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概要
Hechler の定理とは, 「任意の $\aleph_{1}$-directed な順序集合は, count-

able chain condition を満たす強制法にょって., 順序構造 $(\omega^{\mathrm{t}}\mathrm{u}J, \leq^{*})$

の中に cofinal に埋め込むことができる」 という主張てある. 本稿
では, 実数直線上のルペーグ零集合 null sets) のなすイデアルにお
ける集合の包含関係 $(\subseteq)$ について, $\mathrm{I}\mathrm{I}\epsilon \mathrm{e}\mathrm{J}_{1}1\epsilon_{\mathrm{d}}\mathrm{r}$ の定理と同様の 「順序
構造の埋め込み定理」が成り立っことを示す.

We prove the following theorem: For any $\aleph_{1}$ -directed partially
ordered set $Q$ , there is a forcing notion satisfying ccc such that, in
the forcing model, there is a basis of the null ideal of the real line
which is order-iso morphic to $Q$ with respect to set-inclusion. This
is a variation of Hechler’s classical result in the theory of forcing.

1 Introduction
For $f$, $g\in\omega^{uJ}$ , we say $f\leq$ ’ $g$ if $\mathrm{f}(\mathrm{n})\leq$ $\mathrm{g}(\mathrm{n})$ for all but finitely many

$n<\omega$ . The following theorem, which is due to Hechler [6], is a classical
result in the theory of forcing (See also [4]).

Theorem 1.1. Suppose that $(Q, \leq)$ is a partially ordered set such that
every countable subset of $Q$ has a strict upper bound in $Q$ , that is, for
any countable set $.4\subseteq Q$ there is $b\in Q$ such that $a<b$ for all $a\in A.$

Then there is a forcing notion $\mathrm{P}$ satisfying $ccc$ such that, in the forcing
model by $\mathrm{P}_{J}$ $(\omega^{\mathrm{t}}., \leq’)$ contains a cofinal subset $\{f_{a} : a\in Q. \}$ which is
order-isomorphic to $Q$ , that $i_{\mathrm{t}}$9.
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7. for every g $\in\omega^{\omega}$ there is a $\in Q$ such that g $\leq$
’

$f_{a}$

.’ and

2. for $a$ , $b\in Q.$ $f_{a}\leq^{*}f_{b}$ if and $0\uparrow zl\prime y$ if $a\leq b.$

Soukup [8] asked if the statement of Hechler’s theorem holds for the
meager ideal or the null ideal of the real line with respect to set-inclusion.
Bartoszynski and Kada [3] have answered positively the question for the
meager ideal. In tlie present paper, we will give a positive answer for the
null ideal.

2 Combinatorial view of null sets
In this section, we review the relationship between Borel null sets of

the real line and combinatorics on natural numbers, which is described in
[1]. We work in the Cantor space 2’ with the standard product measure.

Choose a strictly increasing function $h\in\omega^{\omega}$ satisfying $2^{t\iota(?\iota)-l\iota(n-1)}\geq$

$n+1$ for $1\leq 77$ $<\omega$ (for example, just let $h(i1)=n^{2}$ ). For each $n$ $<\omega$ ,
let $\{C_{i}^{n} : i<\omega\}$ be a list of all clopen subsets of $r$.)$\cdot$

. of measure $2^{-h(n)}$ .
We asume that such $\mathit{1}\iota$ and $c_{r_{i}}^{n^{\backslash }}\mathrm{s}$ are fixed throughout this paper.

For a function $7\in\omega^{\mathrm{t}d}$ , we define

$H_{f}=\cap\cup C_{f(n)}^{ll}Nn>N^{\cdot}$
.

Then $H_{f}$ is a $G_{\delta}$ null set, alld every null set $X$ is covered by $If_{\int}$ for some
$f\in\omega.’$ .

Let $S= \prod_{\iota<w},[\omega]^{\leq n}$ . We call each $\mathrm{p}$
$\in S$ a slalom As ill the case of a

function, for a slalom $p$ $\in S$ we define

$I- f_{\varphi}=\cap\cup\cup C_{i}^{\mathrm{I}l}Nn>Ni\in\varphi(n)’$
.

Then $H_{\varphi}$ is a $G_{\delta}$ null set, and the following hold:

1. For $f\in\omega^{\omega}$ and $\varphi\in S,$ if 7(tt) $\in\varphi(n)$ holds for all but finitely
many $n<\omega$ , then $H_{f}\subseteq H_{\varphi}$ .

2. For /, $?f’\in S,$ if $\psi(n)\subseteq\varphi(\mathrm{v}\mathrm{z})$ holds for all but finitely many $n$ $<\omega$ ,
then $H_{\tau\rho}\subseteq H_{\varphi}$ .
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Note that the reversed implications in the above statements do not hold
in general.

Now we define a canonical way to find a nonempty closed set outside
$II_{\varphi}$ .

For a slalom $\mathrm{p}$ $\in S,$ define a function $r_{\varphi}\in\omega^{\omega}$ by induction on $n<\omega$

as follows: $r_{\varphi}(0)=0,$ and for $1\leq\uparrow 1<\omega_{:}$ let

$r_{\varphi}(n)=$ mill
$\{i<| \mathrm{i} : C_{i}^{n}\subseteq C_{t_{\varphi}^{\backslash }\langle n-1)}^{n-1}\backslash \cup C_{j}^{n}j\in\varphi(?l\rangle’\}$

.

This induction goes well because, by the choice of $h$ , we have $\mu(C_{\mathrm{t}\sim}^{n-1})\geq$

$(r\iota +1)\cdot \mathrm{u}(C$”$)$ for $j$’ , $k$. $<w.$

$\mathrm{L}\mathrm{e}\mathrm{t}_{1}R_{\varphi}=\bigcap_{n<\omega}C$ ,$n\varphi(n)$ . $R_{\varphi}$ is a nonempty closed set, because it is the
intersection of a decreasing sequence of closed sets in a compact space.
Let $A_{\varphi}=$ $\cup \mathrm{J}n<.$, $\bigcup_{i\in\varphi\{n)}$ $C.j$ . Then clearly $H_{\varphi}\subseteq A_{\varphi}$ . By the construction
of $r_{\varphi}$ , wc have $R_{\varphi}\cap A_{\varphi}=\emptyset$, and hence $R_{\varphi}\cap II_{\varphi}=\emptyset$ .

For 7” $\mathrm{t}^{f}’\in S,$ if $r_{\varphi}(?l)\in$ f{n) for infinitely many $n<\omega$ , then $R_{\varphi}\subseteq H_{\acute{\rho}}|$

and hence $H_{\psi}$ \not\subset $H_{\varphi}$ .

3 Localization forcing
In this section, we will introduce a modified form of localization forcing

LOC, which is defined ill [2, Section $3.1\mathrm{J}$ .
$\mathrm{L}\mathrm{c}\mathrm{t}T$ $= \bigcup_{n<\omega}\prod_{i<n}[\omega]^{\leq i}$ . A condition $p$ of LOC is of the form $p=$

$(s^{p}, F^{p})$ , where $s^{p}\in T,$ $\mathit{1}^{\urcorner},p\subseteq\omega^{\omega}$ and $|F^{p}|$ $\leq|sp|$ . For conditions $p$ , $q$ in
LOC, $p\leq q$ if $s^{p}\supseteq s^{q}$ , $F^{\prime p}\supseteq\Gamma^{lq}$ , and for each $n\in|s\mathrm{p}|\backslash |s^{q}|$ and $f\in\Gamma^{q}\dagger$

we have $f(n)\in s^{p}(n)$ .
It is easy to see the following.

1. For each $?l<\omega$ , the set { $q\in$ LQC : $|sq|\geq n$ } is dense in LOC.

2. For each $7\in\omega^{u^{1}}$ , tllc set $\{q \in \mathrm{L}\mathbb{O}\mathrm{C}:f\in F^{q}\}$ is dense in LOC.

3. LQC is $\mathrm{c}\mathrm{r}$-linked, and hence it satisfies $\mathrm{c}\mathrm{c}\mathrm{c}$ .

Let $\mathrm{V}$ be a ground model, and $C_{7}$ a LOC-generic filter over V. In $\mathrm{V}[G]$ ,
$\mathrm{l}\mathrm{c}\mathrm{t}\varphi c$ $=\cup\{s^{p} : p\in G\}$ . Then $\mathrm{P}\subset$

$\in S$ and, for every $f\in\omega^{uJ}\cap$ V, for all
but finitely many $n<\omega$ we have $/(\mathrm{r}\mathrm{z})$ $\in\varphi c$ (n).



Let $H_{G}=H_{\varphi G}$.. Then in $\mathrm{V}[C^{\mathrm{v}}]$ , by $\mathrm{t}$ he observation in Section 2, for
every Borel null set $X\underline{\subseteq}2^{\omega}$ which is coded in $\mathrm{V}$ , we have $X\underline{\mathrm{C}}H_{G}$ .

Now wc define a modified form of localization forcing.

Definition 3.1. Define $\mathrm{L}\mathbb{O}\mathrm{C}^{*}$ as follows. A condition $p$ of $\mathrm{L}\mathbb{O}\mathrm{C}^{*}$ is of
the form $p$ $=$ ( $s^{p},w^{p}$ , Fp), where

1. $s^{p}\in T.,$ $u^{p}’<\omega$ , $F^{p}\subseteq\omega^{\omega}$ , and

2. $|F^{p}|\leq w^{p}\leq|sp|$ .
For $p$, $q\in$ LOC. $p\leq q$ if

3. $s^{q}\subseteq s_{\backslash }^{p}w^{q}\leq u\prime^{p}$, $F^{q}\subseteq F^{p}$ , and for $n\in$ lsp $|\backslash |sq|$ and $f\in F^{q}$ we
have 7 $(?\mathrm{z})$ $\in s^{p}(n)$ ;

4. $w^{p}\leq?Lt^{q}+$ $(|s^{p}|-|s^{q}|)$ ;

5. For $n\in|s^{p}|\backslash |s^{q}|$ , we have $|s^{p}(\mathrm{t}\mathrm{i})|\leq w^{q}+(n-|s^{q}|)$ .
$\mathrm{v}\mathrm{V}\mathrm{e}$ show that the forcing LQC’ has similar properties to LOC.

Lemma 3.2. For each $?l<\omega_{f}$ the set $\{q\in \mathrm{L}\mathbb{O}\mathrm{C}^{*} : |s^{q}|\geq n\}$ is dense in
LOC.

Proof. Easy. $\square$

Lemma 3.3. For each $f\in\omega^{\omega},\cdot$ the set $\{q\in \mathrm{L}\mathbb{O}\mathrm{C}^{*} : f\in F^{q}\}$ is dense in
$\mathrm{L}\mathbb{O}\mathrm{C}^{*}$ .

Proof. Fix $p\in$ LQC” and $\int\in\omega^{\omega}$ . Define $q=$ (sp, $u^{q}’.,$ $F^{q}$ ) as follows.
$|s^{q}|=$ lsp $|\{1$ , $s^{q}$ $[$ $|s^{p}|=s^{p}$ , $s^{q}(|s^{p}|)=\{f’(|s^{p}|) : /\in\Gamma^{p}(\},$ $w^{q}=u^{p}’|1$

alld $F^{q}=\Gamma^{p}\{\cup\{f\}$ . It is easy to see that $q\in$ LQC’ and $q$ $\leq p.$ $\square$

Lemma 3.4. $\mathrm{L}\mathbb{O}\mathrm{C}^{*}$ is $\sigma$ -linked, and hence it satisfies $ccc$ .

Proof. It is easily seen that the set $L=$ {$p$ $\in$ LQC’ : $u^{p}’\geq\underline{9}$ . $|F^{p}|$ } is
dense in $\mathrm{L}\mathbb{O}\mathrm{C}^{*}-$ For each $s\in T$ and $\prime w$ $\leq|s|$ , let $L_{s.uj}=\{p\in L$ : $s^{p}=$

$s$ and $w^{p}=u’$}. Then $L=$ ){ $L_{s,u}$, : $s\in 7$ and $w\leq|s|$ } and, for each
$s\in l$ and $w\leq|s|$ , any two conditions in $L_{\epsilon,u}$, are compatible. $\square$

Let $\mathrm{V}$ be a ground model, and $G$ a $\mathrm{L}\mathbb{O}\mathrm{C}^{*}$-generic filter over V. In
$\mathrm{V}[G]$ , let $\mathrm{p}\mathrm{c}$

$=\cup\{s^{p} : p\in C_{\tau}\}$ . Then, by Lemmata 3.2 and 3.3, we have
7 $G$

$\in S$ and, for every $f\in\omega^{\omega}\cap$ V, for all but finitely many $n<\omega$ we
have $f(n)\in\varphi \mathrm{c}(\mathrm{t}\mathrm{r})$ .

Let $H_{C},$ $=H_{\varphi G}$ . The following proposition follows from the observation
in Section 2.
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Proposition 3.5. Let $\mathrm{V}$ be a ground model and $G$ a $\mathrm{L}\mathbb{O}\mathrm{C}^{*}$ -generic filter
over V. Then in $\mathrm{V}[G]_{f}$ for every Borel null set $X\subseteq 2^{\omega}$ which is coded

$\mathit{2}?\mathit{1}$ $\mathrm{V}_{J}$ we have $X\subseteq f- I_{G}$ .

As we observed in Section 2, in $\mathrm{V}[G]$ , vve can define $r_{\varphi G}$ and $R_{\varphi G}$ from
$\varphi_{G}$ . Note that, in this context, every $x\in R_{\varphi G}$ is a random real over V.
We can naturally define a LQC’-nanie $\dot{r}$ for $r_{\varphi G}$ so that, for $p\in$ LQC’,
if $|s^{p}|$ $=\uparrow$ then $p$ decides the value of $\dot{r}[n$ , because $r_{\varphi_{\mathrm{G}^{\neg}}}[n$ depends only
on $/$)$G$

$\lceil n$ .

4 Hechler’s theorem for the null ideal
In this section, we will construct a ccc forcing notion which yields

Hechler’s theorem for the null ideal. The idea is to use localization forcing
at each step, instead of the dominating real partial order used in Hechler’s
construction.

