTINETHMON TR I L%
WL 2R S. GHBT—_NEDHEE, Holm [9] & Cibils-Solotar [4] IZ & » THRRIE
HH*(RG) ~ RG®RH*(G, R) ’R&Ni. LHL, GRT—~ABETRNEZFZDL Y
RO 2185 = L IXE LV L BbRB. ¥, BEE HH*(RG) ~ H(G, 4RG)(=
D50 Extio(R, wRG)) BFEET B LD, Zh%i@ L THREED cohomology IZiRET
HIENRTED. ZIZT, yROIERICE>TRG & GMBEL AR LEbDThHD. EE,
KEIRES X O—RETTEBIZ OV TIE, BfBSZREN 2, 4 D resolution BEFEET B Z &
BELNTEY, b ZAVIEZ D cohomology ZEHE T3 Z & BFBMICIXTET
H5. ZORREED cohomology IZFBVNTHMEEDARKTD cup EEZHE L, BEELZREL
Teb Dl LTS 4t O— R STEEE Q, DEEAREEEER ZQ,  Hochschild cohomology B
HH*(ZQ:) B& % ([5)). %7z, M#EL LTORE HH*(RG) ~ @, H*(G;, R) ILAATHS
MBI TV ([1, Theorem 2.11.2]), Siegel-Witherspoon /%= @?Jﬂﬁiﬁé: L ToOREMR
RABICRD LI, FOTHBLRESANRONDZ L E2RLE ([13]). 22T, G;iXG
DIHFBREDORETD centralizer 2K Y. RIFRIZHE HIXZ OFFIRHE BT, F3Ss,FoA,,
F2 D3 @ Hochschild cohomology BO#EELZHE L TV 5.

4 [B]iZ Siegel-Witherspoon 2 & - TER] & 7= B AA! (Product Formula) Rt Zh %
WEHESIZ OV TRAT 5.

1. Preliminaries

Hochschild cohomology
RZFHER, A% REARERTHENRZ R EOZTRE L, M EE A-INEE ETLREH[




A-NBE) &35, Z D& & ADHochschild cohomology BN EZE SN 5:
H"(A, M) := Ext™(4, M).
EHIZ N W ANt L 35 & &, Hochschild cohomology 121t cup R EZE SN B:
«  HP(A, M) ® H(A, N) —> HP™ (A, M ®, N).

IDBERIZEDa@BDBE a— FTRTEL, ZThizaRUGICE L THBRERIZ 2o
TW5. EbiT, LEMRA-MEEE Lz L ¥, associativity 277 a € HP(A, M), B €
HY(AN),y € HAL KRN L(@ B —v=aw (B—1). T#REDETRL
L, APDL T ~O RERBBEETIHLOETS. DL E, I 2 ANBEL B2
L, HY(AT) =@, s  H*(A, D) i cup I L o TREMEBE LTOBELEAT B =
EBTE, ZhE—#iZ A D Hochschild cohomology B & L33, iz, T'=A& Lizd
& O Hochschild cohomology 8% HH*(A) £ <. HH*(A) iX anti-commutative, D%
a € HHP(A),B € HHY(A) T L af = (—1)PBa BRI T 5.

Group cohomology

GZHAMRE, RETHRR, AR G-NBLTS. Z0LE, G0 ARRENEEE T3 group
cohomology BE&HE S 5: H*(G, A) := Exth;(R, A). £7, group cohomology iZ % cup
MREBINS:

— : H?(G, A) ® HY(G, B) — H™'(G, A ® B).

NERIZED a@fDBE o — FTRTE, ZHiIZaRU BB LTRREERIZR >
TW3. IbIZ, associativity YT 5. G-MBABBRTHY, SbIZEM o (ab) =
(0-a)(o-b) (0 €G,a,be A) &Mt LE, cupBic LT, H* (G, A) = D,., H*(G, A)
CREMERE LTOMELBAT S Z LR TE, ZhE GO cohomology BE L 5. %k
(Z, conjugation, restriction, corestriction IZ 2V Tik~3. H %# G DELH, ge G &
5. ZDLE, ¢p:gHg ' 5> H;W = g 'WgRUf: A— A;ars ga DOBESHS
cohomology D B4
g*: H*(H,A) — H"(gHg™!, A)
% conjugation & K&, iz, HORAER . H G RV A ADLBEIHS
cohomology D B4
resy : H"(G, A) — H™(H, A)

% restriction & k5. & 5T, (Z,d) # RG-projective resolution, G ® H 2 kX 2RISR
BoRxG=Ur,0H:Th. ok,

SH—)G : HomRHA(Z,,, A) — HOIDRG(Zm A)

