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Nonsplitting subset of P, A

V% K (Toshimichi Usuba)
i BRFERLEGE BB AR R

BE
A8 T i3 Meanas’s conjecture, K U Gitik DERR [3] DHEFRIZ D> TS
5. 48, BETIE 5] IKBWTERMLE 1k club shooting DR % AT
CNLDRREBTOLD, ZOBICELIRRBION, #hzHVws I L
i2 & 2T, consistency strength %8 % & { equiconsistency TH 59 & Z 5 %
TTF3 I LICRYI L. BTIZZ DHEED club shooting 122> T DM
B, REEN 2ROV TORBERTS .

1 Definition and Notation

RICREBLVRY, ZO/g%28EL T x T inaccessible cardinal, v T & L ED
ordinal, A Tk BAE®D cardinal 2% 7.

p %2 cardinal £ § 5. ordinal ¢ I L T, pt* T ud 58 Z T aBHD cardinal
ZRY. PIRAE, pO=p, ™ =pt, y 2= ytt HTH 3.

p.o. P & ordinal a iZA L T T (P) TRD X 9 % 2 player Game 8T HDE T
%: player I & player I BRBICPDOTLEBIIIE 2B X Hicko>Twl. H#L,
player I3 odd & H %, player Il iZ even BH & limit FE2 £ 5. b L ZDFlOE
% a TTHIZE % S player [IDBER], 2 9 TRIFNUT, player IOBEL LT 2. P
%3 k-strategically closed T%H % & i, I (P) I2B8 L T player II 43 winning strategy
ZROBELEERT .

S C Py % stationary set £ 75, ZDEE FLALEETD (ae) 2€ 85, &iF
S ? non-stationary subset X 5H D 2 TD 2 e S\ X, DERTH 3.

72, P £ D stationary, club, saturated ideal, & U generic ultrapower 28§ %
HAHR X (4] O section 25, [6| 2 BRI N L.

2 Menas’s conjecture and Gitik’s theorem
B Menas’s conjecture, XU Gitik DEBRIC OV THEHT 3.
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Fact 2.1 x % regular uncountable cardinal, A > k &L, S = {& € PA: |z| =
lzNkl]} T3 ZDEE,

1. Sk P D stationary set TH 5.
2. & D% successor cardinal 72 51X S i3 club 2 & .

3. (Baumgartner) fE&® S @ stationary subset i X fE D stationary subset iZ
SETRETH 5. € THEIT & D% successor cardinal % 5 i P DERD
stationary set ix M ® stationary subset IZ 3 EITBETH 5.

& T, regular uncountable cardinal xk DFEED stationary set 1 x D stationary
subset ICHIFRETH B, &> 9 Solovay DEHDEHE, R LD Fact 2RI T
Meanas ¥R % conjecture Z &M L 7=:

Meanas’s conjecture([9]): x % regular uncountable cardinal, A > & % cardinal
LT3 DL E, P DEED stationary set i3 A< D stationary subset IZ4y
HgETH 5.

KD Fact & b, Menas’s conjecture ix ZFC & equiconsistent & 72 %:

Fact 2.2 L E “Menas’s conjecture holds.”

¥ 72, W HETD Menas’s conjecture DEHTE D ZFC & equiconsistent & 72 5:

Theorem 2.3 (|1]) G.CH. 2KET 3. D E ¥, cec. po. PTlh XYY > R,
DD P, wo D stationary set T Ny HIZTEFA TR S DIFLET 5”7 £ 25 H DY
b5,

#€ 5T Menas’s conjecture I3 ZFC X Y My TH 5.
—7%, Gitik & [3] I8 \>T Menas’s conjecture DFE\ RFI 2 HEHL L 72:

Theorem 2.4 ([3]) x % supercompact, A\ >k &§5. CDLE po P TRDL
I RDHDVELET B!

1. PiZ x BLE®D cardinal 28T 3.
2. Ip“k 1% inaccessible cardinal”,
3. Ibp“ P D stationary set T st BICOBIATEL S DVFELET S

COEBIIAND & K DFEFEICREL, o T A BFEBIRKREVHETH vt i
ToONHAAELELDDHN )%, L) TERFLTRS,

¥ 7=, Krueger([5]) 13, A = s* DBARIDHATEE L 22 D ) 5 stationary set D
THALR S ODVEBICIEATEL LD )2, L) T LERLIL
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Theorem 2.5 ([5]) x % x*®-supercompact £ §3. ZDE % po P TRDEL
B DPHEIET 5.

