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1. INTRODUCTION

We consider a finite set of irrational numbers $\{\tau_{1}, \tau_{2}, \ldots, \tau_{n}\}$ , which are rati0-
nally independent. Diophanitine conditions for these numbers, which are very
well known for the relations to the KAM theorem, are as follows:

There exist constants 7, $d:\gamma>0$ , $d>n,$ which satisfy

$|(7_{1}?71 +\tau_{22}\mathrm{r}\mathrm{r}+\cdots+\tau_{n}m_{n})$
$-l| \geq\frac{\gamma}{|m|^{d}}$

for every integers $m=$ $(m_{1}$ , $m_{2}$ , ..., $m_{n})\in \mathrm{Z}^{n}$ , $l\in \mathrm{Z}$ where $|\cdot|$ denotes
a usual Euclidean norm.
for every integers $m=$ $(m_{1}, m_{2}, \ldots, m_{n})\in \mathrm{Z}^{n}$ , $l\in \mathrm{Z}$ where $|\cdot|$ denotes
ausual Euclidean norm.

In our previous paper [5] we treat the case $n=2$ and consider the Diophan-
tine sequences of $\{n_{j}/m_{j}, r_{j}/l_{j}\}$ for $\{\tau_{1},\tau_{2}\}$ , respectively. Then we define the
extended sets of positive integers, denoted by $[M]_{k}^{\alpha}$ , $[L]_{s}^{\beta}$ , which are given by us-
ing certain finite sequences in $\{m_{j}\}$ , $\{l_{j}\}$ as bases, where $k$ and $s$ point out the
largest subscripts of the finite sequences and $\alpha,\beta$ : $0\leq\alpha$ , fl $<1$ are the pa-
rameters given by their lengths of the finite sequences in $\{m_{j}\}$ , $\{l_{j}\}$ , respectively.
We consider a sequence of positive integers in the intersection of the two sets:
$T_{j}\in[M]_{k_{j}}^{\alpha_{j}}\cap[L]_{s_{j}}^{\beta_{j}}$ , which we call extended common multiples ( $\mathrm{a}\mathrm{b}\mathrm{r}$. ECM). We
introduce $\delta_{0}$-ECM condition (or pairs) where

$\delta_{0}:=\lim_{j}\inf\max\{\alpha_{j}, \sqrt j\}<1$

and, also we introduce a parametrizing Diophanitne condition, which we call h-
(D) condition where $d_{0}$ is the infimum of the constants $d$ in the usual Diophanitne
condition. Under some restrictive condition for the partial quotients of continued
ffaction expansions (Hypotheses (A), $(\mathrm{A}’)$ in [5]) we have shown the relations
between the $\delta_{0}$-ECM condition and $d_{0^{-}}(\mathrm{D})$ condition. In this paper we treat the
general case $n\geq 2$ and show the relation between the two conditions without
assuming Hypotheses (A) or $(\mathrm{A}’)$ .

Our plan of this paper is as follows. In section 2 we introduce the definition of
Extended Common Multiples. In section 3, introducing the definitions of $\delta_{0}$-ECM
condition and $d_{0^{-}}(\mathrm{D})$ condition, we show the inequality relations between these
two parameters $\delta_{0}$ and $d_{0}$ . In section 4 we estimate the recurrent dimensions of
quasi-periodic orbits with $n$ irrational frequencies of (KL) class.
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2. EXTENDED common MULTIPLES

Let us call a irrational number $\tau$ a Khinchin-L\’evy class number or (KL) class
number if, for the denominators $\{m_{\mathrm{j}}\}$ of the Diophantine approximation of $\tau$ ,
there exist constants $C_{1}$ , $C_{2}>1,$ which satisfy

(2.1) $C_{1}^{j}\leq m_{j}\leq C_{2}^{j}$ , $lj$ $\geq j_{0}$

for some $j_{0}\in$ N.

Rema$rk$ $2.1$ . In [1] Khinchin proved that almost all irrational numbers $\mathrm{s}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{s}\theta$

$(2.1)$ and furthermore, he had shown that there exists a constant $\gamma_{0}$ , which
satisfies

$\lim_{karrow\infty}(m_{k})^{\mathrm{p}}1=\gamma_{0}$

for almost all irrational numbers. By Levy this constant was estimated:
$\gamma_{0}=e^{\frac{\pi^{2}}{121\mathrm{o}\mathrm{g}2}}\sim$ 3.27582...

Let $\{\tau_{1},\tau_{2}, \ldots, \tau_{n}\}$ be rationally independent irrational numbers,
$\tau_{i}=[a_{i,1,:,2}a, \ldots., a_{i,j}, ..]$ be the continued fraction expansion and
$\{n_{i,1}/m:,1,n_{\dot{t},2}/m_{i,2}, \ldots,n_{i,j}/m_{i\dot{\mathfrak{p}}}, \ldots\}$ be the Diophantine sequence of $\tau_{i}$ for each
$i\in\{1$ , $\ldots$ , 7| $\}$ . We assume that $\tau\dot{.},$ $i=1,$ ..., $n$ are (KL) class numbers:

There exist constants $C_{i},,{}_{1}C_{i,2}>0,$ which satisfy

(2.2) $C_{i,1}^{j}\leq m_{i,j}\leq C_{i,2}^{j}$ , $\forall j\geq j_{i,0}$

for some $j_{\dot{l}},0\in \mathrm{N},i=1$ , $\ldots,n$ .
In view of Remark 2.1 we use the following notations:

$E_{1}= \min_{i}C_{i,1}$ , $E_{2}= \max_{i}C_{\dot{1},2}$ .

We define the following sets of positive integers by using $\{m_{i,j}\}$ as the bases.
For each $i\in\{1$ , ..., $n\}$ , let $0\leq\alpha:<1$ and $k_{i}\in$ N, then we put

$[M_{i}]_{k}^{\alpha_{*}}.\cdot$

.
$:=\{m\in \mathrm{N}$ : $m=p_{i,k}\dot{.}m_{i,k}.\cdot+p_{\dot{1}},k\dot{.}-1m_{i,k-1}+\cdots+p_{i,u}::m_{i,\mathrm{u}}$ .,

$k_{:}\geq u_{\dot{l}}\geq 1$ : $\frac{k_{i}-u_{i}}{k_{i}}=\alpha_{i}$ , $p:,j$ $\in \mathrm{N}_{0},j=u_{i},u:+1,$ ..., $k_{i}$ :

$p:,k_{*},p\dot{.},u:\geq 1$ , $p_{j} \dot{.}|<\frac{m_{|\iota j+1}}{m_{\dot{l},j}}$

.
, $j=u:,u_{i}+1,$ ..., $k_{:}$ }.