Su-a(f)(@) =) oif(o7's)  (z € Z,)

i=1




o5& Z X5 cohomology DEHE
cory : H*(H, A) — H"(G, A)

# corestriction & & 2.

HIRD Hochschild cohomology

¥IZ, BIR RG @ Hochschild cohomology 1¥ group cohomology & ® iz #1272 BIfR 2 &
5. M, NZWBRI RG-IEL L, ThEERICI->TGMBELLRLENREN M, 4N
ERY. Zoek, MisEEL LTORE HY(RG, M) ~ HYG, M) BFFEL, Thitcup
HERFETS. 2F0, ROXXZA#H|E 2B

HP(RG, M) ® HY(RG,N) — HP"(RG, M ®zc N)

| |

HP(GMIIM) ® Hq(G’¢N) -_— Hp+q (GMP(M ®RG N)) .

7el2L, —, X RG-ERE p: MON > MQpg N;a®@b—> aQpe b5 &I B
Bf& L@% @ (group cohomology IZk1F 3) cup & DAEREREZRT. LENoT, ¥
WCRRAE HH*(RG) ~ H*(G, 4 RG) M3k Y 3 ([13, Proposition 3.2], [12, Section 1], [11]
REEBM). :

2. Product Formu_la

§2.1 TIX Siegel-Witherspoon 2 & - TFER S 78R FA (Product Formula) {220 T4
L—RROBEIZZNEREITL, §2.2 T Z ®D Product Formula 2 AW -HEFI 2R3,
723, Product Formula i Cibils [3] R U Cibils-Solotar [4] 52 L »> TFRIN TS
DTHY, 1999 £1T Siegel-Witherspoon [13] I L > TEERENTZH D TH .

2.1. Product Formula

Additive Decomposition

%7, Product Formula 2R3 72D & LT, MELVAAVTORBEER L BEEHIC
RS, REWHRE, G HAEFREL LHIZGRBEEABE LTEALTWS DL
5. £LTge GEEEL, KD R(Staby(g))-MERE

0, : R — RG; A — Ag,
mg : RG — R, Z/\aal-—-))\g

a€G

2HE25. W< Staby(g) E55L%&, ZhbDERIX cohomology DEMR

6: : H"(W, R) — H™(W, RG),

" : HN(W, RG) — H™(W, R)

g



ZHETDH. TLTCHBEORRTE g1 =1,00,... ,9-(€ G), H; =Staby(g) £ BX,
v : H"(H;, R) — H"(H, RG); 0. —> corgﬁ;(a)

EEDD. TDLE, ROMEFHL LTODORE (Additive Decomposition) #7155 :
@ : H"(H, RG) — €D H"(H;, R); ¢ — (m},resfy (¢)),

2B, PERIZ S a) = ula) (o€ H'HyR) CE-TELORE. (BEL I3,
§4| Z21)
BiZ, GHGHSICHBETRALTVWAREEELS L, MERL LTORE

HH"(RG) ~ @ H"(G;, R) (G; 13 G D& FBEEDREITD centralizers)
J

285, ZhEAVvhiX, HH"(RG) OMBEOMELRDD LB TE B,
Product Formula
SERLFRICRETHRE, G, HE2AMEL LHIZGIIEESFREL LTERALTW b0 L
T5. ¥, HBEORRTE g1 =1,02,-..,9/(€ G) & L, H; = Stabg(g;) £ BL. FL
T, HDjaD g € G~DEMZ g, H DMK DIEEHD#% °K =aKa™! (a € H)
LY. D 2FEMs5#E H\H/H; DRETL2EOEEGLTHIE, Fae DIZHLT, b
5be HBHFEL, g ="g"g; 2Wilcd k=k(a) B—BEHITEES. ZDL X, Siegel-
Witherspoon (2L ¥, ROEANIER Sh7- (BEL <IX[13, §5] BR):
E# (Product Formula)
a € H*(H;,R), p€ H*(H;,R) £ ¥5 L&, H'(H,RG) iZBWT
%(0) = %5(8) = 3w (corft (resiybra  resy™ (ba)'5) )
: a€D

BT D, TeEL, k= k(a), b= b(a) iX gx =Pg:tg; BT HOEL, W =YH,nNH;
LTB.

B2, GHRGEEIZHBETHERALTWAREAE2EXB L, MEHL LTORE
HH*(RG) ~ @H*(Gj, R) (G;iX G DHEFEBEDRRITD centralizers)
J
BREABICRD KO, ARRHBLRBEBANLND Z L BRI,
Ef, GRT—_ABOL XL G =G (Ym) Th Y,
%i() ~ 7(8) = (e — B)

MR %L, a€ H'(GyR), f€ H'(G;,R), g = gig; Th5. “HIZLY, Holm [9]
K Cibils-Solotar [4] HIZ L o TRHEASN=RFEBZHRBTHZ LB TE 3.