1. Pl & BLE®D cardinal Z2#ET 3.
2. Ip“k 1% inaccessible cardinal”,
3. ¥ {x € Puw™ i |z| > |z N K|} 28 st BICOEIARTTHE.”

Fact 21 & 0, {z € Pur?t : |z| > |2 N x|} 23 st EICOEATEES b D D FCHEA
BRLDERBIEBERIZHD S
‘5 T, [3], [5] TR Puxt EDODEIRTIRE: stationary set DFETED consistency %
t3_supercompact cardinal DEEL hHTWw3, —7, Shioya([11]) IZB % & {
eqtuconswtent THAIRELD CNnNZH T3

Theorem 2.6 ([L1]) G.C.H. Z2{KE L, « % rt-supercompact £ 3. ZDL ¥,
po. PTRDE I hbDOWEET 3.

1. P32 T cardinal 2R%ET 5.

2. Ip“x 13 inaccessible cardinal”,

3. lhp“ Punt LD stationary set T st HICOHARAREL D OWNEET 3.7
AT 5], [LL]) DRERO—LIc >\ TS E T |

3 Club shooting into P,y

COETIE, A dregular TH 2 & ¥, REDELE LTS CPICHLT, S
DIt generic 7% club set ZERT 5 po. BERT 3. k¥, D forcing notion M
EENLRTA T4 7100 1ck2b0TH 3.

COEZBLT, AMregular TH 2 LT 3,

ordinal DA ¢ ICN L T, cf(z) = cf(ot(2)) £ T 3. o e BBRTER L
Ve EIIE cf (2 )—cf (sup(z)) TH Y, KBTI ZID LI k2 LR EbL v,

Definition 3.1 f € "k IZXL T
Ti(r,y) = {z € Py : 2Nk € K, cf(z) = fz NK)}
ETB. R, a<kizLT
To(8,7) = {z € Py 2Nk € K, cf(z) = (2N K) 2}
£ 5. o T ORIILEEE KO DIZ  hSsuccessor ordinal D & ENDHZTH 3.
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BZPADcdub THEED 2, y e BIZNL TNy € BERB2DBDET S,
S CPAELT, PA\(SNB) ~FiL > club % shoot 3 % forcing notion % EH AL
T35,

Definition 3.2 C(B,S) ZRD & j & po. £ §5;pe C(B,S)

1. p:d(p) x d(p) — d(p) Nk for some d(p) € B,

2. |d(p)| <&,

3. c(p)N S =0, where ¢(p) = {x Cd(p) : x € B, z is closed under p};
order 2 p<q &> qCpTEDS.

SRR FEEZMILLTWBE EEITIZIDpo Dist-ce. 2FL, FLv < k-
sequence Z I MA RV I & ZRT,

fERTHBa<hIENLT fla)>a tB2bDREETS. CT.T={z¢
Ti(k,A) : 2 is stationary in sup(z)} £33, £72, A= (4;:i < \) % XD pairwise
disjoint subset ®F) & LT, fERIC—2HE L TEL.

T, SCPABRDEILHTCHBET B,

S ={z €T :3a € 2(Aq Nsup(z) is non-stationary in sup(z))}
F703,
S C{zreT:Vaczx (A, Nsup(r) is stationary in sup(2))}.

BT, SBZDLIBHELTHE L LTHER2EDS. £/, 2 Sk6E |2 >
lzN&| THY, cf(sup(z)) ¥ uncountable &% 5 Z LIZHERT 5.

Lemma 3.3 fEED 2z € PAKNLT, {p € C(B,S) : z C d(p)} i dense in
C(B,S)TH5. -

proof z€ P peC(B,S)ET3. {z€PA:zNk€r,cflzNk) =w,|z]=
lz N K|} 1EFEIC P D stationary set TH B 78, y € P TREKRT S DHEH
n5;

1. ye B,
2. yNk € kand cf(yNK) = w,
3. lyl = lyn«l,

4. 2Ud(p) Cv.



{an:n<w}ZynNes®cofinal set &£ T 5. 2N 5% MHWT, function g ZXRD L 5
IZED D

Lg:yxy—-ynes,
2. gl(d(p) x d(p)) = p,
3. acy\dp) EnewlNLT, ¢la,n) = a,.