Furthermore, we define
$[M_{i}]_{h}^{(d)}.:=\{m\in \mathrm{N}:\mathit{1}\mathit{1}\mathit{9}$ $=p_{i,k}.m_{i,k:}+p\dot{.},k:^{-1:,k:-1}m+\cdots+p_{i,d}m_{i,d}$ ,

$p_{i_{\dot{\beta}}}\in \mathrm{N}_{0},j=d,d+1$, $\ldots,k_{:}$ :

$1 \leq p_{i,k_{}}<\frac{m,k.+1}{m_{i,k_{i}}}.$

.,
$0 \leq p_{\dot{1}\dot{\beta}}<\frac{m_{i,j+1}}{m_{i,j}}$ , $j=d,d+1$ , $\ldots$ , $k_{t}-1$}

and define

$[M\dot{.}]^{(d)}:=.\cup[M_{i}]_{k}^{(d)}k_{*}=d\infty.\cdot$
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for $d=0,1,2$ , ..., $\mathrm{i}$ $=1,$ ..., $n$ . Since $m_{i,0}=l_{i,0}=1,$ we note that
$\mathrm{N}=[M_{i}]^{(0)}$ .

Furthermore, since we have

$m_{i,1}\geq 2$ if $0< \tau_{i}<\frac{1}{2}$

and we have

$m_{i,1}=1,\mathit{7}\mathit{1}\mathit{9}:,2$ $\geq 2$ if $\frac{1}{2}<\tau_{\dot{l}}<1,$

we consider the intersection of the sets $i=1\cap[M_{i}]^{(d)}n$: as follows:

(2.3) $d_{i}=1$ if $0< \tau_{i}<\frac{1}{2}$ and $d_{i}=2$ if $\frac{1}{2}<$
$\tau_{i}$ $<1$ .

For each positive integer $m$ we can consider the unique expression;

$m=p_{i,k}.\cdot m_{i,k}$ . $+p_{\dot{\iota},k.-1}m_{i,k.-1}+\cdots+p_{i,u}.m_{i,u}\dot{.}$

by introducing the lexicographical order as follows.
Hereafter we use the simplified notations $p_{k}=p_{i,k}\dot{.}$ , $m_{k}=m_{i,k}$. in the case not

confused. Assume that some number $m$ has two expressions such that

$m=p_{k_{1}}m_{k_{1}}+p_{\mathit{1}_{1}}$ $-1mk_{1}-1+\cdot\cdot$ . $+p_{u}1m_{u_{1}}:=[m1]$

$=p_{k_{2}}rn_{k_{2}}+p_{k_{2}-1}m_{k_{2}-1}+\cdot$ . . $+p_{u_{2}}m_{u_{2}}:=[m2]$ .
Define $[m1]\leq[m2]$ if $k_{1}<k_{2}$ , or otherwise if $k_{1}=k_{2}$ and $p_{k_{1}}<p_{k_{2}}$ , or

otherwise if $k_{1}=k_{2}$ and

$Fk_{1}=p_{k}2$ , $p_{k_{1}-1}$ $=p_{k_{2}-1}$ , $\cdots$ , $Pk_{1}-j+1=Pk_{2}-j+1$ , $p_{k_{1}-}$j $<$ Pk2-j

for some $j\in$ N. Then we can take the largest expression for this order.
For example, note that $p_{j}\leq[m_{j+1}/m_{j}]=a_{j+1}$ and let

$m=pkmk$ $+a_{k}m_{k-1}+p_{k-2}m_{k-2}+\cdot$ . . $+p_{u}m_{u}$ , $p_{k}<a_{k+1}$ , Pk-2 $\geq 1,$

then we choose the expression

$m=(p_{k}+1)m_{k}+(p_{k-2}-1)m_{k-2}+\cdot$ . . $+p_{u}m_{u}$ .

For our purpose we should choose a suitable subsequence in $i=1\cap[M_{\dot{\alpha}}]^{(4)}n$

. by the

following construction method.

(T) For a positive integer $m$ :
$m=p_{i,k_{*}}.m_{i,k}\dot{.}+\cdots+p_{i,u_{t}+1}mj,\mathrm{u}:+1+p_{i,u}$:mi,$u\dot{.}$

,

define $\zeta_{\dot{l}}$ : $\mathrm{N}arrow \mathrm{N}$ by
$\zeta_{i}(m)=u_{i}$ .
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Define a sequence of positive integers $T_{j}\in i=1\cap[M_{i}]^{(d_{i})}n$ as follows. Let

$T_{1}= \min\{m:m\in\cap[M_{i}]^{(\mathrm{A})}\}i=1n$

and

$T_{2}= \min${$m\in\cap[M_{i}]^{(d)}i=1n$
: : $\min_{i}\zeta\dot{.}(m)>\mathrm{m}_{l}$in $\zeta_{\dot{\iota}}(T_{1})$ }.

Iteratively, let

$T_{j+1}= \min\{m\in\cap[M_{i}]^{(d,)}i=1n : \min_{i}\zeta_{\dot{1}}(m)>\min_{i}\zeta_{i}(T_{j})\}$ .

$[T_{j}]$ denotes the sequence $\{T_{j}\}$ in $\bigcap_{i=1}^{\mathrm{n}}[M_{j}]^{(d.)}$ : which is constructed by the
method (T) and then we call $[T_{j}]$ the sequence of extended common multiples
( $\mathrm{a}\mathrm{b}\mathrm{r}$ . ECM).