2.2. Product Formula # 8L -5 84
LLF, Product Formula Z W5 EF 25, ¥ 8 0%
Q2 = (z,ylz* = 1,2 =, yzy = z71)

4B, T TIIIE 8 DMUTHEE Q, DEMREEER ZQ, D Hochschild cohomology B

HH*(ZQ,)(~ H*(Q2, yZQ2)) D&% Product Formula # AW TRET B Z & 2 HEZ

5. 728 Introduction THIB7= & 512, ¥4t D—RRIUTEEE Q, DEARKEER ZQ,

@ Hochschild cohomology BIZ 2T, LARTEHRA 4 @ resolution Z AW TCHELZH DT

H5H([5]), “hEz4SENL “MrEk 8 DHFAIT Product Formula # AW THDHE” 217 5.
7, Q DIEB/BEORETL LT,

g=16=1% g=z1 0=y, g=21y
LY, METHIREEORRTODLMEELZENLEN
G1=Qs, Go=Qy, G3=(z), Gy = (y), G5 = (zy)

LBL.
TR U KEED cohomology B
M SC B D EH 4 D resolution VT HYQ,Z) 23 E T35 &

z n=0,
@ = o i

Z(1,0)/2® Z(0,1)/2 n=2 (4).

&%, £LT, AT A:=(1,0),B:=(0,1) € H*(Q,Z), C:=1€ HY(Qy,Z) £ B
&, JAH 4 D resolution L diagonal approximation % BV T cup L HE T3 L k1 E
BB (6, §4] BE):

H*(Q2,Z) = Z[A, B,C)/(24,2B,8C, A%, B, AB — 4C).

RIZ, HZ2MEm(> 2) OXEREL 35, KEFOBER 2 O resolution # AV T H™(H, Z)
EHETHL

Z n =0,
HYH,Z)={ Z/(m) n=0(2), n#0,
0 n=1(2).

&5, LT, £BT® D:=1€ H*(H,Z) Lt B% cup HEHHET B &

H*(H,Z) = z[D}/(mD)



%18 % ([2, Chapter XII, §7] /).
Hochschild cohomology DM DiEiE
Additive decomposition % V% & Hochschild cohomology DINEE DIEEBHF L 5:

VA for n=0,
. ) (2/8)} & (Z/4)® for n=0(4), n#£0,
HH™(2Q2) = 0 for n=1(2),

(Z/2)* @ (Z/4)® for n=2(4).

res, cor F# DIt
AT T,

H*(G.,Z) = Z[A, B,C]/(24,2B,8C, A%, B, AB — 4C)
(deg A = deg B = 2,deg C = 4),
H'(G3,Z) = ZN/(42)  (degr=2),
H* (G4, Z) = Z[p)/(4p)  (degp = 2),
H*(Gs,Z) = Zv]/(4v)  (degv =2),
H*((z%),Z) = Z[0)/(20)  (dego =2)
B, L, r=1,2¢%%. Product Formula # AV THZHET 372D, re-
striction <° corestriction 72 & OHENMEIZ /2D, T L OHEIL, MNTBBERUSKER
DJEHAHI 72 resolution & standard resolution DfE ™ chain transformation Z#&8L L ([6, §2),

(7, §2.1]), standard resolution % iV T& R &1 5 cochain level THE ([14, §2-5| BFR)
ERAVWTARTORZEZEHETIZLICLVEDNS. HEFBREZHETTD LROBEY:

res@?A =0, 1es@ B = 2), res2C = X%, res®: A—restB 2u, resJC’ 12,

resg’ A = 2v, 153 B =0, resC = 1?

cord ) = 4, corg:A2—2C cordly= A+ B, cordu? = 2C,

cordy = B, cor@y? = 2C, COT(S,0 = 2, COrgho = 24, cors,o = 2v,

y'(A) ==, 2t (p) = —p, *() = -v.
Product Formula #B M\ -5HE
7, HYQ2,yZQ:) PERTOMD cup EEZHET B, ZHIXZQ, PHLTKITZER
DT —TD. HEKRERTTILEROEY (LT Tix— 2481 5):
72(1)% =1, 72(1)7:(1) = 7.(1), 7(1)* = 2(1 + (1)),
Ys(D1a(1) =%(1), %(1)15(1) = 12(1), 1(D)s(1) = 7(1).
2IiZL, 8=3,4,5¢ L, Ym:H*(Gn,Z) - HYQ2,42Q2) £33 (§2.1 %2 R).