LEDOFHELND q DMEIMEBICED S, ZDE I g C(B,S)DITTHB T &
2RO S, T, BHTROVEE R (NS =0TH 2D TZHER
TV 2€¢(q) 295, bL:Cdp) RSIETHERIT2€c(p) THY 2¢ ST
H5. ZITzZdp) 5. acz\dp) LT3, qDEBREVEncwicHL
Tglayn) =an € 28745, {a, :n € w}lidyNr D cofinal subset 22 DT I it
YN =zNKZBWRTS. 2T, lynk| =208 < |2| < |yl = lynks| L&D,
zNk|=|2| EB2DT2¢ STH3. 0O

Lemma 3.4 C(B,S) & xt-c.c. 2.

proof X = {p;:i <t} % C(B,S)Dsubset &3 3. X D element T compatible
IZ5bDHH 5 EETRFIL X\, ki inaccessible cardinal 2 DT k<* — k, FE-
T—tE2K) 2 &%l {dp) i < kt} 1d root r 2D A-system 2R LTV 3
ERELTEV. =7, |r| <k BDT, rx r 95 k ~D function 132 ~ 8 L %
W ko T, <R Toil(nx ) = pilrx ) Eo TR B DBH B, T,
HE3SLEAKRILTzePAT

1. z€ B,

2. |z| =z Nk,

3. 2Nk €randcf(zNk) =w,
1. d(p) Ud(p;) S =

E2BbD%LS. {an:newl® 2Nk D cofinal set £ § 3. 72,6 € z\ (d(p;)U
dpy) Z2—2HETS. CNS62HVTg:2x2> 2Nk 2REHHET LI ICER
¥5:

L. gf(d(p:) x d(p;)) = p;,
2. ql(d(p;) x d(p;)) = p;,

3. a€z\(dp)Ndp;)) EnewitHLTqglo,n) =a,,

13
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4. a€z\d(p), B€z\d(p) TNLTqla,3) = 4.

ZDqhp;, p; D common extension &85 EERT. ZD7DITB c(¢)NS=0%
TREIER . rec(q) £T5. bl Cdp) e Cdp) RbIEXV. ) ThWE
T5E, a€z\dlp), f€2\dp;) £ BbDPEND. CDEE, ¢, f) =6 €2,
HoTqgldn)=a,€x iV, zNre=znNrti?d INLOMWE3I LAEMRKICL
Tz ¢ SHErNS. O

Lemma 3.5 C(B, S) i¥ s-strategically closed T&% 3.

proof ¥79, A% 5 A partinal function g & gla) = < a € A3 TED 3.
ZnE T, player I1 D strategy ZRD K HICED 5: t = (p; 11 < &) % C(B,S)
? decreasing sequence T lower bound ZRH2bNDET 5. TDEE, p=J . p &
T5E, plilower bound THAZLIHFEETS. JZ2TC,2€PATRERAET X
IRbDELS:

1. z€ B,

2. z X g ICBLTRAL T3,
3. |z| =20kl

4. 2Nk € krand cf(zNK) =w,

5. d(p) Ulim(d(p)) U {sup(d(p)} < z,
{o!, :n€w} % 2Nk D cofinal subset & LT, p; RN & H IZED 5:

n

1. peiz2x2— 2Nk,
2. pil(d(p) x d(p)) = p,
3. a€z\dp) & newlNLTpla,n) =,

player [11ZZ D py ZRDF L L TH .

2D &) IZE D Iz strategy DIEBRIC winning strategy L B Z ERRT. £ %
limit ordinal & LT, ¢t = (p; : ¢ < &) 3T D strategy I -> 7= play TH B LT 5. ¢
% lower bound ZR2 2 L 2RI L. EDLDITIE, p= U p ELTps
condition £ %25 Z L ZRRIE+ATHS. 25 ThwElT,zece(P)nNS i3
DONHBETE. £7, strategy DIFHDORBELY, |d(p)| = |dlp) Nk| BT L
WKHEETS. e Cdp) DT, bLlens=dp)ns Zoid |zl =z k| &b ¢S
TH5. o> Tzne <d(p)Nk £33, &5 &k Y d(p)Nk = sup{d(p:)Nk : i < £}
BDT, H2*<ETanNn<dlps)Nn ti?,

TZT, {Bi:i<c&} 2



L Big1 = sup(z Nd(py)),
2. 423 limit DRFIZ I 3; = sup{53; : j < i}

£3 5. ST B < sup(z) 92 (B : i < £) 1F increase continuous sequence T
»H5.