Let $(Q, \leq)$ be a partially ordered set such that every countable subset
of $Q$ has a strict upper bound in $Q$ , that is, for every countable set
$A\subseteq Q$ there is $b\in Q$ such that $a<b$ for all $a\in A.$ Extend the order to
$Q”=Q\cup\{Q\}$ by letting $c\iota$ $<Q$ for all $a\in Q.$

Fix a well-founded cofinal subset $R$ of $Q$ . Define the rank function on
the well-founded set $R’=R\cup\{Q\}$ in the usual way. For $a\in Q\backslash R,$ let
$1^{\cdot}\mathrm{a}11\mathrm{k}(a)=$ nlin{ $1_{\mathrm{t}}^{l}.\mathrm{H}1\mathrm{k}(b)$ : $b\in R^{*}$ and $a<b$}. For $x$ , $y\in Q^{*}$ , we say $x\ll y$

if $\mathrm{r}$ $<y$ and rank(z) $<$ rank(y). For $\mathrm{t}’\in Q^{*}$ . let $Q_{x}=$ $\{y\in Q:y\ll \mathrm{t}\backslash \}$ .
For $D\subseteq Q$ and $\xi$ $\leq$ rank(Q), let $D_{<\xi}=$ {$y\in D$ : rank(y) $<\xi$},

$D_{\xi}--$ {$y\in D$ : rank(y) $=\xi$ }, and for $x\in Q$ with rank$(x)=$ $\xi$ , let
$D_{\leq x}=\{y\in D_{\xi} : y\leq\alpha\cdot\}$ .

For $D\subseteq Q,$ let $\overline{D}=$ rank $(\mathrm{v}^{\mathrm{Y}})$ : $x$ $\in D$ }.
For $E\subseteq D\subseteq Q,$ we say $E$ is downward closed in $D$ if, for $x$ $\in E$ and

$y\in D$ if $y\leq x$ then $y\in E$ . then $E\sqrt$ is downward closed in $Q$ , we simply
sav $E$ is $do’t\eta\iota\cdot ward$ closed.

Definition 4.1. We define forcing notions $\mathrm{N}_{a}$ for $a\in Q^{*}$ by induction
on rank(a).

A condition $p$ of $\mathrm{N}_{a}$ is of the form $p=$ $\{(.\mathrm{s}_{x}^{p}, w_{\mathrm{J}}^{p}., \Gamma_{x}^{lp}) : 2^{\backslash }\in D^{p}\}$ with the
following:

1. $D^{p}$ is a finite subset of $Q_{a\mathrm{i}}$
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2. For $x$ $\in D^{p}$ , $s_{x}^{p}\in T,$ $u_{\vee}\prime\prime\backslash p\mathrm{r}<\omega$ , $\Gamma_{x}^{;\mathrm{P}}$ is a finite set of $\mathrm{N}_{x}$ -names for
functions in $\omega^{\mathrm{t}d}$ , and $|F_{x}^{p}|\leq w_{x}^{p}j$

3. For x $\in D^{p}$ , $\Sigma\{w_{\vee}^{p}\wedge$: z $\in D_{\leq x}^{p}\}\leq|s_{x}^{p}|$ ;

4. For r, y $\in D^{p}$ , if rank(y) $=$ rank(y) then $|s_{x}^{p}|=|s_{y}^{p}|$ .

Throughout this paper, for a condition $p$ in $\mathrm{N}_{a}$ ., we always use the
notation $D^{p}$ , $|\mathrm{s}_{x}^{p}$ , $w_{x}^{p}$ and $F_{x}^{p}\mathrm{t}_{1}\mathrm{o}$ denote respective components of $p$ . Also,
for $p\in \mathrm{N}_{a}$ and 46 $\overline{D}^{p}$ , let $l_{\xi}^{p}$ be the length of $s_{x}^{p}$ for $x\in D_{\xi}^{p}$ .

For $p\in \mathrm{N}_{a}$ and $b\in Q_{a}$ , define $p\lceil$ $b\in \mathrm{N}_{b}$ by letting $p\lceil b=$ { $(s_{x}^{p}., u_{x}^{p}, F_{x}^{p})$ :
$x\in D^{p}$ ” $Q_{b}$ }.

For conditions $p$ , $q$ in $\mathrm{N}_{a}$ , $p\leq q$ if:

5. $D^{q}\subseteq D^{p}$ ;

6. For $\mathit{1}^{1}\in D^{q}$ , $s_{x}^{p}\supseteq s_{x}^{q}$ , $vP_{x}\geq u_{x}^{q}$”. $F_{x}^{p}\supseteq F_{\mathrm{J}}^{q}$. and, for all n $\in|s\mathrm{H}|\backslash |s1$

and j $\in F_{x}^{q}$ we have p[x $|\mathrm{t}\vdash_{\mathrm{f}\mathrm{t}_{x}}f(n)$ $\in s_{x}^{p}(n)\mathrm{i}$

7. For ( $\in\overline{D}^{q}$ and $x$ , $y\in D_{\xi}^{q}$ , if $x<y,$ then for all $\uparrow l\in l_{\xi}^{p}\mathrm{s}$ $l_{\xi}^{q}$ we have
$s_{x}^{p}(\mathit{7}\mathit{1})\subseteq$ $s\mathrm{p}(n)$ ;

8. For $\xi\in\overline{D}^{q}$ , $\sum\{u_{x}^{p} : x\in \mathrm{Z}\mathrm{I}1)\mathrm{r}\}$ $\leq\sum\{u_{x}^{q}’ : \mathrm{r}\in D_{\xi}^{q}\}+(l_{\xi}^{p}-l_{\xi}^{q})$;

9. For 46 $\overline{D}^{q}$ , $F_{d}^{1}\subseteq D_{\xi}^{q}$ which is downward closed in $D_{\xi}^{q}$ and n $\in \mathfrak{l}_{J}^{p}\backslash \xi$ ll\mbox{\boldmath $\xi$}q,
we have

$|\cup \mathrm{f}^{s}\mathrm{H}(\uparrow\iota):x\in E\}|\leq\Sigma\{u\mathfrak{s}_{x}^{q}$: x $\in E\}+(’ n -l_{\xi}^{q})$ .

Remark 1. If $p\leq q,$ then for any $4\in\overline{D}^{q}$ and $E\subseteq D_{\xi}^{p}$ we can discard the
terms with indices not in $E$ from both sides of the inequality in clause 8
(using $w_{x}^{p}\geq u_{x}^{q}$’ from clause 6) to get

$\Sigma\{u_{x}^{p}|$: x $\in E\}$ $\leq\Sigma\{w_{x}^{q}$: x $\in E$
”

$D_{\xi}^{q}\}+(l_{\xi}^{p}-l_{\xi}^{q})$ .

We now verify that Definition 4.1 does indeed define a partial order.
(Reflexivity is clear, but we need to prove transitivity.) The simple ob-
servation in part (c) of the following proposition justifies not mentioning
$a$ in the notation $\leq$ for the order relation on $\mathrm{N}_{a}$ .
Proposition 4.2. We have the following properties.

(a) For any conditions $p$ , $q\in \mathrm{N}_{a}$ , if $p\leq q$ then for any $b\in Q_{\mathfrak{n}}$ , $p(b$ $\leq$

$q[b$ .
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(b) The order relation on $\mathrm{N}_{a}$ is transitive.

(c) For any $a$ , $b\in Q^{*}$ . if $p$ , $q\in \mathrm{N}_{a}\cap \mathrm{N}_{b_{j}}$ then $p\leq q$ in $\mathrm{N}_{a}$ if and only \’i$\int$
$p\leq q$ in $\mathrm{N}_{b}$ .

Proof. (a) and (b) are proven simultaneously by induction on the rank
of $a$ . Note that part (b) of the induction hypothesis ensures that for
$p$ , $q\in \mathrm{N}_{a}$ and $x\in D^{q}\subseteq Q_{a}$ , $\mathrm{N}_{x}$ is a well-defined partial order and hence
the last part of clause 6 makes sense.

(a) All but the last part of clause 6 and clause 8 in the definition of
$p$ [ $b\leq q\mathrm{r}$ $b$ are inherited directly from the corresponding clauses for
$p\leq q.$ The last part of clause 6 holds because for $x\in D^{\phi}=D^{q}$ ”

$Q_{b}$ ,
$(p\lceil b)\lceil \mathrm{r}$ $=p[x$ . There remains to check clause 8. Let $\xi\in\overline{D}jf$ . Using
clause 8 for $p\leq q$ and the fact that $l\mathrm{A}_{x}^{p}\geq u1_{x}^{q}$ whenever both are defined,
we have
$\sum\{\mathrm{u} ! : a^{\backslash }\in l\Psi_{\xi}\}$ $= \sum\{?L_{x}^{\prime^{p}} : x\in D_{\xi}^{\phi}\}$

$– \sum\{u_{x}\}r$ : $v$ $\in D_{\xi}^{p}$} $- \sum\{\mathrm{c}\iota_{x}^{p} : x\in D_{\xi}^{p}\mathrm{s}Q_{b}\}$

$\leq$
$\mathrm{g}\{u\prime_{x}^{q} : \alpha^{\backslash }\in D_{\xi}^{q}\}+(l_{\xi}^{p}-l_{\xi}^{q})-$ $\sum\{u_{x}|p : x\in D_{\xi}^{p}\backslash Q_{b}\}$

$\leq\sum\{w_{x}^{q} : \mathrm{r}\in D_{\xi}^{q}\}+(l_{\xi}^{p}-l_{\xi}^{q})-\sum\{w_{x}^{q} : x\in D_{\xi}^{q}\backslash Q_{b}\}$

$= \sum\{u_{\mathrm{J}}^{q\mu}’. : x \in D_{\xi}^{q\beta}\}+(l_{\xi}^{\phi}-l_{\xi}^{\phi})$ .
(b) Suppose that a $\in Q^{*}$ , $p$ , $q,r\in \mathrm{N}_{a}$ and $p\leq q\leq$ .r. We must show

$p\leq r.$

For the last part of clause 6, suppose we have $a’\in D_{\gamma}^{r}$ , re $\in l_{\gamma}^{p}\mathrm{s}$ $l_{\gamma}^{r}$ ,
$\dot{f}\in F_{x}^{r}$ . If $\prime n$

$\in.l_{\gamma}^{p}\backslash l_{\gamma}^{q}$ , then because $\dot{f}\in F_{x}^{r}\subseteq F_{x}^{q}$ . the fact that $p\leq q$

gives $p\lceil x1\vdash_{\mathrm{N}x}$ /(n) $\in s_{x}^{p}(.\cdot n)$ . If $?l\in l_{\gamma}^{q}\backslash l_{\gamma}^{r}$ , then the fact that $q\leq r$ gives
$q[a^{\backslash }1\mathrm{f}\vdash \mathrm{r}_{\backslash }\mathfrak{s}_{oe}j(\prime l)\in$

$s7(\mathrm{n})$ . We have $s_{x}^{p}(n)=s_{x}^{q}(n)$ by the first part of clause 6
$\mathrm{f}_{01}\cdot p\leq q$ . Also, $p\lceil x\leq q\square$ $x^{1}$ by part (a). Thus, $p$ $[$ $\mathrm{z}^{\backslash }$. $|\mathrm{f}\vdash_{\mathrm{f}8_{x}}\dot{7}(n)\in s_{x}^{p}(n)$ .
We now check clause 9 and leave the other clauses for the reader. Fix
$4\in\overline{D}^{r}$ , $E\subseteq D_{\xi}^{r}$ which is downward closed in $D_{\xi}^{r}$ and $n\in l_{\xi}^{p}\backslash l_{\xi}^{r}$ . Let $E^{q}$

be the downward closure of $E$ in $D_{\xi}^{q}$ . If $n\in l_{\xi}^{q}\backslash l_{\xi}^{r}$ , then
$|\cup[?(\mathrm{r}\mathrm{r})$ : $x\in E$} $|=|\cup\{s\mathrm{K}(n) : x\in E\}|$

$\leq\sum\{u_{x}^{r}’ : x\in E\}+$ (rr $-l_{\xi}^{r}$ )

because of clause 9 for $q\leq r.$ If $n\in l_{\xi}^{p}\backslash l_{\xi}^{q}$ , then
$|\cup\{s_{x}^{p}(\uparrow \mathrm{z}) : X\mathrm{E}E\}|\leq|\cup\{s_{x}^{p}(77) : x\in E^{q}\}|$

$\leq\sum\{w_{x}^{q} : x\in E^{q}\}-$1 (xr $-l_{\xi}^{q}$ )

$\leq\sum\{w_{x}^{r} : x\in E\}+(l_{\xi}^{q}-l_{\xi}^{r})+(n-l_{\xi}^{q})$

$= \sum\{w_{x}^{r}. : x\in E\}+(n-l_{\xi}^{r})$ .
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The second inequality follows from clause 9 for $p\leq q$ and the third from
Remark 1 for $q\leq r.$ Hence we have $p\leq r.$

(c) The definition of the order on $\mathrm{N}_{a}$ makes no mention of $a$ . $\square$

Definition 4.3. For a downward $\mathrm{c}1\mathrm{o}$ sed set $A\subseteq Q,$ let $\mathrm{N}_{A}=\{p\in$

$\mathrm{N}_{Q}$ : $D^{p}\subseteq-4$ }, and for $p\in \mathrm{N}_{Q}$ , we define $p\mathrm{r}$ $A\in \mathrm{N}_{A}$ by letting $p\mathrm{r}$

$A=$ $\{(s_{x}^{p}, w_{x}^{p}, F_{x}^{p}) : x \in D^{p}\cap A\}$. For ( $\leq$ rank(Q), let $\mathrm{N}_{\xi}=\mathrm{N}_{Q_{<\epsilon}}$ and
$p \lceil\xi=p\int Q_{<\xi}$ . ALso, for $\xi$ $\leq 1^{\cdot}\mathrm{a}11\mathrm{k}(Q)$ , let $p\lceil\{\xi\}=$ $0s_{x}^{p},?\angle_{x}^{t^{p}},F_{x}^{p})$ : $x\in$

$D_{\xi}^{p}\}$ $\in \mathrm{N}_{\xi+1}$ and $p$ $[ [\xi, \infty)=|$ $\{(s_{x}^{p}, w_{x}^{p}, F_{x}^{p}) : x\in D^{p}\backslash Q_{<\xi}\}\in \mathrm{N}_{Q}$.