Let Ci(2|) $=u_{i,j}$ , then we note that the sequence $\{\min_{i}u_{i\dot{\rho}}\}$ is strictly in-
creasing and also, for each $T_{j}\in$ $\bigcap_{i=1}^{n}[M_{i}]^{(d_{i})}$ , there exist sequences of parameters
$\{\alpha_{i}^{(j)}\}$ , $\{ k_{i}^{(j)}\},i=1$ , $\ldots,n$ :

(2.4) $T_{j}\in[M_{1}]^{\alpha_{1}^{(j)}}\cap[M_{2}]^{\alpha_{2}^{(j\rangle}}\cap k_{1}^{(j)}k_{2}^{(\mathrm{j})}$ . . . $\cap[M_{n}]^{\alpha_{n}^{(j)}}k_{n}^{(j)}$ , $j=1,2$ , $\ldots$ .

3. ECM AND DIOPHANTINE C0ND1TIONS

In this section, introducing the Diophantine conditions, which are given by
parametrizing the famous Diophantine conditions in KAM theorem and consid-
ering a condition for the ECM sequence, we show some relations between the the
Diophantine condition and the ECM condition.

Let $\{\tau_{1}$ , ..., $\tau_{n}\}$ : $0<\tau_{1}$ , ..., $\tau_{n}<1,$ be rationally independent irrational num-
bers and let $[T_{j}] \subset\bigcap_{i=1}^{n}[M_{i}]^{(\mathit{4})}$ be the ECM sequence constructed by (T) where
$d_{i}\in\{1,2\}$ with (2.3). In view of (2.4), we put

$\delta_{0}:=\lim_{j}\inf\max\alpha_{i}^{(j)}i$ .

Then we say that the $n$-tuples of irrationals $\{\tau_{1}, \ldots, \tau_{n}\}$ satisfies $\delta_{0}$-(ECM) con-
dition or we call it a $\delta_{0}$-(ECM) class if $0\leq\delta_{0}<1.$

Usual definitions of the Diophanitine condition in KAM theorem are given as
follows.

There exist constants 7, ci : $\gamma>0$ , $d>n,$ which satisfy

$|( \tau_{1}m_{1}+\cdots+\tau_{n}m_{n})-l|\geq\frac{\gamma}{|m|^{d}}$

for every integers $m=$ $(m_{1}, \ldots, m_{n})\in \mathrm{Z}^{n}$ , $l\in \mathrm{Z}$ where $|$ $|$ denotes a usual
Euclidean norm.
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Here we say that $\{\tau_{1}$ , ..., $7_{n}\}$ satisfies $d_{0^{-}}(\mathrm{D})$ condition or we call it a $d_{0^{-}}(\mathrm{D})$

class if there exists a constant $d_{0}$ : $d_{0}\geq n,$ such that, for each $d>d_{0}$ , there exists
$\gamma_{d}>0,$ which satisfies

(3.1) $|(\tau_{1}\mathrm{r}m_{1} +\cdots+\tau_{n}m_{n})$ $-l| \geq\frac{\gamma_{d}}{|m|^{d}}$

for every integers $m=(m_{1}, \ldots,m_{n})\in \mathrm{Z}^{n}$ , $l\in \mathrm{Z}$

and furthermore, for each $d$ : $0<d<d_{0}$ and each $\gamma>0,$ there exist integers
$m_{\gamma}=$ $(m_{1,\gamma}, \ldots,m_{n},,)$ $\in \mathrm{Z}^{n}$ and $l_{\gamma}\in$ Z, which satisfy

(3.2) $|( \tau_{1}m_{1,\gamma}+\cdots+\tau_{n}m_{n,\gamma})-l_{\gamma}|<\frac{\gamma}{|m_{\gamma}|^{d}}$ ,

By (3.2) the constant $d_{0}$ specifies the infimum value of $d$ , which satisfies (3.1).

For the Liouville class numbers, we call $\{\tau_{1}$ , .., $\tau_{\mathrm{n}}\}$ a $\infty-(\mathrm{D})$ class if, for every
$d_{0}>0,$ there exists $d$ : $d>d_{0}$ such that for each $\gamma>0,$ there exist integers
$m_{\gamma}=$

$(m_{1,\gamma}$ , ..., $m_{n,\gamma})$ , $l_{\gamma}$ , which satisfy

$|( \tau_{1}m_{1,\gamma} +\cdot.. +\tau_{n}m_{n,\gamma)})-l_{\gamma}|<\frac{\gamma}{|m_{\gamma}|^{d}}$ .

Theorem 3.1. Let $\{\tau_{1}$ , ..., $\tau_{n}\}$ be (KL) class irrational numbers, which satisfy
(2.1). Then, for constants $d_{0},\delta_{0}$ : $d_{0}\geq 7?$ , $0\leq\delta_{0}<1,$ if $\{\tau_{1}, \ldots, \tau_{2}\}$ satisfies $d_{0^{-}}$

$(D)$ condition, then it is a $\delta_{0}-(ECM)$ class for some constant $5_{0}$ , which satisfies
(3.3) $\delta_{0}\leq 1-\frac{d_{0}}{n+(n-1)d_{0}}\cdot\frac{1\mathrm{o}\mathrm{g}E_{1}}{1\mathrm{o}\mathrm{g}E_{2}}$

and on the contrary, $if\tau_{1}$ , $\ldots,\tau \mathrm{J}$ satisfies $\delta_{0^{-}}(ECM)$ condition, then it is a h-
(D) class for some constant $d_{0}$ : $n\leq d_{0}\leq\infty$ , which satisfies
(3.4) $d_{0} \geq n-1+\frac{n(1-\delta_{0})1\mathrm{o}\mathrm{g}E_{1}}{1\mathrm{o}\mathrm{g}E_{2}}$.

Remark 3,2. It follows from Theorem 3.1 that, if $\{\tau_{1}, \ldots, \tau_{n}\}$ is $d_{0}-(\mathrm{D})$ class, then
it is $\delta_{0}$-(ECM) class for

$1- \frac{d_{0}-(n-1)}{n}\cdot\frac{1\mathrm{o}\mathrm{g}E_{2}}{1\mathrm{o}\mathrm{g}E_{1}}\leq\delta_{0}\leq 1-\frac{d_{0}}{n+(n-1)d_{0}}\cdot\frac{1\mathrm{o}\mathrm{g}E_{1}}{1\mathrm{o}\mathrm{g}E_{2}}$

Since $E_{1}\simeq E_{2}$ , we obtain the relation

$1- \frac{d_{0}-(n-1)}{n}\leq\delta_{0}\leq 1-\frac{d_{0}}{n+(n-1)h}$.