Claim 3.5.1 % j<§,#*<j TP =supr &% 3,

proof £ TRVERETS. TDLE, {5 :i < £} i3 sup(z) T unbounded set
E%B, ZIT, p=c(§) ETBE, {34 < &} 1 sup(x) D unbouded set % D
T, ZDEE p=cf(f) = cf(sup(a)) = flzNk) % B, fznk)>w kb, pik
uncountable TH 5. T T, EDelub (i k< pu) ZRZWHETEIICE 3.

1. 4g > i*,
2. EBDk < U LT U1 > Ig Vi /31"‘_‘,(.1 > ,n’)-)ik,
3. k% limit ordinal DRFIZIZ 44, — sup{ip : &' < k}.

CDLZ, By h<p) bEXsup(z)Dcub k2. z€ 8 &b, 2 i sup(r) T
stationary, &> T& % limit ordinal k < p T3, €z Lk 3. E7, (B, 1 k< p)
(& strictly increasing DT, ZD & FiZlt 3, ¢ Ujei, dpj) %%, =75, p;, 13
strategy ICIR D72 LR DT, ZD L X m(U;;, d(p;)) Cd(ps,) £% 5. £k2TB;, €
d(Pi)\U, i, d(p;). £72,pidp;, DIEREZSTVBDT, ZDEFKncwltHL
Tp(Bipyn) = el € 2, B> TNk > d(py, )Nk, —H, 2Nk < d(pp)Nk < d(p;, )Nk
ELRDFEVEL 2 O of cdaim

£2T, BB ordinal j < ¢, i* <5 TPy =sup(z) E% 5. LEd>Tsup(z) =
sup(z Nd(p;)), 2 zNk = (d(p;)N2) Nk ERBPB. TIT,2,dp;)) €B LD
rNd(p;) € B. #>T 2Nd(p,) € Tr(k, \)NB &3, 22T, 7% j L hAZEeven
ordinal &9 % &, strategy D&M 5 & D lim(zNd(p;)) C lim(d(p;)) C d(p;) &% 3.
#€>Td(py) 1 sup(x) D club 2 &, 2 I3 sup(z) T stationary 2 DT, zNd(py) &
sup(z) Tstationary L% %. X2 Tandpy) €eTNBTHB. £7=, 2Nd(py) 1d
Ho»R p KL TEHL TV 30T, Rz ndpy) e cp) NTTHB. XD,
S DEY FHFIIEL T 220 cese IK31F 3.

casel S = {z € T : o € z(A, N sup(z) is non-stationary in sup(z))} D%
i a € T A, Nsup(z) % non-stationary & %> TWV3bDEES,. TDL &,
a €d(py) LIRELTEW; bLaddpy) 251, 7 KHKEWV " Ta € dipp)
EBbDRMY j LEEBIAT LY. koT, a e 2ndlpy) EhB. —H,
sup(¢) = sup(x N d(py)) DT, A, Nsup(x Nd(py)) 1 non-stationary. & -<T

15
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rNdlpy) e SNBL%3. LoL,znd(py) C dpy) BDTaxNd(py) € c(pj)
EoTSNepy) £V ERDVFETHS.

case2 S C {z € T : Va € 2 (A, Nsup(z) is stationary in sup(z))} DIJH: TD
LEICIZr Cdlpy) LD ERTRT. strategy DFRHF XD d(p;) 1% g 1BIL TH
CTwaZE2BVHET. aca t$3. ZDLE, A, Nsup(r) i stationary. —
7, d(p}) \& sup(z) D club ZEATOEDTApy)NAH#0. B€dlpy)NA &T
2, gDEHIY a=9g(B) €dlpy) THS. > T2 Cd(py) %59, DL E
T€c(py)NS EBHFENEL 3.