In this notation, $\mathrm{N}_{a}=\mathrm{N}_{Q_{a}}$ for $0$ $\in Q.$, and $\mathrm{N}_{Q}$ bas the same meaning if
we consider the subscript $Q$ either as an element of $Q$’ or as a subset of
$Q$ .

Clearly $A\subseteq B\subseteq Q$ implies $\mathrm{N}_{A}\subseteq \mathrm{N}_{B}\subseteq \mathrm{N}_{Q}$ . We are going to prove
that, if $A\subseteq B,$ then $\mathrm{N}_{A}$ is completely embedded into N#. This is a
fundamental principle of the iterated forcing.

The following lemma, which is a special case of this principle, is easily
checked.

Lemma 4.4. If $B$ is a downward closed subset ofQ.’ $\xi\leq$ $\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}(Q)_{j}p\in \mathrm{N}_{B}$

and $q\in \mathrm{N}_{B_{<\xi}}$ extends $p[\xi_{j}$ then $q\cup p$ $[ [\xi, \infty)$ belongs to $\mathrm{N}_{B}$ and extends
both $p$ and $q$ . In $partic\tau\iota lar$, $\mathrm{N}_{B_{<\xi}}$ is completely embedded into $\mathrm{N}_{B}$ .

Using this lemma, we prove the following.

Lemma 4.5. For downward closed sets A, B $\subseteq$ Q.’if A $\subseteq B$ . then $\mathrm{N}_{A}$ is
completely $embt_{-}^{\}}dde_{arrow}d$ into $\mathrm{N}_{B}$ by the identity map.

Proof. It is easy to see that the compatibility of conditions in $\mathrm{N}_{A}$ is the
same either in $\mathrm{N}_{A}$ or in $\mathrm{N}_{B}$ . $l^{\mathit{7}}\mathrm{e}$ show that, for $p\in \mathrm{N}_{B}$ and $’|$

. $\in \mathrm{N}_{A}$ ,
if $r\leq p\lceil$ $A$ then there is $q\in \mathrm{N}_{B}$ satisfying $q\leq p$ and $q\leq r.$ We will
proceed by induction on $\sup_{\sim}\overline{4}$ .

Suppose that $p\in \mathrm{N}_{B}$ , $?$
.

$\in \mathrm{N}_{A}$ and $r \leq p\int A$ . Let $\gamma=\max\overline{D}^{r}$ . By
the induction hypothesis, there is $q_{<}\wedge’\in \mathrm{N}_{B_{<\gamma}}$ satisfying $q_{<\gamma} \leq p\int$ $\gamma$ and
$q_{<\gamma}\mathrm{S}$ $r$ $[\gamma$ .

For $\mathrm{J}^{\backslash }\in D_{\gamma}^{r}$ , let $(s_{x}, w_{x:}\Gamma_{x}^{J})=(s_{x}^{r},$ $w_{x}^{r}$ , $\Gamma$(:). For $x\in D_{\gamma}^{p}\backslash D_{\gamma}^{r}$ , let
$(s_{x},u_{x}" F_{x})=(s_{x}^{p}, " x’ xF^{\mathrm{p}})$ .

Let
$L= \sum\{\prime w_{x} : x\in D_{\gamma}^{p}\cup D_{\gamma}^{r}\}$ $+l_{\gamma}^{r}$ .

By the induction hypothesis, for each $x$ $\in D_{\gamma}^{p}\cup D_{\gamma}^{r}$ , $\mathrm{N}_{x}$ is completely
embedded into $\mathrm{N}_{B_{<\gamma}}$ and so each $j\in F$.$1^{\cdot}$ is an $\mathrm{N}_{B_{<\gamma}}$-narne. Choose
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$q^{*}\in \mathrm{N}_{B_{<\gamma}}$ so that $q^{*}\leq q_{<\gamma}$ and $q^{*}$ decides the values of $\dot{f}$ ( $L$ for all
$\dot{f}\in\cup\{\Gamma_{x}^{l} : x \in D_{\gamma}^{p}\cup D_{\gamma}^{r}\}$ . For $x\in D_{\gamma}^{\mathrm{J}^{\mathit{1}}}\cup D_{\gamma}^{r}$ and $7\in L\backslash |sx|$ , let
$I\mathrm{e}_{x,,\mathrm{z}}\subseteq\omega$ be the set satisfying $q^{*}\mathrm{I}\vdash \mathrm{A}_{x,n}^{\nearrow}=$ $\{j(?\not\supset) : j\in F_{x}\}$ .

Define $s_{x}^{*}$ for $x\in D_{\gamma}^{p}\cup D_{\gamma}^{r}$ in the following way: If $2^{\mathrm{T}}\in D_{\gamma}^{r}$ , then
$|sx’|=L$ , $s_{x}^{*}\lceil l_{\gamma}^{r}=s_{x}$ , and for $n\in L\backslash l_{\gamma}^{r}$ ,

$s\mathrm{j}.(\mathrm{z}))$ $=\cup\{\mathrm{A}_{\approx.n}^{\vee}$ : z$\in D_{\leq x}^{r}\}$ .

If $x\in D_{\gamma}^{p}\mathrm{s}$ $D_{\sim}^{r}$

,’ then $|sx’|=L$ , $s_{x}$’r $l_{\gamma}^{p}=s_{x}$ , and for $n\in L\backslash l_{\gamma}^{p}$ ,

$s_{x}^{*}(n)=\{\begin{array}{l}\cup\{s_{\sim^{J}}\prime(?l)\cdot.z\in D_{\leq x}^{\rho}\cap D_{\gamma}^{\eta}.\}\cup\cup\{\mathrm{A}’- n\wedge\prime..\tilde{\sim}\in D_{\leq x}^{p}\backslashD_{\gamma}^{r}\}\mathrm{f}l_{\gamma}^{p}\leq n<l_{\gamma}^{r}\cup\{\mathrm{A}_{z.n}’\cdot.\approx\in(D_{\gamma}^{p}\cup D_{\gamma}^{r})_{\leq x}\}\mathrm{i}\mathrm{f}l_{\gamma}^{r}\leq?1<L,\gamma\in\overline{D}^{A4}\cup\{I\mathrm{t}_{\sim},,\cdot zn\cdot\in D_{\leq x}^{p}\}\mathrm{i}\mathrm{f}l_{\gamma}^{r}\leq 7l<L,\gamma\not\in\overline{D}^{\mathrm{d}A}\end{array}$

Now we define $q=\{(s_{x}^{q}, u_{x}\prime^{q}, F_{x}^{q}) : x\in Dq\}$ by the following:

1. $D^{q}=D^{p}\cup D^{q^{*}}\cup D_{\gamma\prime}^{r}.\cdot$

9 For $\mathrm{r}$ $\in D^{q^{*}}-,$ $(s_{x}^{q},w_{x}^{q}, F_{i1^{*}}^{q})=(s_{x}^{q^{*}}, w_{x)}^{q^{*}}F_{x}^{q^{*}})$ ;

3. For $x$ $\in D_{\gamma}^{p}\cup D_{\gamma}^{r}$ , $(s_{x}^{q},w_{x}^{q}, \Gamma_{x}^{q}\sqrt)$ $=(s_{x}’, u_{x}" F_{x})$ ;

4. For $x\in D^{p}\backslash Q_{<\gamma \mathrm{f}1}$ , $(s_{x}^{q}, (ii)_{X}^{q}$ , $\Gamma_{x}^{q}\sqrt)=(s_{x}^{p}, u_{x}t^{p}, \Gamma_{x}^{\iota P})$ .
We now check that $q\in \mathrm{N}_{B}$ . The conditions of Definition 4.1 are satisfied
below (resp. above) rank $\mathrm{y}$ because $q$

’ (resp. $p$) is a condition. Consider
what they say at rank $\gamma$ . The first clause is trivial. The fourth holds
because thc $s_{x}^{q}$ ’s all have domain $L$ . The third clause can be checked in
two cases.

(i) If $2^{\backslash }\in D_{\gamma}^{r}$ , then $D_{<x}^{q}=(D^{p}\cup D^{r})\leq x=D_{\leq_{\backslash }x}^{r}$ , so $\sum\{u_{\gamma,\sim}^{q}’,$: z $\in D_{\leq x}^{q}\}=$

$\sum\{w_{\sim}^{r},$: z $\in D_{\leq x}^{r}\}^{-}\leq l_{\gamma}^{r}\leq L.$

(ii)
$\mathrm{I}\mathrm{f}x\in.D_{\gamma}^{p}\backslash D_{\gamma}^{r},\mathrm{t}1\mathrm{z}\mathrm{e}\mathrm{n}D_{\leq x}^{q}=D_{\leq x}^{p}\cup D_{\leq x}^{r},$

so
$\Sigma\{u_{\sim}^{q},,,$

: z
$\in D_{\leq x}^{q}\}=\Sigma\{w_{\approx}\cdot z\in D_{\leq x}^{p}\cup D_{\leq x}^{r}\}\leq L$.

For the second, all the requirements except that the $s_{x}^{q}\mathrm{s}j$ are partial
slaloms follow from the fact that $p$ and $r$ are conditions. We need to check
that $|s$; $(?\iota)|\leq n$ for each relevant $n$ . If $x\in D_{\gamma}^{r}$ , then for $l_{\gamma}^{r}\leq n<L,$ we
have $|s\mathrm{J}$’ $(\mathrm{y}\mathrm{Z})|\mathrm{S}$ $\sum\{w_{\frac{r}{\sim}} : z\in D_{\leq x}^{r}\}\leq|s_{x}^{r}|=l_{\gamma}^{r}\leq n$ . If $\mathrm{a}$

.
$\in D_{\gamma}^{p}\backslash D_{\gamma}^{r}$ , we

consider four cases.
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Case 1. $l_{\gamma}^{p}\leq n<I_{\gamma}^{r}$ and $\gamma\in\overline{D}^{ffl}$ . Definition 4.1(9) for $\uparrow’\leq p$ [A with
$E=D_{\leq x}^{p}\cap D_{\gamma}^{r}$ gives

$|s_{x}^{*}(7\iota)|\leq\Sigma\{u_{\sim}^{p}|,.\cdot.z\in E\}+(’\iota-l_{\gamma}^{p})+=\Sigma\{w_{z}^{p_{\tilde{\epsilon}}}.\in D_{e_{x},\underline{\backslash }}^{p},\}\succ(_{7l}-l_{\gamma}^{p})\leq l_{\gamma}^{p}+(r\iota-l_{\gamma}^{p})=\prime n$

.

I
$\{w_{z}^{p}$

: z $\in D_{\leq x}^{p}\backslash E\}$

Case 2. $l_{\gamma}^{p}\leq n<l_{\gamma}^{r}$ and $\gamma\not\in\overline{D}^{M}$ . In this case, $D_{\leq x}^{p}\cap D_{\gamma}^{r}\subseteq D_{\gamma}^{p}\cap A=\emptyset$ ,

so $|s$:(yt) $| \leq\sum\{w_{\wedge}^{p}’ : \tilde{\sim}\in D_{\leq x}^{p}\}\leq l_{\gamma}^{p}\leq\uparrow\iota$.
Case 3. $l_{\gamma}^{r}\leq n<L$ and $\gamma\in\overline{D}$M. Definition 4.1(8) for $r\leq p$ [ $A$ gives

$\sum\{w_{z}^{r} : z \in D_{\gamma}^{r}\}\leq\sum\{w_{\tilde{k}}^{p} : \approx\in D_{\gamma}^{*}\}$ $+$ $(l_{\wedge}^{r_{l}}-l_{\gamma}^{p})$ . Removing terms with
$z$ $\not\leq x$ from both sides (see Remark 1) gives

$\Sigma\{w_{-,\sim}^{r},$ :$\approx\in D_{\leq x}^{r}\}\leq\Sigma\{u_{\vee}^{\varphi}\sim$ :$z\in D_{\leq x}^{p}\cap 4\}$ -f $(l_{\gamma}^{r}-l_{\gamma}^{p})$ .
$\mathrm{E}^{\backslash }\mathrm{o}\mathrm{m}$ the formula for $s_{x}^{*}(\mathrm{n})$ we now get

$|sx$’(y $\iota$ ) $|\leq\Sigma\{w_{\vee}^{r}. : z\in D_{\leq x}^{r}\}+\Sigma\{w_{z}^{p} : z\in D_{\leq x}^{p}\backslash A\}$

$\leq\Sigma\{u1_{\wedge,\sim}^{p}, : z\in D_{\leq x}^{p}\ulcorner\}4\}+(l_{\gamma}^{r}-l_{\gamma}^{p}.)\mathrm{f}\Sigma\{w_{\sim}^{p_{-}} : z\in \mathrm{Q}_{x}\mathrm{s}A\}$

$=$ $\Sigma\{ut_{z}^{p} : z \in D_{\leq x}^{p}\}$ $+(l_{\gamma}^{r}-l_{\gamma}^{p})$

$\leq l_{\gamma}^{p}- \mathrm{f}$ $(l_{\gamma}^{r}-l_{\gamma}^{p}.)=l_{\gamma}^{r}\leq$ .n.

$\Sigma\{w_{z}^{p}:\approx\in D_{\backslash xx}^{p},\}\leq l_{\gamma}^{p}\leq n\mathrm{C}_{J}\mathrm{a}\mathrm{s}\mathrm{e}4.l_{\wedge}^{r_{l}}\leq n<L\mathrm{a}\mathrm{n}.\mathrm{d}$

$\gamma\not\in\overline{D}"$ . 1n this c.ase we have $|sx*(77]$ $\leq$

Thus, $q$ is a condition.
We now check Definition 4.1 $(rv-9)$ for $q\leq r$ and $q\leq p.$ Clause 5 follows

from the definition of $q$ . For clauses 6-9 first note that below rank $-[$ ,
they hold because $q’\leq p$ [ $\gamma$ and $q^{*}\leq\uparrow\backslash$ \lceil $\gamma$ . Consider what happens
at rank $\mathrm{j}\mathrm{y}$ . Clause 6 holds because for $x\in D_{\gamma}^{p}\cup D_{\gamma}^{r}$ and all the relevant
values of $\dot{f}$ and $?\mathrm{t}$ , we have from the definitions that $q’ \mathrm{I}\vdash j(n)\in K_{x,n}$

and $\mathrm{A}_{x,,l}^{\cdot}\subseteq s_{x}$’(yz). For clause 7, we consider three cases. Let $x<y$ be
elements of $D_{\gamma}^{p}\cup D_{\gamma}^{r}$ .