It follows that the Liouville type condition $(d_{0}\sim\infty)$ , which is of null measure
in the Lesbeague sense, yields the $\delta_{0}$-(ECM) condition: $\delta_{0}\leq(n-2)/(n-1)$ .
That is, if $\delta_{0}>(n-2)[(n-1)$ , the set of irratrional numbers satisfies the
Diophantine condition: $d_{0}<\infty$ . If $n=2$ and $d_{0}\sim\infty$ , then we have $\delta_{0}=0.$

The typical example of 0-(ECM) is the class of irrational pairs, which admit a
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common subsequence in the denominators of the Diophantine approximations
such that

$\{m_{1,k_{j}}\}\subset\{m_{1,k}\}$ , $\{m_{2,s},\}$ $\subset\{m_{2,s}\}$ : $\{m_{1,k_{j}}\}=\{m_{2,\epsilon_{j}}\}$ .
On the other hand, since the class of $n$ irrational numbers, which satisfy $d_{0^{-}}(\mathrm{D})$ :
$d_{0}=n,$ is of full measure, it follows that almost all irrational class { $\tau_{1}$ , $\ldots$ , $\mathrm{r}\mathrm{J}$ is
$\delta_{0}$-(ECM) class for $\delta_{0}=1-\frac{1}{n}$ .

The proof is given by the transference theorem (cf. [1]) for the case where
$s=1,m=n$ and $s=n,m=1.$

Theorem 3.3 (Transference Theorem). Define the linear forms $L_{j},j=1$ , \ldots , s,
$M_{i}$ , i $=1$ , \ldots ,m by

$L_{j}(x)= \sum_{i=1}^{m}\theta_{ij}x_{i}$ , $M_{\dot{l}}(u)= \sum_{j=1}^{s}\theta_{j\dot{l}}u_{j}$

where we consider the case $Xi,Uj\in \mathrm{Z}$ , $\theta_{ij}\in$ R. Suppose that there are integers
$x\neq 0:$

$||L_{\mathrm{j}}(x)||\leq C,$ $|x\mathrm{J}$ $\leq X,$

for some constant $C$ and $X:0<C<1\leq X$ . Then there are integers $u\neq 0:$

$||M_{i}(u)||\leq D,$ $|u_{\mathrm{j}}|\leq U,$

where
$D=(l-1)X^{(1-s)/(l-1)}C^{s/(l-1)}$ ,
$U=(l-1)X^{m/(l-1)}C^{(1-m)/(\mathrm{t}-1)}$ ,
$l=m+s,$

and $||a||= \min\{|a-z| : \mathrm{z} \in \mathrm{Z}\}$ for $a\in$ R.

Proof of Theorem 3.3 Let $\{\tau_{1}, \ldots, \tau_{n}\}$ be $d_{0^{-}}(\mathrm{D})$ class, then for every $d:0<d<$
$h$ and every $\mathrm{y}>0,$ there exist integers $m_{\gamma}=$

$(m_{1,\gamma}$ , ..., $m_{n_{f}^{F}},)$ , $l_{\gamma}$ , which satisfy

$|(\tau_{1}\mathrm{v}\mathrm{r}\mathrm{z}_{1,\gamma} +\cdots+\tau_{n}m_{n,\gamma})$ $-l_{\gamma}| \leq\frac{\gamma}{|m_{\gamma}|^{d}}$ .

We put
$X:= \max\{|m_{1,\gamma}|, ..., |\mathrm{r}\mathrm{n}_{n,\gamma}|\}$ $\leq|m$, $|$ , $C:=\gamma X^{-d}$ .

By $\mathrm{a}\mathrm{p}\mathrm{p}\mathrm{l}5\mathrm{d}\mathrm{n}\mathrm{g}$ Transference Theorem with $s=1$ , $m=n$ we can show that there
exist postive integers M7, $l_{1,\gamma}$ , $\ldots$ , $l_{n,\gamma}$ , which satisfy

(3.5) $|\tau_{1}M_{\gamma}-l_{1,\gamma}|\leq D,$ $|\tau_{2}M,$ $-l_{2,\gamma}|\leq D,$ ..., $|\tau_{n}M_{\gamma}$ $-l_{n,\gamma}|\leq D,$

(3.6) $M_{\gamma}\leq U$

where
$D=nc\mathit{7}$ , $U=nXC^{F^{1}}$ .
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It follows that

(3.7) $|$ $\mathrm{r}_{1}M_{\gamma}-l_{1,\gamma}|\leq n\gamma i$
$X^{-\frac{d}{n}}$ ,

.$\cdot$

.

$|$ $r_{n}M,$ $-l_{n,\gamma}|\leq n\gamma^{\frac{1}{n}}X^{-\frac{d}{n}}$ ,
$M_{\gamma}\leq nX(\gamma X^{-d})^{\frac{1}{n}-1}=n\gamma^{\frac{1}{n}-1}X^{1-d(\frac{1}{n}-1)}$ .

Since it follows that
$X\geq(n^{-1}\gamma^{1-\frac{1}{n}}M_{\gamma})^{\frac{n}{n+(n-1)d}}$ ,

we have
$|\tau_{1}M_{\gamma}$ $-l_{1,\gamma}|$ , $\ldots$ , $|\tau_{n}M_{\gamma}-l_{n,\gamma}|$

$\leq n\gamma^{\frac{1}{n}}(n^{-1}\gamma^{1-\frac{1}{n}}M_{\gamma})^{-\frac{d}{n+(n-1)d}}$

$=n^{\frac{n(d+1)}{n+(n-1)d}}\gamma^{\frac{1}{n+(n-1)d}}M_{\gamma}^{-_{n+\neg n}^{d}}\neg$

We note that as $\gammaarrow$r 0, then $M_{\gamma}arrow\infty$ . In fact, if $M_{\gamma}$ is bounded, then we can
take a convergent subsequence. Then, using (3.5) with $D$ -0 as $7arrow 0,$ we
obtain a contradiction that $\tau_{i}$ is a rational number.