HoTELLORALFEVETZOT, HEcp)NS =0L,%3. &7,
(pi: 4 < &) I3 lower bound 2L, game Z#ElT 5 Z LA TH 3. [

Lemma 3.6 G % (V,C(B, S))-generic filter £ §5%. COLE, | JGRAXADH
kD function TH Y, {z € P : 2 € B,z is closed under | JG}NS =0 &% b,
S X non-stationary I272 5.

proof %7, C(B,S) it r-strategically closed DT, PVA & PY SN 1= MR N7
THY, $BIIMKRELTPADclubset E 2B EICHERBTS. UGB Ax A
25 kD function & &5 LITHE33 L DHS D,

XC,C={r€P):z e B,zrisclosed under |JG} #Sclub &% % Z LIZHS
B ESOTCNS=0LAEB2e2REIE. zeC LTS ZOLE, BE
33L& peGTxCdlp) Ltia2bD0H5. ZDLEHLHIZzEc(p) THD,
c(p)NS=0%DTz¢STH5. O

4 Maximal nonsplitting subset of P\

Z ? club shooting % [11] & FIARIC iterate THZ &Ik, RD LS 7 SEEHA
b, HME (12 #BEE AL,

Theorem 4.1 G.C.H. 2{RET 3. s < AT & Id A-supercompact, ) iZ regular
cardinlal £ 3. ZDEE, po. PTRDL I LbDONEET 5.

1. P32 TP cardinal 2RFT 3.
2. p“x I inaccessible cardinal”,

3. p“®3 f € *x T {z € Ty(x, \) : v is stationary in sup(z)} %% &t D sta-
tionary subset IZZHATEE” FFIZ, o < K T A = 6T B SIE, Topi(k, )
Dt EICTEAREE 2 5.

FEALRRROBERTRELRLDIZE>T VS,



Theorem 4.2 ([3] £7z1Z [11]) & 2 regular uncountable cardinal, A > « % cardinal
£T 5. JDLE, PDERD stationary set I » 89D stationary subset 1531w
RETH 5.

Lemma 4.3 a <k T\= /a*"“ &35, b L P.Dstationary subset X A%t {H
COFIARERE R S D24 5 1F, X\ Tayi(s, A) 1 non-stationary T& 3.

proof I = NS\ [ X &L, P; % I 12 X 2872 generic ultrapower forcing
nortion & ¥ %. X 25kt BICHEIRATEER D T, I 13 kt-saturated, BIS Py i3 xt-
ce. THBTEIHEETS. GZ (V,Pr)-generic filter & L, j: V < M ~ Ult(V, G)
9%, Pridat-ce. BDT X = (ktet)VICl T&H 358, [ 3% xt-saturated &2 D
T M N V[G’] CMBBRITE, HoTME“\=pktotl” L p 3, B, ME
Cf("A) = A= wtH = (AN j(e) et Eh o < k BDT §(Tagils, N) =
TG.“(]'(;\:),J()\ ), E2TMEYG"NE j(Tos1(k,N)) THS. GRREBRDOE-7-DT
AU e, A € §(Tara(k, V) 2EBKL, RS TIFEALLTD 2 € X ITHLT
T € Topas,A) E2B T EZEIRT B, WZIT X \ Topi(k, A) i non-stationary ¢
H5. 0O

ZIT, BEALIHICHT S B “z i sup(e) T stationary” &\ 5 &ttt H 28
EBRAENLEDTHhB LE2RLTEL.

Lemma 4.4 ) % regular cardinal, I % P\ E® A-saturated normal ideal &3 5.
CDEE, {r € P : zisstationary in sup(zr)} € * E4B. ST, IMIEID
dual filter T& 3.

proof p € P;, C % P;-nameTp ke, “C is a club in sup(j"\)" % 2bDEF 3. in-
ductive IZ (@, 1 n < w), (3, :n < w)® E2TW{ ., By % Pr-name Tp Ih»,“,’}o cC”
B5bDET B, j”AIZ sup(j”)) T unbounded TH Y, P; i Mc.c. ZHT DT
o < ATp “"’p “j((l’()) > ,Bo” ERBHDHBENG. /31 %‘p ”‘p ](Q’o) < ,81 € 0” LAs
% name & L, FIBRIC 0y < A% plhyp, “Yla) > B EBBEScEs HALEYIC
LCan B BEo T, a=sup{op in<w} ETBE,

p e, “j(a) = sup{j(anm) : n < w} =sup{dn: n < w} € C”

ERD, pl, S ANC A0 THB. O

7, EBAIZIGHAT S ERD &) ABRBBONS. RIFYEMIZ[12) 2
BIn-L

Definition 4.5 S(x,A) = {z € PA: 2Nk € K, |2| > |z N K|}

17
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Theorem 4.6 G.C.H. Z{RET 5. k < AT« iZ d-supercompact, \lZH 5% a < x
TA=stP2 L 2o T0BETE. ZDLE po. PTRDEIBLDHEET 5.