(i) If $x$ , $y\in D_{\gamma}^{r}$ , then for checking $q\leq r,$ just use the monotonicity of
$s_{x}’(\cdot n)$ as a function of $\mathrm{x}$ . For checking $q\leq p$ (so now we $\mathrm{a}\mathrm{s}\mathrm{s}$ ume

$\mathrm{z}:$ , $y\in D_{\gamma}^{p}$ as well), we also need to consider values of $n$ such that
$l_{\gamma}^{\rho}$. $\leq??<l_{\gamma}^{r}$ . But then $s_{x}^{*}(\cdot \mathrm{n}))=s_{x}^{r}(\cdot n)\subseteq s_{y}^{r}(n)=s_{y}^{*}(n)$ because
$r\leq p(A$ .
This is the only case to consider for checking clause 7 for $q\leq$ ? at
stage $\mathrm{y}$ . The remaining cases deal with checking $q\leq p.$ Note that
if $y \in D_{\gamma}^{r}\cap D_{\gamma}^{p}=D_{\gamma}^{p}\bigcap_{A}4$ then also $x$ $\in D_{\gamma}^{r}\cap D_{\gamma}^{p}$ since $A$ is downward
closed.
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(ii) If $x_{l}$ $|J\in D_{\gamma}^{7)}\backslash D_{\gamma}^{r}$ , rvse the monotonicity of $s_{\mathrm{r}}^{*}.(n)$ as a function of $x$ .
(iii) If $2^{\cdot}\in D_{\gamma}^{r}\cap D_{\gamma}^{p}$ and $y\in D_{\gamma}^{p}\backslash D_{\gamma}^{r}$ , then consider first a value of ?1

such tllat $l_{\gamma}^{p}\leq 7l$ $<l_{\gamma}^{r}$ . We have $s_{x}^{*}(n)$ $=s_{x}(\uparrow \mathrm{z})$ $\subseteq\cup$ { $s_{\hat{4}}(’\iota)$ : $z\in$

$D_{<y}^{p}\cap D_{\gamma}^{r}\}\subseteq s_{y}^{*}(\prime n)$ . Next consider $n$ such that $l_{\gamma}^{r}\leq n<L.$ We have
$s_{x}^{*}\overline{(}n)=\cup\{I\iota_{z,n} : \approx\in D_{\leq}^{r_{\mathrm{J}}},\}\subseteq\cup\{I\mathrm{f}_{\sim}\sim,n : z\in(D_{\gamma}^{\rho}\cup D_{\gamma}^{r})\leq.y\}=s_{y}^{*}(n)$.

This takes care of clause 7. Clause 8 follows from the fact that from th$\mathrm{e}$

definition of $L$ we have $\sum\{w_{il} : x\in D_{\gamma}^{r}\cup D_{\gamma}^{p}\}\leq L-l_{\gamma}^{r}\leq L-l_{\gamma}^{p}$ . For
clause 9 first we check $q\leq r.$ If $E\subseteq D_{\gamma}^{r}$ is downward closed in $D_{\gamma}^{r}$ and
$l_{\gamma}^{r}\leq n<L$ , then $|5 \mathrm{J}\{s;: (\mathrm{t}\mathrm{Z}) : x\in E\}|=|\mathrm{j}\mathrm{J}\{\mathrm{A}_{x}’,n : x\in E\}|\leq\sum\{u_{x}^{r}|$’ : $x\in$

$E\}$ . Next we check $q\leq p.$ Suppose $\gamma\in\overline{D}$p and let $E\subseteq D_{\gamma}^{p}$ be downward
closed. Col sider four cases.

Case 1. $l_{\gamma}^{p}\leq’ n<l_{\gamma}^{r}$ and $\gamma\in\overline{D}$1AA. Using Definition 4.1(9) for $r\leq p(.4$

and the fact tltat $E\cap A$ is downward closed in $D^{\mathrm{d}^{4}}\cdot$ , we have

$|\mathrm{I}\mathrm{J}\{s:(n) : \mathrm{r} \in E\}|=|\cup\{s_{x}^{*}(7l) : x\in E\cap A\}\cup\cup\{s_{x}^{*}(\uparrow\iota)$ : $x\in E\backslash$ 41
$=|\cup\{s_{x}^{r}(n) : \mathrm{J}^{\backslash }\in E\cap 4\}$ $\cup\cup\{\mathrm{A}_{x,,1}’ : x\in E\backslash .4\}|$

$\leq$ $\sum\{\’ : x\in E\cap 4\}$ $+(n-l_{\gamma}^{p})+ \sum$ {.ui : $x$ $\in E\backslash A$}
$= \sum\{u_{x}^{p}’ : x\in E\}+(7l -l_{\gamma}^{p})$ .

Case 2. $l_{\gamma}^{p}\leq n<l_{\gamma}’\backslash$ and $\gamma\not\in\overline{D}^{\psi 1}$ . Then En $A=\emptyset$ , and the calculation
for case 1 reduces to

$|\mathrm{L}\mathrm{J}\{sx*(77) : :r \in E\}|=|\cup\{\mathrm{s}:(\mathrm{r}\mathrm{z}) : x\in E\backslash A\}|$

$=|5\mathrm{J}$ { $I\mathrm{f}_{\mathrm{x}}$ . $n$ : $x\in E\backslash$ A} $|$

$\leq\sum\{u_{x}\prime^{p} : X\in E\backslash A\}$

$\leq\sum\{w_{x}^{p} : x\in E\}+(\cdot n -l_{\gamma}^{p})$ .
Case 3. $l_{\gamma}^{r}\leq n<L$ and $\gamma\in\overline{D}$M. Let $E^{r}$ be the downward closure

$\mathrm{i}_{\mathfrak{l}1}D\mathrm{y}$ of $E\cap A=F_{\lrcorner}\cap D_{\gamma}^{\mathrm{f}\mathrm{f}\mathrm{i}}$ . Using Definition 4.1(8) for $r\leq p$ ( $A$ and
removing terms with $\approx\not\in E^{r}$ from both sides gives

$\Sigma\{’\iota\iota_{\hat{4}}^{\prime^{\Gamma}}$ : z$\in E^{r}\}\leq\Sigma\{w_{z}^{p}$: z $\in E\cap A\}+(l_{\gamma}^{r}-t_{\gamma}^{p})$ .

Then we get

$|\cup\{s;(\mathrm{r}\mathrm{z}) : x\in E\}|=|\cup\{\mathrm{A}’\hat{\sim},n : \approx\in E^{r}\}$ $\cup\{I\mathrm{t}_{z,n} : z\in E\backslash D_{\gamma}^{r}\}|$

$\leq\sum\{w_{\approx}^{r} : z\in E^{f}\}+\sum\{w_{\vee,\sim}^{p}, : z\in E\backslash A\}$

$\leq\sum\{\iota\iota_{z}^{p} : \hat{\sim}\in E\mathrm{n}x4\}$ $+( \uparrow \mathrm{z}-l_{\gamma}^{p})+\sum\{uP_{z} : z\in E\backslash A\}$

$\leq\sum\{u^{p_{\sim}} : \approx\in E\}*+(n-l_{\gamma}^{p})$ .



Case 4. $l_{\gamma}^{r}\leq n<L$ and $\overline{j}’\not\in$
$\overline{D}^{\mathrm{r})4}$ . We have

$|1\cup$J{s:(yz) : x $\in E$} $|=|\mathrm{I}\mathrm{j}\{\mathrm{A}_{-,\sim’ n}$ : z $\in E\}|\leq\Sigma\{w_{z}^{p}$:$\tilde{\mathrm{A}}\in E\}$ .

Thus, q $\leq r.$ The proof that q $\leq p$ is completed by appealing to
Lemma 4.4. $\square$

The following definition and lemma provide a simple mechanism for
extending conditions.

Definition 4.6. Let $I\mathit{3}\subseteq Q$ be a downward closed set and $7\in\overline{B}$ .
$p’=$ $\{(s_{x}^{d},u_{x}^{d}" F_{x}^{d}) : x \in D^{p’}\}$ is a 7-precondition of $\mathrm{N}_{B}$ if $p’$ satisfies the
following :

1. $D^{d}$ i a finite subset of $B_{1}$.

2. For a:: $\in D^{p’}$ , $s_{x}^{d}\in T$, $u_{x}^{p’}’<\omega$ , $F_{x}^{p’}$ is a finite set of $\mathrm{N}_{x}$-liames for
functions in $\omega$”, and $|\mathrm{f}^{\mathrm{f}}\mathrm{r}$ $|\leq u_{\mathrm{a}}|d$. $j$

$3’$ . For a,. $\in D^{p’}\backslash D_{\gamma}^{d}$ , $\Sigma\{w_{z}^{p’}$ :$\approx\in D_{\leq x}^{p’}\}\leq|s_{x}^{p’}|$ ;

4. For x,y $\in D^{p’}$ , if rank(x)=rallk(y) tluen $|s_{x}^{gJ}|=|s\mathrm{H}’|$ .

For $\xi\in\overline{D}^{d}$ , we will let $l_{\xi}^{p’}$ be the length of $s_{x}^{p’}$ for $x\in D_{\xi}^{d}$

For $\gamma$-precondition $.p’$ of $\mathrm{N}_{D}$ and $p\in \mathrm{N}_{B}$ , we say $p’$ is $a$ ’y-preextension
of $p$ if

1. $D^{p’}\supseteq D^{p}$ and $D^{p’}\backslash Q_{<\gamma+1}=D^{p}\backslash Q_{<\gamma+1^{j}}$

2. $p’$ ft $\leq p\lceil\gamma$ ;

3. For x $\in D_{\gamma}^{p}$ , $s_{x}^{p’}=s_{x}^{p}$ , $F_{x}^{p’}=F_{x}^{p}$ and $ut_{x}^{p’}\geq w_{x}^{p}$ ;

4. For x $\in D_{\gamma}^{p’}\backslash D_{\gamma}^{p}$ , $F_{x}^{p’}=\emptyset$ and $u_{x}1^{p’}=0j$

5. For x $\in D^{p}\backslash Q_{<\gamma+1}$ , $(s_{x},u_{x}d,F_{x}^{\tau p’}d)=(s_{x\prime}^{p}.,w_{x}^{p},F_{x}^{p})$ .
Lemma 4.7. $Zet$ $B\subseteq Q$ be a downward closed set, $p\in \mathrm{N}_{B:}\wedge,’\in\overline{B}_{j}$

$p’=\{(s_{x^{\backslash }}^{p’}, u\dagger_{x}^{d},F_{x}^{p’}) : x\in D^{d}\}$ a $i$ -preextension of $p$ such that $D_{\gamma}^{p’}\neq$ G5,
and $N<\omega$ . Then there is $q\in \mathrm{N}_{B}$ such that:

l. q $\leq p$ and $q\lceil\gamma\leq p’\lceil\gamma j$

2. $D_{\gamma}^{q}=D_{\gamma}^{d}$ ancl, for x $\in D_{\gamma}^{q}$ , $s_{x}^{q}\supseteq s_{x:}^{d}w_{x}^{q}=u_{\acute{x}}a\cdot nd_{J}F_{x}^{q}=F_{x}^{p’}j$
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3. $D^{q}\backslash Q_{<\gamma+[perp]}=D^{p}\backslash Q_{<\gamma+1}$ and, for
$\alpha^{\tau}\in D^{q}\backslash Q_{<\gamma+1\mathrm{z}}s_{x}^{q}=s_{x\mathrm{z}}^{p}u_{x}^{q}\prime\prime=u_{x}^{p}|a\uparrow\iota dF_{x}^{q}=F_{x}^{p}i$

4. $l_{-(}^{q}\geq N.$

Proof. Let $L= \max\{\sum\{w_{x}^{p’} : x \in D_{\gamma}^{p’}\}+l_{\gamma}^{\swarrow}, /\mathrm{V}\}$ .
Note that clause 3 in the definition of $i‘ p$

’ is a $\tilde{j}$-preextension of $.p$
”

ensures that $\mathit{1}_{\gamma}^{\swarrow}=l_{\gamma}^{p}$.as long as the latter is defined, i.e., as long as
$\gamma\in\overline{D}^{p}$ .

Using Lemma 4.5, choose $q^{*}\in \mathrm{N}_{B\sim_{j}}<$,so that $q’\leq p’[\wedge’$ and $q^{*}$ decides
the values of $j$ [ $L$ for all $j\in$ ) $\{F_{x}^{p} : 2^{\backslash }\in D_{\gamma}^{p’}\}=\cup\{F_{x}^{p} : x \in D_{\gamma}^{p}\}$ .
For $x\in D_{\gamma}^{p}\mathrm{a}_{\iota}11\mathrm{C}1n$ $\in L\backslash l_{\gamma}^{p’}--L\backslash l_{\gamma}^{p}$ , lot $I\mathrm{s}_{x,n}\subseteq\omega$ be the set satisfying
$q’| \mathrm{t}\vdash I\mathrm{f}_{x,n}=\{\int.(n) : \dot{f}\in F_{x}^{p}\}$. Note that $|\mathrm{A}_{x}$ . $n|$ $\leq|F_{x}^{p}|$ $\leq u_{x}|p$ .