Let $\gamma$ $=\gamma_{j}$ : $\gamma_{j}arrow 0$ as $jarrow\infty$ . Consider the expressions of $M_{\gamma_{j}}$ by $\{m_{:,k_{*}}(.j)\}$

$M_{\gamma_{\mathrm{j}}}$ $\in$ $\dot{\iota}=1\cap[M]^{\alpha}nk_{\dot{\mathrm{t}}}^{(j)}!^{\mathrm{j})}$

.,
$M_{\gamma_{j}}$ $=p_{1,k_{1}^{(j)}}m_{1,k_{1}^{(j)}}+p_{1,k_{1}^{(j)}-1}m_{1,k_{1}^{(j)}-1}+\cdots+p_{1,u_{1}^{(\mathrm{j})}}m_{1,u_{1}^{(j)}}\in[M_{1}]^{\alpha_{1}^{(\mathrm{j})}}k_{1}^{(\mathrm{j})}$

$=p_{2,k_{2}^{(j)}}m2,7$ $”)$
$+p_{2,k_{2}^{(j)}-1}m_{2,k_{2}^{(j)}-1}+\cdots+p_{2,u_{1}^{(j)}}m_{2,u_{2}^{(f)}}\in[M_{2}]^{\alpha}\mathrm{r}_{)}^{)}k$

.$\cdot$.

$=p_{n,k_{n}^{(j\rangle m_{n,k_{n}^{(\dot{g})}}}}+p_{n,k_{n}^{(j)}-1}m_{n,k_{n}^{(j)}-1}+\cdot$
. . $+p_{n,u_{n}^{(j)}}m_{n,u_{n}^{(j)}}\in[M_{n}]^{\alpha_{n}^{(j)}}k_{n}^{(j)}$ .

Then we have

(3.8) $|\tau_{1}(p_{1,k_{1}^{\langle \mathrm{j})}}m_{1,k_{1}^{(\mathrm{j})}}+\cdot\cdot. +p_{1,u^{(;)}}m_{1,u^{(j)}})-(p_{1,k_{1}^{(g)}}n_{1,k_{1}^{(\mathrm{j})}}+\cdots+p_{1,u_{1}^{(j)}}n_{1,u_{1}^{(\mathrm{j})}})|$

$\leq$
$\frac{m_{1,k_{1}^{(j)}+1}}{m_{1,k_{1}^{(j)}}}|\tau_{1}’)’-1,kn|1,k_{1}^{(J)}+\cdots+\frac{m_{1,u_{1}^{(j)}+1}}{m_{1,u_{1}^{(\mathrm{j})}}}|\tau_{1}m1,u\mathrm{i}’)-n_{1,u}\mathrm{i}$’ $|$

$\leq$
$\frac{1}{m_{1,k_{1}^{(j)}}}+\cdots+\frac{1}{m_{1,\mathrm{u}_{1}^{(\mathrm{j})}}}$

$\leq$

$\frac{1}{C_{1,1}^{k_{1}^{(j)}}}$

. $\frac{(C_{1,1}^{k_{1}^{(g)}-u_{1}^{(g)}+1}-1)}{C_{1,1}-1}$

$\leq$ $\frac{E_{1}}{E_{1}-1}E_{1}^{-(1-\alpha_{1}^{(\dot{g})})k_{1}^{(j)}}<<1.$
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It follows that
(3.9) $|\tau_{1}$ ($p_{1,k_{1}^{(j)}}m_{1,k_{1}^{(\mathrm{j})}}+\cdot$

. .
$+p_{1,u_{1}^{(j)}}m1$ , $u_{1}^{(}$

j) $)$ $-(p_{1,k_{1}^{(j)}}n_{1,k_{1}^{(j)}}+\cdots+p_{1,u_{1}^{(j)}}n_{1,u_{1}^{(j)}})|$

$=|\tau_{1}M_{\gamma_{j}}-l_{1,\gamma_{j}}|$

$\leq c_{\gamma_{J}}M_{\gamma_{\mathrm{j}}}^{-\frac{d}{n+(n-1)d}}\leq c_{\gamma_{j}}m_{k_{1}^{(J)}}^{-\frac{d}{n+(n-1)d}}\leq c_{\gamma j}(\frac{1}{E_{1}})^{\frac{d}{n+(n-1)d}k^{(j)}}$ ,

(3.10) $\mathrm{c}_{\gamma_{j}}=n^{\frac{n(d+1)}{n+(n-1)d}}\mathrm{y}_{j}^{\frac{1}{n+(n-1)d}}$

where the first equality holds, since the first and the second terms are less than
one.

On the other hand, applying the argument in the proof of Theorem 4.4 in [5],
we have
$(3.11)|\tau_{1}(p_{1,k_{1}^{(j)m_{1,k_{1}^{(j)}}}}+\cdots+p_{1,u_{1}^{(\mathrm{j})}}m_{1,u_{1}^{(\dot{f})}})-$ ($p_{1,k_{1}^{(\mathrm{j})}}n_{1,k_{1}^{(\dot{g})}}+\cdots+p_{1}$ , $u\mathrm{C}^{\mathrm{j})}n_{1}$ ,uP) $)|$

$\geq c(\frac{1}{m_{1,u_{1}^{(j)}}})\geq c(\frac{1}{E_{2}})^{(1-\alpha_{1}^{(j)})k_{1}^{(\mathrm{j})}}$

It follows from (3.9) and (3.11) that we have

$c( \frac{1}{E_{2}})^{(1-\alpha_{1}^{(j)})k_{1}^{(\mathrm{j})}}\leq c_{\gamma_{j}}(\frac{1}{E_{1}})^{(\frac{d}{n+(n-1)d})}7\mathrm{c}$”

Thus we have

$(1- \alpha_{1}^{(j)})\log E_{2}\geq\frac{d}{n+(n-1)d}\log E_{1}+\frac{\log c-1\mathrm{o}\mathrm{g}c_{\gamma_{\mathrm{j}}}}{k_{1}^{(\mathrm{j})}}$.