1. Pt & L ED cardinal 2T 3.

2. Ip*k 1F inaccessible cardinal”,

3. Ikp* S(k, A) 1& A D stationary subset 273 HAE[RE.”
EH 46 ERXDERTREZ DD ER>TV D,

Lemma 4.7 S(x, ) »¥stationary £ 35, v < A% 61, Sk, \) & v B icrHIATHE
TH 5. f->TRIT, A d¥singular cardinal % 51X S(k, A) i E AMEIC I TETH 3.

proof X 7Z3singular DBA, b L S(k, ) BANEICAEATELZSEHSZ v < AT
TR vEICTBATRBLE RS I LIIRCAISNT VS, 65T lemma DHTED
AEREIEE W, £7, RD claim ZR7.

Claim 471 x < v < p tT3. bL {zx € Pov: |o| = |znk[*} P T
stationary %2 51, {z € Pep : |2 = |2 N &t} b Pupe T stationary TdH 3.

proof v & uHWJi & b cardinal THEHEEREE I THSE. T, 6%+
53R EZ W regular cardinal &35, fEED R C Hp ITXNLT, M < (Hg &, R)
o |MOpl = |MNk|TEBBLDBENE ZLEREITLL. ET,
My < (Hg,€,R) T C My®D |My| = v E%BbDRES. fiv—> MyNp
% bijection £ 3. v C My THY {z € Puv: |2| = [z N&['} DY stationary %D
T, M < (Mo, &, R, f)T|M| < ks,  MNv| = |Mnk|" %2508 NE.
D & & elementarity £ U fI(MNv): MNv — MnNuldbijection &% D, fE>T
MOy =|Mnv|=]|] TH 5. Oof claim

lemma DFFHICE 3. v < Adicardinal T S(k, \) B v BICSEATELE LTFE%
HYT. v <k BOIXEE42LDHSGD. ko Tr>k & T 5. I =NSuSk ) &
L, P; % I DER¥ERY7: generic ultrapower forcing notion &£ § 5. G % (V,P;)-generic
filter &L, j:V <M =~Ult(V,G) £ ¥ 5.

S(k, ) v BICTEATELED TP i v-ce,, > TV[G] LTA>kt L7225,
Lo TMEY"A >kt =G"ANGR)T. BIBIZEAERTD 2 € Sk, \) IKHL
Tle| > lznkl* TH 5.

ZIZT, f:8(kA) =A% f(z)=a <= aczdDot(zNa) = |zNk|t TE
#£79%. Fodor D lemma & 0, $% 6 < AT {z € S(k,\) : f(z) = 8} I3 stationary
L3, He>T {r € Pl :ot(z) = I:cﬂﬁ,l } 1& P.6 Tstationary 1% %. £oT
FD claim £ D {z € P : |2] = |z Nw|t} 1& P D stationary set TH Y, S D




IZ Sk, A) D stationary subset IZ% 3. LD LIZEAERETD r e Sk, \) IZXLT
o] >z Nkt LRBEITHEOTINRFETHS. O

F, RDOE ) LMEbAONS. T51d Sk, A) DI EIARTTRE &\ ) Rt
THHBE L B:

Lemma 4.8 S(k, \) S A\ BEICOEARTREEL T2, 2D L %,
1. k<SV<A%BUICHLT, S(x,v) i Pev T non-stationary T 5.
2. BAERTD z€ (kN IR L Tot(2) = |znk|t L3,
CDEHHDEDIZ, ETROMEETRT.

Lemma 4.9 v = min{u > & : S(k, u) is stationary in P,u} L §5. TOLE IZ
EAERTD z e Sk, v) KL Tot(z) = |z N k|t BRILT 3.

proof claim 4.7.1 DILADREL L HRICHERT 5. £, 2 € S(k,v) 51
ot(r) > I:l“ﬂhl+ WKHEET 3. 3T, MK LB wETEE, S = {z €
P i ot(x) > |z Nk} B3P Tstationary 2% %, f:8 v % f(z) =0o <
a €z i)!") ot(zNa) = |z Nk|"T TEHTS. Fodor’s lemma &9, $36 < v T
{2 €8 : f(z) =0} Distationary L& h, L7z T {2 € P:d:ot(z) = [z Nklt}
03 P,d T staitonary & 72 5. #IC S(k,d) b stationary & % 35, T v DR/ME
KY 5. 0

ST, HBEAISDIEHE T 5.

proof 2. 13 1. LFHEAILXDVHSY. koT 1. DATT. BENS, S(k, ) 23 E
WCOHARTRETH B Z L5 X regular TH 3. & 7z, generic ultrapower forcing
notion A% A-c.c. £ 72 % Z & % 5 generic ultrapower LT ot(3”A) = X = cf(j7)), HI
LIZREAERTD 2 € S(k, \) TN L Tot(z) = cf(2) BRILT B 2 L ICERT 3.