Define $s_{x}$ for $x\in D_{\gamma}^{d}$ as follows: $|sx|$ $=L,$ $s_{x}\lceil$ $l_{\gamma}^{p’}=s_{x}^{p’}$ , and for
$?1\in L\backslash l_{\gamma}^{d_{\mathrm{r}}}$. if $x\in D_{\gamma}^{p}$

$\mathrm{t}1_{1}\mathrm{e}\mathrm{n}$

$s_{x}$ (l $\iota$) $=\cup\{I\dot{\mathrm{C}}_{z,n} : \approx\in D_{<x}^{p},\}$ and if $x$ $\not\in D_{\gamma}^{p}$

then $sx(n)$ $=\emptyset$ . Now we define $q=\{(s_{x}^{q},u_{x}^{q}" F_{x}^{q})$ : $x\in D-q$) as $\mathrm{f}\mathrm{o}11_{\mathrm{o}\mathrm{R}^{r}\mathrm{S}:}$

1. $D^{q}=D^{q^{*}}\cup D_{j}^{p’}$

2. For $\mathrm{r}$ $\in D_{\mathrm{q}}^{q^{*}}(s_{x}^{q}, w_{Jj}^{q}, F_{x}^{q})--(s_{\mathrm{A}}^{q^{*}}., \mathrm{c}o_{x}^{q^{*}}, F_{x}^{q^{*}})$ ;

3. For $2’\in D_{\gamma}^{p’}$ , $(s_{x}^{q},u_{x}\prime^{q}, F_{x}^{q})=(s_{x}, w_{\alpha}^{p’}., F_{x}^{p’})$ ;

4. For $x$ $\in D^{q}\backslash Q_{<\gamma\dagger 1}$ , $(s_{x}^{q}, l\mathit{1}\mathit{1}_{x}^{q}, F_{\mathrm{i}\mathrm{t}}^{q}.)$ $=(s_{x}d, u_{\mathrm{a}*}p’, 7_{x}’ p’)$ .
We now need to check that $q\in$ $\mathrm{N}_{B}$ and $q$ satisfies the requirement. For
$\alpha^{1}\in D_{\gamma}^{p’}$ , $l_{\gamma}^{p’}\leq n<L,$ we check that $|sx(n)|\leq n$ and leave the rest of the
verification to the reader. If $x\not\in D_{\gamma}^{p}$ , then $s_{x}$ (vr) $=\emptyset$ . Suppose now that
$x\in D_{\gamma}^{p}.\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{n}||s_{x}^{p}|=l_{\gamma}^{p}=l_{\gamma}^{p}’\leq sx.(n)|=|\cup$

{’$z$ , $n$
$: \approx\in’,1\leq\sum\{w_{\wedge,\sim}^{p}, : z\in D_{\leq x}^{p}\}\square \leq$

Next we prove that $\mathrm{N}_{Q}$ satisfies $\mathrm{c}\mathrm{c}\epsilon\cdot$ .
Lemma 4.8. Let $W$ be the collection of conditions $q\in \mathrm{N}_{Q}$ satisfying the
following properties:

1. For all x $\in D_{f}^{q}2\cdot|F$: $|\leq w_{x}^{q_{j}}$

2. For al $\xi\in\overline{D}^{q}$ , 2. $\Sigma\{w_{x}^{q}$: 2’$\in D_{\xi}^{q}\}\leq l_{\xi}^{q}$, .
Then V, is dense in $\mathrm{N}_{Q}$ .
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Proof. By induction on $\xi$ $\leq$ rank(Q), we will show thai $\dagger \mathrm{T}_{<\xi}^{\gamma}$ is dense in
$\mathrm{N}_{\xi}$ .

Fix $p\in \mathrm{N}_{\xi}$ and let $\mathrm{y}$

$= \max\overline{D}^{p}$ . Define a $\gamma$-preextension $p’$ of $p$ by the
following: $D^{p’}=D^{\mathrm{p}}$ , $p’$ [ $\gamma=p[\gamma$ and, for $x$ $\in D_{\gamma}^{p}.$,

$s_{x}^{p’}=s_{x}^{p}$ , $F_{x}^{d}=F_{x}^{p}$

and $u \dagger_{x}^{d}=\max\{w_{x}^{p}, 2 |f_{x}^{\mathrm{f}p}|\}$ . Let $N=2\mathrm{r}$ $\sum\{u_{x}^{\mu’} : 2^{\tau}\in D_{\gamma}^{p}\}$ . Applying
Lemma 4.7 to $p$, $\prime p’$ and $N$ , we get a condition $q\leq p$ as in the lemma.
By induction hypothesis, there is a condition $q^{*}\in?\dagger^{\dot{\prime}}<\gamma’ q^{*}\leq q$ [ $\gamma$ . Then
$q^{*}\cup q\lceil\{\gamma\}$ extends $q$ (by Lemma 4.4) and belongs to $\mathrm{T},i_{<\gamma+1}^{r}$.. $[]$

Lemn a 4.9. $\mathrm{N}_{Q}$ satisfies ccc.

Proof. Let W be the dense set given by Lemma 4.8. If A $\subseteq \mathrm{T}4^{I}$ is un-
countable, then thin 11 out to an uncountable set $A4’\subseteq A$ such that

(1) $\{\overline{D}^{p}$: p $\in A’\}$ is a 2-system with root u:

(2) For $\xi\in u,$ there is an $\mathit{1}_{\xi}$ such that $l_{\xi}^{p}=l_{\xi}$ for all p $\in A’$ ;

(3) $\{D^{p}$: p $\in A4’\}$ is a $\triangle$-system with root U;

(4) For x $\in U,$ there are $s_{x}$ and $u_{x}’$, such that $s_{x}^{p}=s_{x}$ and $w_{x}^{p}=w_{x}$ for
all p $\in 4_{\mathfrak{i}}’$

(5) For eac.ll $U’\subseteq U,$ there is a number $k_{U’}$ such that for each p $\in A’$ .,

$\sum$ { $|\Gamma_{\approx}^{p}\sqrt|$ : for some $x\in U’$ , $z\in D_{\leq x}^{p}$ } $=k_{U’}$ .
Note that, because $p\in \mathrm{I}^{J}\mathrm{T}\acute{/}$ , we have $2 \mathrm{k}\mathrm{w}\leq\sum\{u_{\sim}^{p}$, : for some $1\in$

$l^{f’}$ , $z$ $\in D_{\leq x}^{p}\}$ .
Let $p$ and $q$ be any two conditions in $\wedge 4’$

, Let $\xi_{0}<\xi_{1}<$ , $..<\xi_{k-1}$ bc tlle
increasing enumeration of $\overline{D}^{p}\cup\overline{D}^{q}$ . We will inductively define conditions
$r_{i}E$ $\mathrm{N}_{<\xi_{j}+1}$ , $i<h\cdot,$ so that

1. $\cdot r_{i}$ is a common extension of p [ $(\xi_{j}+1)$ and q | $(\xi_{j}+1)j$

2. For $\mathrm{e}\mathrm{a}\mathrm{c}1_{1}i<k-1$ , $\prime_{i+1}.\uparrow\zeta_{\acute{\iota}+1}^{-}\leq r_{i}$ .
Set $r_{-1}=\emptyset$ . When $\xi_{i}\not\in u,$ then only one of $\overline{D}^{\mathrm{p}},\overline{D}^{q}$ contains $\xi_{i}$ . If
$\xi_{i}\in\overline{D}^{p}\backslash \overline{D}^{q}$ . then let $.ri=r_{i-1}\cup p$ [ $\{\xi_{i}\}$ . Then $\mathrm{j}i$ inherits from $r_{i-1}$ and
$p$ [ $\{\xi_{i}\}$ the properties needed for being a condition. It extends $p$ $[$ $(\xi_{i}+1)$

by Lemma 4.4. It extends $q\lceil$ $(\xi_{i}+1)$ because the inclusion of the domains
holds and $q$ [ $(\xi_{i}+1)=q$ [ $(\xi_{i-1}+1)$ , so the relevant values of $x$ and $\xi$

for which $x\in D^{q}$ or $\xi$
$\in\overline{D}^{q}$ in clauses 6-9 of Definition 4.1 applied to

$r_{j}\leq q$ [ $(\xi_{i}+1)$ all have rank at most $\xi_{i-1}$ and hence the clauses hold
because $\uparrow.i-1\leq q$ [ $(\xi_{j-1}+1)$ . Similarly if $\xi_{i}\in\overline{D}^{q}\backslash \overline{D}^{p}$.

Now suppose $\xi_{i}=\gamma\in u.$ Proceed as follows.
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(a) Let L $=\Sigma\{u_{x}^{p}\}$ : x $\in D_{\gamma}^{p}$ } { $\Sigma\{w_{x}^{q}$: r$\in D_{\gamma}^{q}\}\{l_{\gamma}$ .

(b) Get $t^{*}.\in \mathrm{N}_{<\gamma i}.$ , $r^{*}\leq r_{i-1}$ which decides the values of $\dot{f}\mathrm{r}$ $L$ for
$\int\in\Gamma_{x}^{{}_{\tau}\mathrm{P}}$ , $x\in D_{\gamma,1}^{p}$

, and $f\in\Gamma$,j, $x\in D_{\gamma}^{q}$ . For $n$ $\in L,$ let $\mathrm{A}_{x}^{-}$.,. be the set
such $\mathrm{t}1_{1}\mathrm{a}\mathrm{t}$

(i) $r^{*}|\mathrm{L}$ $\{j(n) : j\in F_{x}^{p}\}$ $=I\mathrm{f}_{x,n}$ , if $x\in D_{\gamma}^{p}\backslash D_{\gamma}^{q}$ ;

(ii) $r^{*}\mathrm{I}\vdash\{\dot{f}(n) : \dot{f}\in F_{x}^{q}\}=\mathrm{A}_{x,n}^{-}$ , if $x\in D_{\gamma}^{q}\backslash D_{\wedge}^{p}$,;
(iii) $r^{*}|r$ $\{j(.n) : \dot{f}\in F_{x}^{p}\cup F_{x}^{q}\}=\mathrm{A}_{x,n}^{\nearrow}$, if $x$ $\in D_{\wedge}^{p},$ $\cap D_{\gamma}^{q}$ .
Note $\mathrm{t}$ hat

$|\cup\{K_{x},n:x\in D_{\gamma}^{p}\cup D_{\gamma}^{q}\}|\leq\Sigma\{u\dagger_{x}^{F} : x\in D_{\gamma}^{p}\}+\Sigma\{w_{x}^{q} : x\in D_{\gamma}^{q}\}$

$\leq 2\cdot\max(\Sigma\{uP_{x} : x\in D_{\gamma}^{p}\},\Sigma\{\mathrm{u}\prime_{x}^{q} : x\in D_{\gamma}^{q}\})$

$\leq l_{\gamma}$.

where the last inequality holds because $p$ , $q\in 4^{r}’$ .
(c) For n such that $l_{\gamma}\leq n$ $<L,$ define $s_{x}(n)$ as follows.

(i) $s_{x}(.n)$ $=\cup\{I\mathrm{f}_{\sim}’,n:,\sim$. $\in D_{<x}^{p}$ or for some $z’\in D_{\gamma}^{p}\cap D_{\gamma}^{q}$ , $z\in$

$(D^{p}\cup D^{q})_{\gamma}$ and $z\leq\sim\leq\wedge x\overline{\}}’$ , if $x$ $\in D_{\gamma}^{p}\backslash D_{\gamma}^{q}|$
.

(ii) $s_{x}(n)=\cup\{\mathrm{A}_{z.n}’$ : $z\in D$ $rightarrow q<x$

, or for some $z’\in D_{\gamma}^{p}\cap D_{\gamma}^{q}\dot,$ $\approx\in$

$(D^{p}\cup D^{q})_{\gamma}$ and $z$ $\leq z’$ $\leq|x$ }, if $x\in D_{\gamma}^{q}\mathrm{s}$ $D_{\gamma^{j}}^{p}$

(iii) $s_{\lambda}.(n)=\cup\{\mathrm{A}_{\sim}^{\nearrow}’,n : z\in(D^{p}\cup D^{q})_{\leq x}\}$ , if $x\in D_{\gamma}^{p}\cap D_{\gamma}^{q}$ .
Suppose $E\subseteq D\mathrm{y}$ is downward closed. Then

$\cup\{s_{x}(n)$: x $\in E^{\ell}\}-\cup$ { $\mathrm{A}_{\approx,n}’$ : $\approx\in(D^{p}\cup D^{q})_{\leq.r}$ for some x $\in E\cap U$}
$\cup\cup$ { $I\mathrm{t}_{z,n}$ : z $\in E$ and for no x $\in E\cap[\Gamma$ do $\backslash \mathfrak{n}^{7}\mathrm{e}$ have z $\leq x$ }.

So

$|51 \{sx(n) : x\in E\}|\leq\sum$ { $|F_{z}^{p}|$ : $;\in D_{\leq x}^{p}$ for some $x\in E\cap U$}
$+$ $\sum$ { $|\Gamma_{z}^{lq}|$ : $z\in D_{\leq x}^{q}$ for some $x\in E\cap U$}
$+$ $\sum$ { $|F\mathrm{r}|$ : $z$ $\in E$ and for no $\mathrm{r}\in E\cap U$ do we have $\mathrm{z}$ $\leq$ r}

$\leq 2k_{E\cap U}$

$+ \sum$ { $|F_{z}^{p}|$ : $z\in E$ and for no $x\in E\cap U$ do we have $z\leq x$}
$\leq\sum$ { $u_{\sim}^{p}":$ $\approx\in D_{\leq x}^{p}$ for some $x$ $\in E\cap U$}

$+$ $\sum l^{u}i$ : $z\in E$ and for no $x\in E\cap U$ do we have $z\leq x$}
$= \sum\{u_{\hat{k}}^{p} : z\in E\}$ .



Similarly, if $E$ is a downward closed subset of $D_{\gamma}^{q}$ , then $|5\mathrm{J}\{\mathrm{s}\mathrm{x}(n)$ :
$x \in E\}|\leq\sum\{u\dagger_{z}^{q} :_{\ } \wedge\in E\}$ .

(d) Let $r_{\mathrm{j}}=r’\cup$ { $(s_{x},$ $w_{x}$ , $F_{x})$ : 1 c3 $D_{\gamma}^{p}\cup$ $D_{\gamma}^{q}$ }, where the triples
$(s_{x},u_{x}" F_{x}^{\mathrm{r}})$ are obtaillecl as follows.

(i) Each $s_{x}$ has domain $L$ , $s_{x}$ [ $l_{\gamma}=s_{x}^{p}$ if $x\in D_{\gamma}^{p}$ and $s_{x}[l_{\gamma}=s_{x}^{q}$ if
$x\in D_{\gamma}^{q}$ . (This is unambiguous if both clauses hold because of
item (4) in the it of proper ties of $44’$ . ) For $\mathit{1},$ $\leq n<L,.$ $s_{x}(n)$

is as defined in (c).