?k‘:, HO(Q2, ¢ZQ2) ODE&?—'.E(E H2(Q2, ¢ZQ2) UJEEETE & @ﬁiﬁw cup ﬁ%%{'ﬁﬁ_é Z
#LiX Product Formula Z iV 5. ERIZHNERT —FE2RIZE LD TR,

, res<zz>/\ = res( g)ll = res<zz)u =0,




Table

| i [ j | a l g5 | b | k| G| G; | W=12G;n b“Gﬂ

1ir(1<r<5)|1 9r 171 Q| Gy G,
2 2 1 1 11 1] Q | @ Q2
2 3 1] z78 |y | 3]Q | (o (z)
2 4 1| 2% |z | 4] @ | (v (y)
2 5 1y |z | 5| @ | (zy) (zy)
3 3 1| 22 | 1] 2| {z) | (z) (z)

y| 1 (111} (=) | (z) (z)
3 Ll ay |[1]5] (| ¥ (z?)
3 1] 2% |z | 4] () | (ay) (z?)
4 4 1) 22 |12 ® {v)

z| 1 1111 | & ()
4 5 1]z |1]3 || (s (z?)
5 5 1 22 |12 | (zy)| (ay) (zy)

z| 1 1)1 [(=y] (zy) (zy)

T LTHOHRR, #ixiT
Y2(1)73(A) =73 (corézg (resBy™ (1) - res(z,)y ()\))) = —y3(A)
£72%. H(Q2,¢ZQs) DEMTTE HA(Qa, yZQs) PAEMRTE & ODEOMITKRDEY :

72(1)71(4) = 12(4), 1(n(B) = 1(B),

N W) = =1, W)ralw) = —%lw), 2(1)1@) = —%@),
1()n(4) =0, )1 (B) = 21(2), 13()vs(A) = 7 (A) (1 + 72(1)),
Ys(1)1a(k) = 275 (v), 1(L)1s(v) = 20(p),

V(DM (A) = 7)1 (B) = 274(A), va(1)v3(A) = 25(v),

Y4(1)va(p) = n(A+ B)(1 +72(1)), 7a(1)1(¥) = 273(}),
Ys(1)1(4) = 275(»), 1s()n(B) =0, %(1)1s(A) = 2va(p),
Y5 (1)7va(1) = 273(A), va(L)15(v) = 1(B)(1 + 72(1)).

ZIT, resgiC = X2, resC = 12, res2C = v? & Product Formula £ 9 7(C) €

H*(Q2, 4ZQ2) &  cup i periodicity isomorphism % 8| % & = 3

71(C) ~ — : H(Q2,4ZQ2) — H™(Q2, yZQs).

Lo T, HY(Qy,ZQ;) DERTEE 71(C) & 7s(1) € HY(Qz, yZQs) DHIC £ D =T

RRTED:

72(C) = n(C)r(1), 1(A?) =n(C)1(1), 1E?) =n(C )74(1), ¥5(1?) = n(C)¥s(2).



%I, H*(Q2,4ZQ2) DERRITTDH D cup F&% Product Formula # AW CHET 5. 4
i,

D o

(xy)

Ya(A)va(ts) = s (corw) (res{zh, (M) - resgzg(m)) = 295(1%)(= 2711 (C) (1))
Thbd. FAFELHEIZLY, REEFELND:

1(A4)? = 1(A)1(A) = n(B)? =n(B)rs(v) =0,

M (A)71(B) = m(C); 7(B)1(A) = 1a(w)ys(v) = 2m(C)vs(1),
N (A) () = n(B)rs(p) = (A1) = 2m(C) (1),
Y1(A)7:(¥) = s (A)va(p) = 21 (C)rs(v),

13(A)? = 14(1)? = %¥)* = 21 (C)(%(1) - 1).

UETCHELRBRIIETELNE. T 2T,

Ao =1, By =1(1), (C1)o =3(1), Do =1(1), Eo=r5(1);
(Aa)2 = m(4), (Aﬁ)z =m(B), (Ba)2 = n(4)1r(1),
(Bp)2 = mn(B)12(l), (Ci)2 =13(A), D2 = 1s(u), Ez = 5(v);
Ay =m(C)

LB &, THIXLIETER 4 O resolution Z AWV T cup EEZHE L LD LREILERTH
% ([5, §3.3 Table 3] ZR).

M

SEOMERL TORROBREE X TT E olcte 4 REREEIIIREICBHEFIC A
DELE., LEVBILELETET.
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