Claim 4.9.1 s <v < uTecf(r) < cf(u) T 5. {.L € Puv : cf(z) = |z Nk|t} &8
P,.v T stationary % 51, {z € Pup : ot(2) > cf(x) = | N s[T} B3P, p Tstationary
ThH5.

proof claim4.7.1 EERICERRT 2. My < (Ily,€,R) Tr C My, cf(MgNp) =
cf(r) E%2BbD2LED. v<cf(p) XD ZRILTATRE. 7 : of () — Mo N p % cofinal
map £§5%. ITCIREXY M < (My,&,R,m) Tef(MNv)=|MnkltEh2d
DREND. ZDEE, elementarity X D #[(M Ncf(v)) : M Nef(r) - MNpik
cofinal map TH Y, of (M Npu) = f(M Ncf(V)) = cf(MNv) = M0t TH 3.
o, D EZot(MNp)>ot(MNv) 2ot(Mnv) > cf(MnNv)=cf(MNp)
ZDTot(MNu)>cl(MNu)TH5, Oof claim

19




20

MEOIEHICES. 29 ThwedTse, 5 v < AT S(k,v) D stationary &
%3 VEZDEIIRSODFTRIZDDETIE MEAILIDIZEALESRT
Dz e Sk,) L Tot(e) = |znk|t BEILL, #->T {z € P/ : ot(z) =
|z| = cf(x) = |z N &|"} distationary £ %2, TDLE, D claim & D {z € PA:
ot(z) > cf(z) = |z N &|'} 23 P Tstationary &2 D, BIS 2 Tt S(k, A) D
stationary subset TH 5D TFETH 5. U

EHE 4.6 13 ) 1T singular @ successor cardinal TIZBRWIBETH 5. A disingular
cardinal @ successor DF/EIIRD & ) RHERBBON S,

Theorem 4.10 G.C.H. Z{RET 3. k < A T & IE \-supercompact, A 1¥H 5 limit
ordinal e < ks TA=kttH o TWVBETE, ZDLEE po. PTRDEIERD
DHBEET 5:

1. P x M ED cardinal 2fRFET 5.
2. Ip“s 1% inaccessible cardinal ”,

3. Ilp“ {x € S(x,A) : cf(x N k) < zN &k} IF NED stationary subset 153 EFIAT]
ﬁé'”

TIT, Yef(zNr) <Nk’ ZHEBERENLZBITHEILEZRT 20
7T, ROEEZ 5 |

Theorem 4.11 ([2]) u % singular cardinal &§ 5. p.o. P23 ut @ stationary set
2ETRET 23045, P D generic extension 1T cf (|u]) = cf (i) A3
15, ’

Lemma 4.12 )\ = vt Tcf(r) <6 £ T35, L Sk, \) BNBICDEATREL S
B, IFLAERTDze Sk, NN LTcf(znk) =cf(v) LR35,

proof I = NS,\[S(x,A) &L, G% (V,Pr)-genericTj:V <M =~ Ult(V,G) &
T5 HWELSIDVIGIEM ETRR A=kt %3, koT|y| =k ¥, Prid
X-c.c. DT\ DETD stationary set IIRFEIND, Lo TEHE411 & D of (k) =
cf([v]) = cf(v) £ %%, F7, s RID cardinal D regularity IF2THREINZDT
f(v) = cf¥(v). BIB, M E“f(j"AN j(k)) = cf(s) = cf¥ (v) = §(cf” (). G IFFE
B T0aDT, TRREBEAELETD 2z € Sk, ) I L Tef(zNk) = cf(r)
DBRMT B LEZRALTVS, O