(ii) We have $w_{x}=w_{x}^{p}$ if $x\in D_{\gamma}^{p}$ and $u|x=$ .t’.7 if $a^{\backslash }\in D_{\gamma}^{q}$ (and this
is unambiguons if both clauses hold).

(iii) For r $\in D^{p}\backslash D^{q}.$
,

$\Gamma_{\mathrm{J}}^{;}$. $=F_{x}^{p}$ . For x $\in D^{q}\backslash D^{p}$, $F_{x}=F_{x}^{q}$ . For
x $\in D^{p}\cap D^{q}$ , $F_{x}=\Gamma_{x}^{p}\sqrt\cup F^{l}$7.

We must check that $r_{i}$ is zs desired. First we check that $r_{i}$ is a well-defined
condition. In Definition 4.1 clause 1 and the first and third statements
of clause 2 hold by definition. The second statement holds below rank
$\xi_{i}$ because $7^{*}$. is a condition. At rank $\gamma=\xi_{i}$ , it holds because for each
$x\in(D^{p}\cup D^{q})_{\gamma}$ and $n<L.$ if $n<l_{\gamma}$ then $|sx(n)|\leq n$ because $p$ and
$q$ are conditions and if $l_{\gamma}\leq n<L$ then the argument at the end of (b)
above shows that $|.\mathrm{s}x(\mathrm{r}\mathrm{z})|\leq l_{\gamma}\leq$ n. For the last $\mathrm{s}\mathrm{t}\mathfrak{l}\mathrm{a}\mathrm{t}\mathrm{l}\mathrm{e}\mathfrak{n}\iota \mathrm{e}\mathrm{l}\mathrm{l}$ { , we have $\mathrm{t}\mathrm{l}$)$\mathrm{a}|1$

$|F_{x}|$ is bounded by one of $|F_{x}^{p}|$ , $|F$’ $|$ , $|F_{x}^{p}|$ $+|F$” $|$ . In all cases, because
$p$ , $q\in W$ . we have that $|\mathrm{f}_{x}^{\mathrm{f}}|$ is bounded by either 2 $|\mathrm{q}|\leq w_{x}^{p}=u_{x}$’ or

$\underline{‘)}$ . $|F$: $|\leq$ .u$\prime qx=u_{x}^{\tau}$ . For clause 3, tIlc property is inherited from $\uparrow^{*}$. if the
rank of $\mathrm{a}^{1}$ is less than : , and, if the rank of $x$ is $\xi_{i}$ , is inherited from $p$

or $q$ if $\xi_{i}\in\overline{D}^{p}\backslash \overline{D}q$ or $\backslash iC\in\overline{D}^{q}\backslash \overline{D}^{p}$ . Otherwise we have $\sum\{w_{\mathrm{J}}$, : $x\in$

$(D^{p} \cup D^{q})_{\mathrm{e}_{\underline{\backslash }x}’}\}\leq\sum\{\mathrm{c}\iota_{x}^{p}’:.r. \in D_{\leq x}^{p}\}|\sum\{nf^{q}x : x \in D_{\leq x}^{q}\}\leq l_{\xi}\dot{.}\leq L.$ Clause
4 is inherited from $r$

” at ranks below $\xi_{i}$ and holds by definition at rank
$\xi_{i}$

Now wc check that $r$ extends $p$ and $q$ . By symmetry, it its enough to
check that $r$ extends $p$ . All of the clauses 5-9 in the definition hold below
rank $\xi_{j}$ because $r^{*}\leq r_{i-1}’\leq p$ [ $\xi_{i-1}+1.$ Consider now what they say
at. rank $\gamma=\xi_{i}$ . The inclusion of t.be domains and all but the last part
of 6 hold by definition of $.r$ . The last part of 6 holds because if $|x$ $\in D_{\gamma}^{p}$ ,
$j\in F_{x}^{p}$ and $\mathit{1},$ $\leq n<L,$ we chose $r$

’ so that $r’|\vdash_{\mathrm{N}_{<}}$, $\dot{f}(n)\in \mathrm{A}_{x,,l}’\subseteq sx(\mathrm{r})|)$ .
Because $\dot{f}$ is a $\mathrm{N}_{x}$-name and $\mathrm{N}_{x}$ is completely embedded in $\mathrm{N}_{<\gamma}\dot,$ it follows
that $r^{*}$ r $x$ $=\uparrow^{*}i\lceil \mathrm{J}$ also forces $j(r\iota)\in$ $\mathrm{s}x(\mathrm{i})$

The proof of clause 7 is a case by case analysis. Suppose $r$ , $y\in D_{l}^{p}$,,
$x<y$ and $l_{\gamma}\leq 7l$ $<L.$ Each of $x$ and $y$ comes under either $(\mathrm{c})(\mathrm{i})$ or
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$(\mathrm{c})(\mathrm{i}\mathrm{i}\mathrm{i})$ . Since the formulas used there are increasing functions of $x$ , $\mathfrak{n}^{\mathrm{r}}\mathrm{e}$

need only consider the following two cases.
Case 1. $x\in D_{\gamma}^{p}\backslash D_{\gamma}^{q}$ and $y\in D_{\gamma}^{p}\cap D_{\gamma}^{q}$ . Let $?n$ $\in$ sx(n) and fix

$\tilde{\mathrm{A}}$ witnessing this. (So, in particular, $m\in \mathrm{A}_{\approx}^{r}$ , $n\cdot$ ) Wc will show that
$\mathrm{A}_{\overline{\wedge}}’,n\subseteq s_{y}(n)$ . If $\approx\in D_{\swarrow,\backslash x}^{p}-$,, then also $\approx\in D_{\leq y}^{p}$ , so $K_{\grave{*},n}\subseteq$ sx(n). The other
possibility is that for some $z’\in D_{\gamma}^{p}\cap D_{\gamma}^{q}$ , $z\in(D^{p}\cup D^{q})_{\gamma}$ and $z\leq z’\leq x.$

Then $z’\in(D^{p}\cup D^{q})_{\leq y}$ , so again $K_{\sim,n\sim}\subseteq$ sx(n).
Case 2. $a^{\tau}\in D_{\gamma}^{p}\cap D_{\gamma}^{q}$ and $y\in D_{\gamma}^{p}\backslash D_{\gamma}^{q}$ . Fix $z\in(D^{p}\cup D^{q})_{\leq x}$ . Taking

$\approx^{l}=x,$ we have $\mathrm{s}$ $\leq z’<y$ witnessing that $\mathrm{A}_{z_{\backslash }n}’\subseteq sy$ (a).
For clause 8, we have that $\sum\{w_{x} : x\in(D^{p}\cup D^{q})_{\gamma}\}\leq\sum\{u_{\gamma}P$ : $x\in$

$D_{\wedge}^{\mathrm{p}}, \}+\sum\{\prime u_{\gamma}^{q}’ : x\in D_{\gamma}^{q}\}=L-l_{\gamma}$ by the definition of $L$ in (a). Finally,
clause 9 was checked in (c).

For $.i=k-1,$ we get that $r_{i}$ is a common extension of $p$ and $q$ .
This complete the proof that $\mathrm{N}_{Q}$ is $\mathrm{c}\mathrm{c}\mathrm{c}$ . $\square$

5 Proof of the main theorem
This section is devoted to tlre proof of Hechler’s theorem for the null

ideal. We will show that the forcing notion $\mathrm{N}_{Q}$ satisfies all the require
ments of the theorem.

Lemma 5.1- For a downward closed set $B\subseteq Q_{j}p\in \mathrm{N}_{Q_{i}}\xi\in\overline{D}$p and
$\mathit{1}\mathrm{V}$ $<\omega$

.’ there is $q\in \mathrm{N}_{B}$ such that $q\leq p$ and $l_{\xi}^{p}\geq N.$

Proof. Just apply Le mma 4.7 to $p’=p$ and N. $\square$

Lemma 5.2. For a downward closed set $B\underline{\subseteq}Q$ , $p\in \mathrm{N}_{B}$ and $a\in B_{i}$

there is $q\in \mathrm{N}_{B}$ such that $q\leq p$ and $a\in D^{q}$ .

Proof. We may assume that $a\not\in D^{p}$ . Let $\alpha$ $=$ rank(a).
If $\alpha$ $\not\in\overline{D}^{p}$ , then define $q\in$ N7 by letting $D^{q}=D^{p}\cup$ {a}, $s_{a}^{q}=\emptyset$ ,

$\prime a_{a}\prime^{q}=0$ , $F_{a}^{q}=\emptyset$ and other components of $q$ are the same as $p$ .
Now we assume that $ce\in\overline{D}^{p}$ . Define an a-preextension $p’$ of $p$ in $\mathrm{N}_{B}$

by letting $D^{p’}=D^{p}\cup\{a\}$ , $s_{a}^{p}$

’ is arbitrary with length $l_{a’ a}^{p}u$)$P’=0,$ $F_{a}^{d}=\emptyset$

and other components of $p’$ are the same as $p$ . Apply Lemma 4.7 to
$p,p’\square$

and $N=0,$ and we get $q\in \mathrm{N}_{B}$ with $q\leq p$ and $a\in D^{q}$ .
Lemma 5.3. For a downward closed set $B\subseteq Q_{f}p\in \mathrm{N}_{B}a?ld$. $a\in D_{f}^{p}$

there is $q\in \mathrm{N}_{B}$ such that $q\leq p$ and $w_{a}^{q}\geq|F$: $|+1.$

Proof. Let $ce=1^{\cdot}\mathrm{a}1\mathrm{A}(a)$ . Define an $\alpha$-preextension $p’$ of $p$ in $\mathrm{N}_{B}$ by letting
$D^{p’}=D_{\dot{J}}^{p}w_{a}^{d}=?L_{a}^{p}’\}1$ and other components of $p’$ are the same as $p$ .
Apply Lemma 4.7 to $p$ , $p’$ and $N=0,$ and we get $q\in \mathrm{N}_{B}$ as required. $\square$



74

Lemma 5.4, For a $do^{t}l\angle\eta\iota ward$ closed set $B\subseteq Q,$ $p\in \mathrm{N}_{B\mathrm{z}}a\in D^{p}$ atad
an $\mathrm{N}_{a}$ -name $\dot{f}$ for a function in $\omega$

’
$f$

there is $q\in \mathrm{N}_{B}$ such that $q\leq p$ and
$\dot{f}\in F_{a}^{q}$ .

Proof. First use Lenuna 5.3, and then put $j$ into $F_{a}^{q}$ . $\square$

Let $\mathrm{V}$ be a ground model and $G$ an $\mathrm{N}_{Q}$-generic filter over V. For
$a\in Q,$ let $G[a$ $=G$ ”

$\mathrm{N}_{a}=\{p\lceil a:p\in G\}$ . Then $C_{\tau}\lceil a$ is an $\mathrm{N}_{a}$-generic
filter over V.

In $\mathrm{V}[G]$ , for $a\in Q$ let $\mathrm{p}_{a}=\cup$ { $s_{a}^{p}$ $:\uparrow)\in C_{\tau}$ and $a\in D^{p}$}. By Lem-
mata 5.1 and 5.2, $\varphi_{a}$ is defined for every $a\in Q,$ and belongs to $S$ .

Lemma 5.5. In $\mathrm{V}[G]_{f}$ for every a $\in Q$ and f $\in\omega^{\omega}\cap \mathrm{V}[G\lceil a]_{j}$ for all $b\tau rt$

finitely many 7l $<$ tJ we have 7(71) $\in\varphi_{a}(\prime n)$ .

Proof. Follows from Lemma 5.4 and the definition of $\mathrm{N}_{Q}$ . $\square$

Lemma 5.6. $\Gamma\sqrt$or a, b $\in Q,$ if a $<b$ attd rank(a) $=$ rank(6), then for all
but finitely $\uparrow na?\iota y$ ti $<$ u we have $\varphi_{a}(n)\subseteq$ \mbox{\boldmath $\varphi$}b(n),

Proof. Clear from the definition of $\mathrm{N}_{Q}$ . $\square$

For $0$ $\in Q\dot,$ let $H_{a}=H_{\varphi_{a}}$ . Then each $H_{a}$ is a null subset of $2^{\omega}$ . We will
show that, in $\mathrm{V}[G]$ , the set $\{H_{a} : a\in Q\}$ is order-isomorphic to $(Q, \leq)$

and cofinal in $(N, \subseteq)$ .

Lemma 5.7. Let a $\in Q$ . For a Borel null set X $\subseteq 2^{\omega}$ which is coded in
$\mathrm{V}[G$ \lceil a,l, ,we have X $\subseteq H_{a}$ .

Proof. Follows from Lemma 5,5 and the observation in Section 2. $\square$

Lemma 5.8. In $\mathrm{V}[G]_{f}$ for $eve7^{\cdot}y$ null set X $\subseteq 2^{\iota d}$ there is a $\in Q$ satisfying
X $\subseteq H_{a}$ .

Proof. We may assume that $X$ is a Borel set in $\mathrm{V}[G]$ . By $0\iota \mathrm{u}$
. assumption

on $(Q, \leq)$ and because $\mathrm{N}_{Q}$ satisfies $\mathrm{c}\mathrm{c}\mathrm{c}$ , $X$ is coded in $\mathrm{V}[G$ $[ a]$ for some
$a\in Q,$ and by Lemma 5.7, we have $X\subseteq H_{a}$ . $\square$

Lemma 5.6. For a,b $\in Q,$ if a $\leq b$ then $H_{a}\subseteq H_{b}$ .