Since $c>c_{\gamma_{j}}$ for small $\gamma_{j}$ , we obtain

(3.12) $\alpha_{1}^{(j)}\leq 1-\frac{d}{n+(n-1)d}\cdot\frac{1\mathrm{o}\mathrm{g}E_{1}}{1\mathrm{o}\mathrm{g}E_{2}}$

for every $d<d$ ) $.$ Similary, we have

(3.13) $\alpha_{i}^{(j)}\leq 1-\frac{d}{n+(n-1)d}$ . $\frac{1\mathrm{o}\mathrm{g}E_{1}}{1\mathrm{o}\mathrm{g}E_{2}}$ , $i=2$ , $\ldots,n$

for every $d<d_{0}$ . Thus we can obtain the first estimate

(3.14) $\delta_{0}=\lim_{jarrow}\inf_{\infty}$ ma $\alpha 3’$
)

$\leq 1-\frac{d_{0}}{n+(n-1)d_{0}}\cdot\frac{1\mathrm{o}\mathrm{g}E_{1}}{1\mathrm{o}\mathrm{g}E_{2}}<1$ .

Next, let $\{\tau_{1}$ , ..., $\tau_{n}\}$ be $\delta_{0}$-(ECM) class: $0\leq\delta_{0}<1.$ That is, there exists a
sequence $[T_{j}]$ of ECM, constructed by (T), which satisfies

$[T_{j}]\subset\cap[M_{i}]^{(\mathit{4})}\dot{v}=1n$

. ,

$T_{j}\in[M_{1}]^{\alpha_{1}^{(j)}}\cap[M_{2}]^{\alpha_{2}^{(\mathrm{j})}}\cap\cdots\cap[M_{n}]^{\alpha_{n}^{(g)}}k_{1}^{(j)}k_{2}^{(j)}k_{n}^{(g)}$ , $j=1,2$, $\ldots$

for the sequences of real numbers $\alpha_{i}^{(j)}$ : $0\leq\alpha_{i}^{(j)}<1$ , $j=1,2$, $\ldots$ such that

$\delta_{0}=\lim_{j}\inf \mathrm{m}$a $\alpha:’<1.$
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Let

$T_{j}=p_{1,k_{1}^{(g)}}m_{1,k}"+p_{1,k_{1}^{(g)}-1}m_{1,k_{1}^{(j)}-1}+\cdot$ . .
$+p_{1,u_{1}}(j)m1,u\mathrm{P})$

and

$N_{1,j}=p_{1,k_{1}^{(j)}}n_{1,k_{1}^{(\mathrm{j})}}+p_{1,k_{1}^{(j)}-1}n_{1,k_{1}^{(g)}-1}+\cdot$ . .
$+p_{1,u_{1}^{(j)}}n_{1,u_{1}^{(j)}}$ .

It follows from (3.8) that we can estimate

|71Tj $-N1\dot{p}|$ SC $\frac{E_{1}}{E_{1}-1}E_{1}^{-(1-\alpha_{1}^{()}\rangle k_{1}^{()}}$

and, similarly

$|t:r\mathit{3}-N\cdot,j1$ $\leq$
$\frac{1}{m.,k_{1}^{(j)}}.+\cdots+$

-
$\frac{1}{m_{i,u^{(\mathrm{j})}}}.\cdot$

$\leq$ $\frac{E_{1}}{E_{1}-1}E_{1}^{-(1-\alpha^{(j)})k^{(\mathrm{j})}}..\cdot$ , $i=2$, $\ldots,n$ .

Thus we have
$|\tau_{i}T_{j}$ $-N_{i,j}|\leq C,$ $i=1,$ ..., $n$

where we can put

$C:= \frac{E_{1}}{E_{1}-1}E_{1}^{-(1-\max\alpha^{(\mathrm{j})})\min.k^{(j)}}:\cdot.\cdot\cdot$

.

and also, since we have

$T_{j}\leq m_{i,k^{(j)}+1}.$ ’

we can put

$X:=E_{2}E_{2}^{\min.k^{()}}..\cdot\geq T_{j}$ .
By applying hansference Theorem for $s=n,m=1,$ we can show that there
exists positive integers $\mu_{j}=$ $(\mu_{1_{\dot{\beta}}}$ , ..., $\mu_{n,j})$ , $l_{j}$ , which satisfy
(3.15) $|(\tau_{1}\mu_{1}\dot{\theta}+\cdots+\tau_{n}\mu_{n,j})$ $-l_{j}|\leq D,$ ma $7\mathrm{j}_{i,j}\leq U$

where we have
$D=nCX^{\frac{1}{n}-1}$ , $U=nX^{\frac{1}{n}}$ .

Since

$\frac{1}{\sqrt{n}}|\mu_{j}|\leq\max\dot{.}\mu_{ii}\leq U,$

we have

(3.16) $X \geq(\frac{1}{n\sqrt{n}})^{n}|\mu_{j}|^{n}$ .
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And also, we have
$C=cE_{-}^{-\frac{1\mathrm{o}E_{1}}{1\mathrm{o}\mathrm{g}E_{2}}\cdot(1-\mathrm{m}\mathrm{x}}$

. $\alpha^{(}$.’) $\min\cdot k^{(j)}$.

$=cE_{2}(-$
$\mathrm{r}\mathrm{x}1^{\cdot}0\mathrm{g}2(j)_{)10}E_{1}X^{-\frac{(1-\mathrm{n}\cdot)1\mathrm{o}E_{1}(j)}{1\mathrm{o}\mathrm{g}E_{2}}}$

Thus we have
$D=nX^{\frac{1}{n}-1}cE^{\frac{(1-\mathrm{m}*\mathrm{x}.a!^{j)})\log E_{1}}{21\mathrm{o}\mathrm{g}E_{2}}}.X^{-_{1\circ}^{11-\max\dot{.}\alpha}}$ gy $))^{\log E_{1}-1}$

For a small $\epsilon_{1}>0$ it follow from (3.15) and (3.16) that we have
$|$ ($71/21\mathrm{j}$ $+\cdots+$ ”n$7^{\mathrm{J}_{n\gamma^{\mathrm{i}}}}$ ) $-l_{j}|$