= DRIEIE S(r, \) 2N BIC DHAT S 512, 11 A ELTD z € S(k, N) Kt
LTzNkdsingular 2B EERRLTWS. —7, EB 4613 {z € Sk, ) :
zNk is singular } BINBIZDEATE LD S B L2ZRLTVBICHEET, 20




model T {z € S(x,A) : 2 N« is regular } % non-stationary & 72> T\ % 0330
SR,

5 G.C.H., Nonsplitting set and Saturation

Gitik 23 [3] THEL TV 5 L i, EHE 24, 2.5, 2.6, 4.1, 4.6, 410 DL THhOH
&b, generic extension Tl /723 & Z AT G.CH BB LTk, EEE A
singular cardinal D35 &1E G.C.H. & 3EATREZ stationary set DFEFE IF W7 A A
BThH5:

Theorem 5.1 ([8]) » 2 regular uncountable cardinal, A > x % strong limit singu-
lar cardinal £ 9%, TD L E, P DIEED stationary set X I LT NS, [X &
precipitous 127 5 72V, KRIZ, NS X 1 At-saturated 127 53, X & A< iz 4y
HIWEETH 5.

72, kKT G.C.H HRIZL T B E S HIARAHE A stationary set DEELE
EHISIATRE & 72 B

Lemma 5.2 s R T C.CH RIZL TV B LT3, DL E, > xdisingular
cardinal 72 51X P A DR D stationary set X 120t L T NS, [.X I3 M-saturated 12
o, T, B L of(\) < kR SIENSLIX 1E At-saturated i2 %2 & 22\,

proof Aldsingular ¥ X, NS,\[.X %% d-saturated % 512, % p < A T p-saturated
o> TWw5, TDEE Adistrong limit £ 422 LE2RT.

J:V < M~ Ult(V,G) % generic ultrapower &£ §3%. V _ETIt x K< C.C.H.
DIRILL TR B DT, M 1T j(k) RiT G.CH MHRILL TV 3. —H, A < j(k)
DT ARMT G.CH. ORIZ L, #> T M T ) i3 strong limit cardinal TH 3.
ITMNVIGIC M WA, Md VIG] £ T strong limit singular cardinal & 72
%, 2> T AV LT strong limit singular cardinal T 3. Lo L ZhizEE
5.1IR¥ 5.

RIZ, of(N) < k DBEEEZ B, ZDT-DICROEBEREMHS

Theorem 5.3 ([7]) & % regular uncountable cardinal, A > KT RS < MK = 23 &
5. ZDLE,P)DIEED stationary set 1& A< I ETEETH 2.

NS X 43 At-saturated THE I L6 22 = N\t L 232 L2 REIT L V. A
saturatedness & D, A i3 V|G] LT® cardinal TH 3. 7, M <j(k) o> M L
J(k) KT G.C.H. 3BILT 2 DT, M & V[G] D closure property & b V[G] k¢
bR =MTHs o7, VETH 2 =AMRIT2. 0
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IHE DB, RD &) RBEEMNEL TL 5

Open Problem: ) % regular cardinal £ 9¥%. Dt &, GCH & “PA LD
stationary set X TNS[X D3 nt(\, £7IE A1) -saturated £ X5 b DOWFEET 57
I¥ consistent 9>?

RSN LT, RENRERBE S N

Theorem 5.4 G.CH. 2{RET 3. XA > T\ i& regular, x I A-supercompact &
T35, . ZDLE po PTROLIBHDVFEET 5:

1. Pix s L E®D cardinal ZRFET 5.

2. Ip“k I3 inaccessible cardinal ”,

3. Ip“d % stationary set X T NS,.\[X &% At-saturated & 72 5.
4, K RFTG.CH DT 5.

¥ 7=, KBFE 5.2 h3d B FIK T best possible TH 5 2 & & E|WT B ROERHIES
ni::

Theorem 5.5 G.CH. Z2KET 5. A > v TAlIcf()) > & & 725 singular cardinal,
K I3 supercompact £ §53. ZDL &, po. PTCRDLILDDVHET %:

1. Pid k BLED cardinal ZREFT 5.

2. Ip“k IZ inaccessible cardinal ",

3. Ip“®H B stationary set X T NS\ X 2% At-saturated & 7% 5.
4. n AW TG.CH PRLT 5.

Theorem 5.6 G.C.H. 2{KET 3. XA > s TAldcf()) < k & % % singular cardinal,
% i3 supercompact £ §5. DL E, po PTROLILRODVBHEET 5:

1. PiZ x YLD cardinal 25REF 9 3.
2. Ip“s 13 inaccessible cardinal ”,
3. Ikp“d 5 stationary set X TNS,.\[.X 23 At t-saturated > precipitous &£ 72 5.

4. K KT G.CH DRILT 5.
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