Proof. If $a\ll b,$ then $H_{a}$ is coded in $\mathrm{V}[G$ $[b]$ and hence $H_{a}\subseteq H_{b}$ follows
from Lemma 5.7. If $a<b$ and rank(a) $=$ rank(a) $)$ , then it follows from
Lemma 5.6 and the observation in Section 2. $\square$



75

For each $a$ $\in Q,$ let $r_{a}=r_{(\hat{t}a}$ and $R_{a}=R_{\varphi_{a}}$ as defined in Section 2.
As we observed in Section 3, we define an $\mathrm{N}_{Q}$-name $\dot{r}_{a}$ for $r_{a}$ so that, for
$p\in \mathrm{N}Q$ if $a$ $\in D^{p}$ and $|s_{a}^{p}|$ $=$ tt then $p$ decides the value of $\dot{r}_{a}[n$ .
Lemma 5.10. For $a,b\in Q.,$ if $a\not\leq b$ then $H_{a}$ \not\in $H_{b}$ .
Proof. Suppose that $a\not\leq b.$ Since we always have $R_{b}\cap H_{b}=\emptyset$ and $R_{b}\neq\emptyset$ ,
it suffices to show that $R_{b}\underline{\subseteq}H_{a}$ .

Fix $p\in \mathrm{N}_{Q}$ alld $\Lambda\prime I$ $<\omega$ . By Lemmata 5.2 and 5.3, we may assume
that $a$ , $b\in D^{p}$ and $u_{a}^{{}_{1}P}\geq|$ $\mathrm{q}|\mathrm{t}1$ .

We will find $q\leq p$ and $m>\Lambda f$ which satisfy $q|(\vdash\dot{r}_{b}(\mathrm{y}\mathrm{y}\mathrm{y})$ $\in$ $s\mathrm{l}(n)$ . This
implies that for infinitely many $l\mathit{7}1$ $<\omega$ we have $7_{b}^{\backslash }(\prime m)\in\varphi_{a}(?n)$ , and hence
$R_{b}\subseteq H_{a}$ .

Let $\alpha=$ raiik(a), $\mathrm{d}$ $=$ rank(b), $B=\{x\in Q : \mathrm{J}^{\backslash }\leq l,\}$ . Note that, $a\not\in B$

by the assumption. Extend $p$ if necessary to arrange the following.
1f $B_{\alpha}\neq 4$

$\emptyset$ , $\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{e}\mathrm{n}B_{\alpha}\cap D^{p}\neq\emptyset$.
(The following observation is not used in the proof, but note for clarity
that because of tfre definition of rank for elements of $Q\backslash R$ , tllc ranks of
the elements of a downward closed set need not be an initial segment of
the ordinals. For example, if $R=\omega_{1}$ ordered as usual and $Q$ is $R$ with
new elements $e_{a}.$, where $e_{\alpha}\leq$ a but no other relations hold other than the
ones needed to ensure transitivity, then $e_{a}$ has rank a and every subset
of $\{e_{\alpha} : \alpha<\omega_{1}\}$ is downward closed. Thus the assumption $B_{\alpha}4$ $\emptyset$ can
fail even if a $<$ V.)

$\backslash ,\backslash r_{\mathrm{e}}$ set $\uparrow n=\max\{\Lambda \mathrm{f}, l_{\alpha}^{p}\}+1.$

Using Lemma 5. 1, get $p^{*}\in \mathrm{N}_{B}$ extending $p[B$ such that $|\mathrm{s}\mathrm{K}^{\mathrm{r}}$ $|\geq$ ?n $\mathrm{f}1$ .
By the choice of $?^{\tau_{b}}$

.,
$p$
’ decides the value of $\dot{r}_{b}(\}\mathrm{n}).$, so let $k$ be such that

$p^{*}|\mathrm{t}\vdash_{\Gamma\triangleleft_{B}}\dot{r}$b(yn) $=k.$

We will construct $q\in \mathrm{N}_{Q}$ satisfying $q\leq p$ and $q\leq p’,$ using an
argument similar to, but solllewIlat more difficult than, the proof of
Lemma 4.5.

The proof which follows is really two similar but different proofs, one
for the case where $B_{1},-\neq\emptyset$ and one for the case $B_{\alpha}=\emptyset$ . In order to be
able to write as much as possible of the two proofs as one, we will use the
abuse of notation $\mathrm{n}1\mathrm{a}\mathrm{x}\{l_{\alpha}^{p^{*}}, l_{\alpha}^{p}\}$ to designate $l_{\alpha}^{p^{*}}$ when $B_{\alpha}4$ $\emptyset$ and $l_{\alpha}^{p}$ when
$B_{\alpha}=\emptyset$ (in which case $l_{\alpha}^{p^{*}}$ is actually not defined).

We will be done if we build $q\leq p$ with $k\in s_{a}^{q}(m)$ . For $x\in D_{\alpha}^{p^{*}}$ ,
let $(s_{xx},u|, \mathrm{F}_{x})$ $=(s_{x}^{p^{*}},w_{x}^{p^{*}}" F_{x}^{p^{\mathrm{r}}})$ . For $x\in D_{a}^{p}\backslash D_{\alpha}^{p}$

., let $(s_{x},w_{x}, F_{x})=$

$(s_{x}^{p},u_{x}\}p, F_{x}^{p})$ . Let

L $=\Sigma\{w_{x}$: x $\in D_{a}^{p}\cup D_{\alpha}^{p^{*}}\}+\max\{l_{\alpha}^{p^{*}},l_{\alpha}^{p}\}+m+1.$
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$\mathrm{C}’$hoose $q_{0}\mathrm{E}$
$\mathrm{N}_{\alpha}$ so that $q_{0}\leq p$ [ $\alpha$ , $q_{0}.\leq p^{*}$ r $\alpha$ (and hence also $q_{0}\lceil B_{<c\iota}\leq$

$p^{*}\lceil\alpha)$ , and $q_{0}$ decides the values of $f\lceil L$ for all $f\in\cup\{F_{x} : x\in D_{\alpha}^{p}\cup D_{\alpha}^{p^{*}}\}$ .
For $x\in D_{\alpha}^{p}\cup D_{\alpha}^{p^{*}}$ aud $n$ $\in L\backslash |sx|$ , let $I\mathrm{e}_{x,n}\subseteq$ $\mathrm{w}$ be the set satisfying
$q_{0}|\vdash$ $\mathrm{A}_{x.n}’\vee=\{j(\cdot n)$ : $\dot{f}\in F_{x}1$ For $\alpha\cdot\in D_{\alpha}^{p}\cup D_{a}^{p^{*}}$ and $n\in L\backslash |sx1$ if
$(x, n)4$ ( $a.$, in) then let $K_{i\iota\cdot.n}’=I\mathrm{f}_{x.n}$ , and let $\mathrm{A}_{a,rn}^{\vee/}=h_{a,m}’\cup\{k\}$ . By the
assumption that $w_{a}^{p}\geq|F_{a}^{p}|41$ , we have $|K\mathrm{y}$ , $n|\leq u_{x}$’ for all $x\in D_{\alpha}^{p}\cup D_{\alpha}^{\mathrm{p}^{*}}$

and $n\in L\backslash |sx|$ .
Define $s_{\mathrm{J}}^{*}$. for $x\in D_{\alpha}^{p}\cup D_{\alpha}^{p^{*}}$ as follows. If $x\in D_{\alpha}^{p^{*}}$ , then $|sx*|=L,$

$s_{x}$’i $l_{\alpha}^{p^{\iota}}=s_{x}$ , alld for rv $\in L\backslash l_{\alpha}^{p^{*}}$ ,

$s_{x}^{*}(\dagger l)=\mathrm{J}\mathrm{I}^{I\dot{1}}$’,n : z $\in D_{\leq x}^{p^{*}}$ }.

If $\mathrm{r}$ $\in D_{\alpha}^{p}\backslash D:’$
$\urcorner$ then $|s\mathrm{x}|=L,$ $s_{x}^{*}\lceil l_{\alpha}^{p}--s_{x}$ , and for $7l$ $\in L\backslash l_{\alpha}^{p}$ ,

$s_{r}^{*}.(n)=\{\begin{array}{l}\cup\{s_{\mathrm{v},\sim},(\cdot n)\cdot.z\in D_{\leq x}^{p}\cap D_{\alpha}^{p^{*}}\}\cup\cup\{I\{_{z,n}^{-/}\cdot.z\in D_{\leq x}^{p}\backslash D_{\alpha}^{p^{k}}\}\}\cup\{\mathrm{A}_{\sim.n}’’...\tilde{k}\in(D_{\alpha}^{p}\cup D_{\alpha}^{\mathrm{p}^{*}})_{\leq x_{\wedge}}\}\end{array}$ $l_{\alpha}^{p}\leq n.<.111\mathrm{a}\mathrm{x}\{l_{\alpha\prime}^{p^{*}}.l_{\alpha}^{p}\}\mathrm{n}1\mathrm{a}\mathrm{x}\{l_{\mathrm{C}\mathrm{Y}}^{p},l_{a}^{p}\}\leq\cdot r\iota<_{\backslash }L$

Define $q_{1}$ by $q_{1}=\{(s_{x}^{q1}, w_{x}^{q1}, F_{x^{1}}^{q}) : x\in D^{q0}JD^{p^{\mathrm{r}}}\cup D_{\alpha}^{p}\}$ where

1. For $x\in D^{q\mathrm{Q}}$ , $(s_{x}^{q1}, u_{x}^{q_{1}}\acute{\prime}, F_{x^{1}}^{q})$ $=(s_{x}^{q0},w_{x}^{q_{\iota 1}},\Gamma^{\mathrm{t}}:’)$

2. For $7\in D_{\alpha}^{p}\cup D_{\alpha}^{p’}$ , $(.\mathrm{s}_{x}^{q[perp]}, \tau v_{\mathrm{J}}^{q1}., F_{x^{1}}^{q})$ $=(s;, \mathrm{w}, , \Gamma_{x}^{t})$

3. For $x\in D^{p^{*}}\backslash Q_{<\alpha+1}-$ , $(s_{x}^{q1}, w_{x}^{q_{1}}, F_{x^{1}}^{q})$ $=(_{\mathrm{L}}\mathrm{s}_{x}^{p^{*}}, w_{x}^{p^{*}}, F_{x}^{p^{*}})$

We now check that $q_{1}\in$ Nq. The conditions of Definition 4.1 are satisfied
below (resp. above) rank $\alpha \mathrm{b}\mathrm{e}\mathrm{c}\cdot \mathrm{a}\iota 1$ se $q_{0}$ (resp. $p^{*}$ ) is a condition. Consider
what they say at rank $\alpha$ . The first clause is trivial. The fourth holds
because the $s_{x}^{q_{1}}$ ’s all have domain $L$ . The third clause c.all be checked in
two cases.

(i) If x $\in D_{c\iota:}^{p^{*}}$ then $D_{\leq x}^{q1}=(D^{p}\cup D^{p^{*}})_{\leq x}=D_{\leq x}^{p^{*}}$, so $\sum\{u_{\wedge^{\backslash }}^{q1}$’ : z $\in$

$D_{\leq x}^{q1}\}=$ $\sum\{u4’$: z$\in D_{\leq_{\backslash }x}^{p^{*}}\}$ $\leq l_{\alpha}^{p^{*}}\leq L.$

(ii) If $x$ $\in D_{\alpha}^{p}\backslash D_{\alpha:}^{p^{*}}$ then $D_{\leq x}^{q_{1}}=D_{\leq x}^{p}\cup D_{\leq x}^{p^{*}}$ , so $\sum\{w_{z}^{q1} : z\in D_{\leq x}^{q1}\}=$

$\sum\{w_{\approx} : z\in D_{\leq x}^{p}\cup D_{\leq x}^{p^{*}}\}\leq\sum\{w_{z} : z\in D_{\alpha}^{p}\cup D_{\alpha}^{p^{*}}\}\leq L$.

For the second, all the requirements except that the $s_{x}^{q}$’s are partial
slaloms follow from the fact that $p$ and $p^{*}$ are conditions. We need to check
that $|s:(n)|\leq n$ for each relevant ?. If $x\in D_{\alpha}^{p^{*}}$ , then for $l_{\alpha}^{p^{*}}\leq n<L,$ we
have $|s_{x}^{*}(’ \tau)|\leq\sum\{w_{\sim,\ }^{p^{*}}, : \approx\in D_{\leq x}^{p^{l}}\}$ $\leq|s_{\mathrm{a}}^{\mathrm{p}}\cdot$

’
$|=l_{\alpha}^{p^{*}}\leq n.$ If $x\in D_{\alpha}^{p}\backslash D_{\alpha}^{p^{\mathrm{s}}}$ , we

consider three cases.
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Case 1. $l_{\alpha}^{p} \leq n<\max\{l_{\alpha}^{p^{*}}, l_{L1}^{p}\}$ . In order for this case to be non
vacuous, we must have $\alpha\in\overline{D}$1A$B$ . Then Definition 4.1(9) for $p^{*}\leq p$ $[$ $B$

with $E=$ $\mathrm{f}x\cap D^{p^{*}}$ gives

$|s:(?\mathrm{z})|$

$\leq=\sum_{l_{\alpha}},\{u\}\underline{\backslash ^{\nearrow}}\sum_{p}\{u_{\vee}^{p}’.\cdot\in E\sqrt\}\wedge\cdot\tilde{\sim}+.(_{tl}-l_{a}^{p})+\Sigma\{u_{\vee}^{p}.\backslash$

: z
$\in D_{\leq x}^{p}\backslash E,\}\{(-l_{a}^{p})-\sim p.\in D_{\leq x}^{p}\}z_{?l-n}^{\wedge}+(n-t_{\alpha}^{p})$

$\mathrm{C}’$ase 2. $\max\{l_{\alpha}^{p^{*}}., l_{\alpha}^{p}\}\leq n<L.$ If $\alpha\in\overline{D}^{\mathrm{d}^{B}}$ , then Definition 4.1(8) for
$p^{*}\leq p[B$ gives

$\Sigma\{w_{\gamma}^{p^{*}}.$: z $\in D_{\alpha}^{p^{*}}\}\leq\Sigma\{\mathrm{c}\iota_{\wedge}^{p}\mathrm{J} :\wedge$z $\in D_{\alpha}^{I\mathrm{f}^{B}}\}-$t $(l_{\alpha}^{p^{l}}-l_{a}^{p})$ .
Removing terms with z $\not\leq x$ from both sides (see Remark 1) gives

$\Sigma\{w_{z}’)^{*}$: z $\in D_{\leq x}^{p^{*}}\}\leq\Sigma\{w_{z}^{p}$ :$\approx\in D_{\leq x}^{p}\cap B\}$ $+(l\mathrm{Q}’ -l_{\alpha}^{p})$ .
$\mathrm{P}\mathrm{L}’ \mathrm{o}\mathrm{m}$ the formula for $sx(n)$ wc now gct