$\leq cE^{\frac{\log E_{1}(1-\max.\alpha^{(j)}\rangle}{21\mathrm{o}\mathrm{g}E_{2}}}$

.
. $\frac{1}{|\mu_{\acute{J}}|^{e_{1}}}$ . 1

$|\mu_{j}|^{n-1+\frac{n\log E_{1}(\mathrm{l}-\mathrm{m}*\mathrm{x}\cdot a_{\mathrm{i}}^{(j)})}{1\mathrm{o}\mathrm{g}E_{2}}\mathcal{E}1}.-$

Note that for each small $\epsilon_{2}>0$ we can admit a large number $j$ , that is, $T_{j}$ :

$\max_{i}\alpha_{i}^{(j)}\leq\delta_{0}+\epsilon_{2}<1.$

Since for every small $\gamma>0,$ there exists a large number $j_{1}$ :

$\gamma>cE_{2}^{\mathrm{r}_{\mathrm{o}\mathrm{g}}\mathrm{E}_{2}}1\circ 4^{E}1$ . $\frac{1}{|\mu_{j}|^{\epsilon_{1}}}$ , $\forall j\geq j_{1}$ ,

we can show that there exist integers $\mu_{j}=$
$(\mu_{1} j, \ldots,\mu_{n_{\dot{\theta}}})$ , $l_{j}$ , which satisfy

$|( \tau_{1}\mu_{1}. +\cdots+\tau_{n}\mu_{n,j})-l_{j}|\leq\frac{\gamma}{|\mu_{j}|^{n-1+-\epsilon_{1}}1-\delta-)1\mathrm{o}gB1\mathrm{o}\mathrm{g}2}$
.

Since all class of irrational numbers satisfy $d_{0^{-}}(\mathrm{D})$ condition for some $d_{0}$ : $d_{0}2$ $n$ ,
or $d_{0}=$ op and $\epsilon_{1},\epsilon_{2}$ can be given arbitrarily small, we can conclude that the
$\delta_{0}$-(ECM) class of irrational numbers satisfies $d_{0^{-}}(\mathrm{D})$ condition for some 4:

$d_{0} \geq n-1+\frac{n(1-\delta_{0})1\mathrm{o}\mathrm{g}E_{1}}{1\mathrm{o}\mathrm{g}E_{2}}$.

Cl

4. RECURRENT DIMENSIONS OF QUASI-PERIODIC ORBITS

In this section, considering a quasi-periodic orbit in a Banach space $X$ with
$n$ irrational ffequencies:

fa $=\{\varphi(l)\in X : \varphi(l)=f(\tau_{1}l,\tau_{2}l, \ldots,\tau_{n}l), l\in \mathrm{N}_{0}\}$ ,

we estimate the recurrent dimensions of $\Sigma$ (see [4] or [5] for the definitions).
Here, let $f$ : $\mathrm{R}^{n}arrow X$ be a nonlinear function, which satisfies the following
H\"older conditions:
(HI) There exist constants $K_{1}>0$ and $\theta_{1}$ : $0<\theta_{1}\leq 1,$ which satisfy

$||f(t_{1}$ , ..., $t_{n})$ $-f(s_{1}, \ldots, s_{n})||\leq K_{1}\sum_{i=1}^{n}|t_{i}-s_{i}|$ ”, $t_{\dot{l}}$ , $s: \in \mathrm{R}:\sum_{\dot{l}}|t_{\dot{l}}-s_{\dot{*}}|\leq\epsilon_{0}$
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for a small constant $\epsilon_{0}>0.$

(H2) There exist constants $K_{2}>0$ and $\theta_{2}$ : $0<\theta_{2}\leq 1,$ which satisfy

$||(\mathrm{T})$ , ..., $t_{n}$ ) $-f(s_{1}, \ldots, s_{n})||\geq K_{2}\sum_{i=1}^{\vee}.|t_{i}-s_{i}|^{\theta_{2}}$ , $t_{i}$ , $s_{i}\in \mathrm{R}:|t_{i}$ $-s_{i}| \leq\frac{1}{2}$ .

Then, by applying the arguments in the proof of Theorem 3.3 and Theorem 4.4
in [5] to the $n$ ffequencies cases, we can estimate the upper and lower recurrent
dimensions as follows.
Theorem 4.1. Under Hypothesis (H1); let $\{\tau_{1}, \ldots, \tau_{n}\}$ be (KL) class numbers
and for the sequence $[T_{j}]$ of $ECM$, constructed by the method (T), such that

$T_{j}\in[M_{1}]^{\alpha_{1}^{(\mathrm{j})}}\cap[M_{2}]^{\alpha_{2}^{(j)}}\cap\cdots\cap[M_{n}]^{\alpha_{n}^{(\mathrm{j})}}k_{1}^{(j)}k_{2}^{(j)}k_{n}^{(j)}$ , $j=1,2$ , $\ldots$ ,

assume that the sequences of real numbers $\alpha$!’ : $0\leq\alpha_{\dot{1}}^{(j)}<1,$ $j=1,2$, $\ldots$ ,
satisfies

$\delta_{0}:=\lim_{j}\inf \mathrm{m}$a $\alpha:’<1.$

Then we have

(4.1) $\underline{d}_{r}(’)\leq\frac{1\mathrm{o}\mathrm{g}E_{2}}{(1-\delta_{0})\theta_{1}\log E_{1}}$ .

For the lower estimate we need the following Hypotheses on the partial qu0-
tients of continued fraction expansions of $\tau_{i}$ :r4 $=$ [$a_{i,1}$ , aif2 $\ldots$ , $a_{i,j}$ , $\ldots$] where we
consider the case $0<\tau_{i}<1/2,$ $i=1$ , $\ldots$ , 2 for simplicity.
(A) aif2 $\geq 2$ or aif2 $=1$ and $a_{i,3}=1$ , $i=1$ , $\ldots$ , $n$ .
Theorem 4.2. Under Hypotheses (H2) and (A), let the irrational frequencies
$\tau_{i}$ : $0<\tau_{i}<1/2,$ $i=1,$ ..., $n$ be (KL) class numbers. We assume that the infinite
sequence of $ECM[T_{j}]$ , constructed by the method (T), satisfies

$\delta_{1}:=\lim_{j}\sup\max_{i}\alpha_{i}^{(j)}<1.$

Then we have

(4.2) $\overline{d}_{r}(\Sigma)\geq\frac{1\mathrm{o}\mathrm{g}E_{1}}{(1-\delta_{1})\theta_{2}\log E_{2}}$ .
Using Theorem 4.1 and Theorem 4.2, we can also estimate the gaps of the

recurrent dimensions, defined by
$g_{r}(’)$ $:=\overline{d}_{r}(’)-\underline{d}_{r}(’)$ .