$|sx( \mathrm{v}\mathrm{r})|\leq\sum\{w_{\sim}^{p^{*}}’ : \chi \in D_{\leq x}^{p^{*}}\}+$ I$\{w_{z}^{p} : \mathrm{s}\in D_{\leq x}^{p}\mathrm{s}8\}$

$= \sum_{\leq}\{w_{z}^{p}...\cdot.\approx\in D_{\leq x}^{p}\}+(l_{\alpha}^{p^{*}}-l_{\alpha}^{p})\leq\sum\{\prime u_{\sim}\prime^{p}l_{a}^{p}+(l_{\alpha}^{p^{4}}z\in D_{\leq_{\backslash }’x}^{p}\bigcap_{-}B\}+(l_{\alpha}^{p^{k}}-l_{a}^{p})+\sum\{M_{z} : z\in D_{\leq x}^{p}\backslash B\}-l_{a}^{p})=l_{\alpha}^{p^{*}}\leq n$

.
If $\alpha\not\in\overline{D}^{A}$”, then $B_{\alpha}=l$)

$,$ so $\alpha\not\in\overline{D}^{I^{*}}$ The formula for $s:(\mathrm{r}\mathrm{i})$ thus reduces
$l\mathrm{t}\mathrm{o}$ $\leq’ ns_{x}(?;)=\cup\{\mathrm{A}_{-,\sim}’ : z\in D_{e_{\underline{\backslash }x}}^{p}\}$

, and llellCe $|S:(7\mathrm{Z})$

$| \leq\sum\{w_{z}^{p} : z \in \mathrm{K}_{x}\}$
$\leq$

Thus, $q_{1}$ is a condition. We now check Definition 4.1(5-9) for $q_{1}\leq p’$

$\mathrm{a}\mathrm{n}\epsilon 1$

$q_{1}\leq p$ ( $B\cup O_{\vee}<\alpha+1$ . (We only need the latter, but the former is
needed at one point of the proof.) Clause 5 follows from the definition
of $q_{1}$ . For clauses 6-9, first note that below rank $\alpha$ , they hold because
$q_{0}\leq p$ [ a and $q_{0}\leq p^{*}\lceil\alpha$ . Consider what happens at rank $\alpha$ . Clause 6
holds because for $x\in D_{\alpha}^{p}\cup D_{\alpha}^{p^{*}}$ and all the relevant values of $j$ and $?l$ , we
have from the definitions that $q_{0}1\vdash$ $7(77)$ $\in I\mathrm{e}_{\mathrm{n}\cdot,n}$ and $h_{x}’$ ,,$l\subseteq s_{x}^{*}(n)$ . $\Gamma|o\mathrm{r}$

clause 7, we consider three cases. Let $2’<y$ be elements of $D_{\alpha}^{p}\cup D_{a}^{p^{*}}$

(i) If $x$ , $y\in D_{\alpha}^{p^{*}}$ , then for checking $\mathrm{j}_{1}\leq p’,$ just use the monotonicity
of $s_{x}^{*}(\uparrow)$ as a function of $x$ . For checking $q_{1}\leq p$ ( $B\cup Q_{<\alpha+1}$ , we
also need to consider values of $n$ such that $l_{\alpha}^{p}\leq n$ $<l_{a}^{p^{*}}$ But then
$s:(\mathrm{r}\mathrm{z})$ $=s_{x}^{p}.(n)\subseteq spy’$ $(n)=s_{y}^{*}(n)$ because $p^{*}\leq p\lceil B$ .
This is the only case to consider for checking clause 7 for $q_{1}\leq p’$ at
stage $\alpha$ . The remaining cases deal with checking $q_{1}\leq p\lceil B\cup Q_{<\alpha+1}$ .
Note that if $y\in D_{\alpha}^{p^{*}}\cap D_{\alpha}^{p}=D_{\alpha}^{p}\cap B$ then also $x\in D_{\alpha}^{p^{*}}\cap D_{\alpha}^{p}$ since
$B$ is downward closed.
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(ii) If $a^{\mathrm{J}},$ , $y\in D_{\alpha}^{p}\backslash D_{\mathrm{r}\nu}^{p^{k}}$ ., use the nionotonicity of $s?.(72)$ as a function of
x.

(iii) If $x\in D_{\alpha}^{p^{*}}\cap D_{\alpha}^{p}$ aud $y\in D_{\alpha}^{p}\backslash D_{\epsilon\iota}^{p^{\mathrm{r}}}$ , then consider first a value of
$\prime n$ such that $l_{\alpha}^{p}\leq 7l$ $<l_{\alpha}^{p^{*}}$ We have $s_{x}’(n)=$ $s_{x}(72)$ $\subseteq\cup\{s_{z}(n)$ : $\mathrm{s}$ $\in$

$D_{\leq y}^{p}\cap D_{a}^{p^{*}}$ $\}$ $\subseteq s_{y}^{*}(?\iota)$ . Next consider ti such that $l_{\alpha}^{p^{*}}\leq.n<L.$ $\backslash \cdot \mathrm{t}^{r}\mathrm{e}$

have $s_{x}^{*}(\mathrm{r}\mathrm{z})$ $=\cup\{\mathrm{A}_{-,\sim}’ : z\in D_{\leq x}^{p^{*}}\}\subseteq\cup\{I\check{\iota}_{z,n}^{J} : \approx\in(D_{a}^{\rho}\cup D_{\alpha}^{p^{*}})_{\leq y}\}=$

$s_{y}^{*}(72)$ .

That takes care of clause 7. Clause 8 follows from the fact that if $\alpha\in\overline{D}^{p^{*}}$ ,
then from the definition of $L$ we have $\sum\{\mathrm{u}\prime_{x} : \mathrm{i}1^{\backslash }\in D_{\alpha}^{p^{*}}\cup D_{\alpha}^{p}\}$ $\leq L-l_{\alpha}^{p}$

’ ,
and if $\alpha\in\overline{D}_{\alpha}^{p}\backslash \overline{D}_{\alpha}^{p}’$ , then $\sum\{u_{x}’ : x \in D_{\alpha}^{p^{*}}\cup D_{\alpha}^{p}\}\leq L-l_{\alpha}^{p}$. For clause
9 first we check $q_{1}\leq p^{*}$ . If $ce\in\overline{D}^{p^{*}}$ , $E\subseteq D_{\alpha}^{p^{1}}$ is downward clcwd in
$D_{cx}^{p^{*}}$ and $l_{\alpha}^{p^{*}}\leq?\mathrm{t}<L,$ then $|5\mathrm{J}\{s_{x}^{*}(n) ; x \in E, \}|=|5\mathrm{J}\{\mathrm{A}_{x,n}^{-\prime} : x. \in E\}|\leq$

$\sum\{u_{x}^{p^{*}}’ : 1’ \in E\}$ . Next we check $q_{1}\leq p\mathrm{r}$ $B\cup Q_{<\alpha+1}$ . Note that the
elements of rank $\alpha$ are the same for the don ains of $p$ and $p$ $[$ $B\cup Q_{<\alpha \mathit{1}1}$ .
Also $\alpha\in D_{a}^{p}$ since $a\in D^{p}$ . Let $E\underline{\subseteq}D_{a}^{p}$ be downward closed. Consider
two cases.

Case 1. $l_{\epsilon\iota}^{p}\leq n<l_{\alpha}^{p^{\ell}}$ We have

$|\mathrm{j}\mathrm{J}\{s_{x}’(n) : x\in E\}|=|5\mathrm{J}\{s:(n) : \mathrm{r} \mathrm{E} E\cap B\}$ $\cup\cup\{s_{x}^{*}(?l) : x\in E\backslash B\}|$

$=|5\mathrm{J}$ { $s$; (n) : $x\in E\cap B$} $\cup\cup\{\mathrm{A}_{x,n}’ : J^{\cdot}\in E\backslash B\}|$

$\leq\sum\{ff_{x}i^{B} : x\in E\cap B\}$ $+(n-l_{\alpha}^{p}’)+ \sum\{w_{x}^{p} : x\in E\backslash B\}$

$=$ \sum {ufxp: $x\in E$} $-$t- $(n -l_{\alpha}^{p})$ .

Case 2. $\mathrm{m}\mathrm{a}s\mathrm{c}\{l_{\alpha}^{p^{*}}.,l_{\alpha}^{\rho}\}\leq n<L.$ Let $E’=\{\approx\in D_{\alpha}^{\mathrm{p}^{\mathrm{s}}}$ : for some $x$ $\in$

$E,$ $\approx\leq x\}$ . We have

$|5^{\mathrm{J}}\{s_{x}^{*}(l\mathrm{Z}) : x\in E\}|--|\mathrm{Q}\{s_{x}^{*}(\mathrm{t}\mathrm{t}) : x \in E\cap B\}$ $\cup\cup\{s_{x}^{*}(?\iota) : x\in E\backslash B\}|$

$=|5\mathrm{J}$ { $I\mathrm{c}\vee$q,
$n$

: $x\in E^{l}’$} $\cup\cup\{\mathrm{A}_{x.n}’’ : c\in E\backslash B\}|$

$\leq\sum\{w_{x}^{p^{*}} : x\in E’\}-$ I $- \sum\{w_{x}^{p} : \alpha^{\backslash }\in E\backslash B\}$ .

If $E’$ is empty, then this last expression is $\leq\sum\{u\}xp$ : $x$ $\in E$}. If not, then
Definition 4.1(8) applied to $p^{*}\leq p[B$ (with terms outside $E’$ eliminated
from both sides) gives that

$\sum\{u_{x}^{{}_{\mathrm{J}}\mathrm{P}^{*}} : x\in E’\}+\sum\{f_{x}f : x \in E\backslash B\}$

$\leq\sum\{w_{x}^{p} : x\in E\cap B\}-\vdash(l_{\alpha}^{p^{*}}-l_{\alpha}^{\mathrm{p}})\}\sum\{\prime w_{x}^{p} : \mathrm{v}: \in E\backslash B\}$

$= \sum\{w_{x}^{p} : x. \in E\}+(l_{\alpha}^{p^{*}}-lj)$

$\leq\sum\{uP : x\in E\}x+(n-t_{\alpha}^{p})$ .
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Thus, the conditions for $q_{1}\leq p^{*}$ and $q_{1}\leq p$ [ $B\cup Q_{<\alpha+1}$ hold up to rank
$\alpha$ . Above rank $\alpha$ , $q_{1}$ agrees with $p^{*}$ , so Definition 4.1 $(6^{\cdot}-9)$ hold trivially
for $q_{1}\leq p^{*}$ . For $q_{1}\leq p$ [ $B\cup Q_{<\alpha+1}$ we need to prove the the clauses for
$\xi>\alpha$ . All of them follow from the fact $t$ hat $p^{*}\leq p$ $[$ $B$ , $q_{1}\lceil$ $\xi\leq p’|\xi$ ,
and $q_{1}$ agrees with $p^{*}$ at rank $\mathrm{r}$ . (The fact that $q_{1}$ [ $\xi\leq p^{*}\lceil\xi$ is need to
check the last part of clause 6.)

No$\mathrm{w}$ we apply Lemma 4.5 to $p$ and $q_{1}$ , and we get $q\in \mathrm{N}_{Q}$ such that
$q\leq p$ and $q|\mathrm{t}\vdash\dot{7}_{b}^{*}(m,)\in$ $s:(\mathrm{r}n)$ . $\square$

Now we have the following main theorem.

Theorem 5.11. Let A be lh.c collection of null sets in $2^{\omega}$ . Suppose that $Q$

is a partially ordered set such that every countable subset of $Q$ has a strict
upper bound in Q. Then in the forcing model by $\mathrm{N}_{Q_{j}}(N, \subseteq)$ contains $a$

cofinal subset $\{II_{a} : a\in Q\}$ which is order-isomorphic to $(Q, \leq)_{j}$ that is,

1. for every X $\in N$ there is a $\in Q$ such that X $\subseteq H_{\mathrm{e}\iota}$

.’ and

g. for a,b $\in Q_{:}H_{a}\subseteq H_{b}$ if and only if a $\leq b.$

Acknowledgement
I would like to thank Tomek Bartoszyiiski, Jorg Brendle, Sakae Fuchino.

Shizuo Kamo and Tadatoshi Miyamoto for their helpful comments, sug-
gestion and discussion.

References
[1] T. Bartoszyiiski. Invariants of measure alld cate

gory. Handbook of Set Theory (in preparation),
http: $//\mathrm{f}\mathrm{r}\mathrm{o}\mathrm{n}\mathrm{t}$ .math . ucdavis .edulmath .L019910015

[2] T. Bartoszyriski and II. Judah. Set Theory: On the Structure of the Real
Line. A. K. Peters, Wellesley, Massachusetts, 1995.

[3] T. Bartoszyiiski and M. Kada. Hechler’s th orem
for the meager ideal. to appear ill Topology Appl.
http: $//\mathrm{f}\mathrm{r}\mathrm{o}\mathrm{n}\mathrm{t}$ . math .ucdavis . $\mathrm{e}\mathrm{d}\mathrm{u}/\mathrm{m}\mathrm{a}\mathrm{t}\mathrm{h}$ . $\mathrm{L}0/0209086$

[4] M. R. Burke, A proof of Hechler’s theorem on embedding $\aleph_{1}$-direct.ecl sets
cofinally into $(\omega^{\omega}, <^{*})$ . Arch, Math. Logic, $36:399-403_{\backslash }$ 1997.

[5] M. R. Burke and M. Kada. Hechler’s theorem for the nuU ideal. subitted.



[6] S. II. Heckler. On the existence of certain eofinal subsets of ’ $\omega$ . In T. Jech,

editor, Axiomatic Set Theory. Proc. Symp. Pure Math., pages 155-173.
Amer. Math. Soc, 1974.

[7] 嘉 勝. Variations of Hechler’s theorem. 集合論的手法による相対的無矛
盾性の証明の周辺, 数理解析研究所講究録 1304, pages 1-28. 京都大学数理
解析研究所, 2003.

[8] L. Soukup. Pcf theory and cardinal invari ants of the reals, 2001. unpub-

lished notes.