Corollary 4.3. Under Hypotheses (HI), (H2) and (A), let the irrational fie-
quencies $\tau_{i}$ : $0<\tau_{1}$. $<1/2,$ $i=1$ , $\ldots$ , $n$ be (KL) class numbers. Assume the same
Hypotheses as those of Theorem 4.1 and Theorem 4.2 for $ECM[T_{j}] \subset\bigcap_{i}[M_{i}]^{\mathrm{t}\mathit{4})}$ ,
given by (T), with the parameters $\delta_{0},\delta_{1}$ . Then we have

(4.3) $g_{r}( \Sigma)\geq\frac{1\mathrm{o}\mathrm{g}E_{1}}{(1-\delta_{1})\theta_{2}\log E_{2}}-\frac{1\mathrm{o}\mathrm{g}E_{2}}{(1-\delta_{0})\theta_{1}\log E_{1}}$.

Then, by applying the arguments in the proof of Theorem 3.3 and Theorem 4.4
in [5] to the $n$ ffequencies cases, we can estimate the upper and lower recurrent
dimensions as follows.
Theorem 4.1. Under Hypothesis (H1); let $\{\tau_{1}, \ldots, \tau_{n}\}$ be (KL) class numbers
and for the sequence $[T_{j}]$ of $ECM$, constmcted by the method (T), such that

$T_{j}\in[M_{1}]^{\alpha_{1}^{(\mathrm{j})}}\cap[M_{2}]^{\alpha_{2}^{(j)}}\cap\cdots\cap[M_{n}]^{\alpha_{n}^{(\mathrm{j})}}k_{1}^{(j)}k_{2}^{(j)}k_{n}^{(j)}$ , $j=1,2$ , $\ldots$ ,

assume that the sequences of real numbers $\alpha_{i}^{(j)}$ : $0\leq\alpha_{\dot{1}}^{(j)}<1,$ $j=1/2,$ $\ldots$ ,
satisfies

$\delta_{0}:=\lim_{j}\inf\max_{i}\alpha_{i}^{(j)}<1.$

Then we have

(4.1) $\underline{d}_{r}(\Sigma)\leq\frac{1\mathrm{o}\mathrm{g}E_{2}}{(1-\delta_{0})\theta_{1}\log E_{1}}$.

For the lower estimate we need the following Hypotheses on the partial qu0-
tients of continued ffaction expansions of $\tau_{i}:\tau_{i}=$ [$a_{i,1}$ , aif2 $\ldots$ , $a_{i,j}$ , $\ldots$] where we
consider the case $0<\tau_{i}<1/2,$ $i=1$ , $\ldots$ , 2 for simplicity.
(A) aif2 $\geq 2$ or aif2 $=1$ and $a_{i,3}=1$ , $i=1$ , $\ldots$ , $n$ .
Theorem 4.2. Under Hypotheses (H2) and (A), let the irmtional ffequencies
$\tau_{i}$ : $0<\tau_{i}<1/2,$ $i=1$ , $\ldots$ , $n$ be(KL)class numbers. We assume that the infinite
sequence of $ECM[T_{j}]$ , constructed by the method (T), satisfies

$\delta_{1}:=\lim_{j}\sup\max_{i}\alpha_{i}^{(j)}<1.$

Then we have

(4.2) $\overline{d}_{r}(\Sigma)\geq\frac{1\mathrm{o}\mathrm{g}E_{1}}{(1-\delta_{1})\theta_{2}\log E_{2}}$ .
Using Theorem 4.1 and Theorem 4.2, we can also estimate the gaps of the

recurrent dimensions, defined by
$g_{r}(\Sigma):=\overline{d}_{r}(\Sigma)-\underline{d}_{r}(\Sigma)$ .

Corollary 4.3. Under Hypotheses(HI), (H2)and(A), let the irrational fie-
quencies $\tau_{i}$ : $0<\tau_{1}$. $<1/2,$ $i=1$ , $\ldots$ , $n$ be (KL) class numbers. Assume the same
Hypotheses as those of Theorem 4.1 and Theorem 4.2 for $ECM[T_{j}] \subset\bigcap_{i}[M_{i}]^{\mathrm{t}\mathit{4})}$ ,
given by (T), with the parameters $\delta_{0},\delta_{1}$ . Then we have

(4.3) $g_{r}( \Sigma)\geq\frac{1\mathrm{o}\mathrm{g}E_{1}}{(1-\delta_{1})\theta_{2}\log E_{2}}-\frac{1\mathrm{o}\mathrm{g}E_{2}}{(1-\delta_{0})\theta_{1}\log E_{1}}$.
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Remark 4.4. Since we can take the limit supremum in (3.14), we have

$\delta_{1}=\lim$
$\sup_{jarrow\infty}\max_{i},$

$\alpha 3^{\mathrm{J})}$ $\leq 1-\frac{d_{0}}{n+(n-1)d_{0}}\mathrm{t}$ $\frac{1\mathrm{o}\mathrm{g}E_{1}}{1\mathrm{o}\mathrm{g}E_{2}}$ .

Thus, considering $E_{1}\simeq E_{2}$ , the gaps of the recurrent dimensions become positive
if the difference between $\delta_{1}$ and $\delta_{0}$ is positive and $\mathrm{y}_{1}\simeq\theta_{2}$ . However, for the case
where the Diophantine condition is satisfied and $d_{0}=n,$ we have

$\delta_{0}=\delta_{1}=1-\frac{1}{n}$ .

The gaps between $\delta_{1}$ and $\delta_{0}$ can be positive in the null measure case where $d_{0}>n.$
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