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Algebraic invariants preserved by Bohr homeomorphisms*

Dikran Dikranjan

" In these days the angel of topology and the
devil of abstract algebra fight for the soul of
every individual discipline of mathematics”

Hermann Weyl

1 Introduction

The encounter of Algebra and Topology in the field of Topological Groups is the best instance to
observe how these disciplines can interact in a strong way. This is witnessed, in particular, by the
remarkable (algebraic) properties of the homeomorphisms in the Bohr topology.

1.1 The Bohr topology

A Hausdorff abelian group G is totally bounded iff every non-empty open subset U of G admits a
finite subset F' of G such that G = U + F. In particular, the compact groups and their subgroups are
totally bounded. It was proved by A. Weil that these are all totally bounded groups, i.e., the totally
bounded groups are precisely the subgroups of the compact groups. On the other hand, the class of
totally bounded groups is closed under arbitrary products. Hence every group topology of an abelian
group G induced by a family H of homomorphisms G — T is totally bounded. The proof of the much
deeper fact that every totally bounded group topology of G has this form can be attributed to Fglner
(see [11] for a reasonably elementary exposition). For an abelian Hausdorff group (G, T) let G be
the group of all continuous characters of (G, 7). The topology induced on G by the diagonal map
G — TC is called the Bohr topology of (G, T). The group G equipped with this topology is denoted
by G*. The group G is mazimally almost periodic (brifely MAP) if Gt is Haudorff. The completion
bG of G* is widely known as the Bohr compactification of G ([28]). The continuous inclusion map
pc : G — bG is universal with respect to all continuous homomorphisms f : G — K, where K is a
compact group (i.e., there exists a unique continuos homomorphism f : G — K such that f=F °pg).
In this survey we shall be interested mainly in the Bohr topology of a discrete abelian group G.

Clearly, this is the maximal totally bounded group topology of G. In this case the notation G¥# is
used instead of G*. Hence this is the initial topology of all homomorphisms G — T. Since every
discrete abelian group G is MAP, one has an embedding G# «— THo™G.T), We keep the notation bG
for the Bohr compactification of G. Clearly, this is the closure in THo™GT) of the image of G under
this embedding.

*Talk given at the Workshop on General and Geometric topology and Related Topics, RIMS, Kyot;o University,
November 17 ~ 19, 2003. The author takes the opportunity to thank the organizers for the generous hospitality and
support.
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Now we list some properties of G* in the next theorem. The first two are due to Comfort and
Saks [4]:

Theorem 1.1 Let G be an infinite abelian group. Then:
1. G# is not pseudocompact.

2. every subgroup of G¥ is closed.

8. If H is a subgroup of G, then H¥ is a topological subgroup of G* (i.e., H e yields H# «—
G*).

For further properties of the Bohr topology the reader may see [18, 31, 32, 27, 24, 25, 29, 30, 6, 8,
16, 5].

1.2 The Bohr topology of the bounded abelian groups

The group G is bounded, if mG = 0 for some integer m > 1, where mG = {mz : ¢ € G}. A typical
example to this effect is the group V&, = @, Zm, where & is cardinal and Z, is the cyclic group
of order m. Now the homomorphisms G — Zp, suffice to describe the Bohr topology of G and a
typical neighborhood of 0 in G¥# is a finite-indez subgroup of G (see [6, 8, 29, 16] for a more detailed
descrition of the Bohr topology of V%). It is not clear how much this specific fact has determined the
best level of knowledge of the Bohr topology for the class of bounded abelian groups.

By Priifer’s theorem [20, Theorem 17.2] every abelian group G of finite exponent is a direct sum
of cyclic groups, so has the form

G= @ @ p’f'k’

pEP k€w

where only finitely many of the cardinals Ky are non-zero. The cardinals k, are known as Ulm-
Kaplansky invariants of G (for the definition of the Ulm-Kaplansky invariants of arbitrary abelian
groups see [20, §37]).

For a bounded group G the essential order eo(G) of G is the smallest positive integer m with mG
finite (e.g., eo(V3; x V3 x V§ x V4*) = 6). Then, G = F x H, with mH = 0 and F finite.

1.3 van Douwen’s homeomorphism problem

In the sequel we write G ~ H (G =~, H) for topological groups G and H to denote that they are
(uniformly) homeomorphic as topological (resp., unform) spaces. Since we are considering only abelian
groups, all three uniformities appearing usually in the framework of topological groups coincide in
this case.

E. van Douwen [19] posed the following challenging problem in 1987 [1, Question 515]:
Problem 1.2 (van Douwen) Does |G| = |H| for abelian groups G, H imply G# ~ H#¢

It is easy to see that most of the currently used topological cardinal invariants of a group of the
form G* depend only on the size |G| (i.e., w(G#) = x(G*) = 2I¢l, d(G*) = |G|, ¥(G*) = log|G],
dim G# = indG# = 0, etc.). Hence topological cardinal invariants cannot help to answer this
question. This suggests the idea to check whether some algebraic invariants of the group G are
preserved by Bohr homeomorphisms. This turned out to be the right clue later on ([7]). Before
touching this specific point we recall the relevant steps towards the solution of the problem.
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The first instance of a pair of non-isomorphic groups that are Bohr homeomorphic was given by
Trigos [32, Theorem 6.33] — if an abelian group G has a subgroup H of index n and G = H, then
G# ~ G#* X Ly:

Theorem 1.3 (Trigos) Forn < w if G admits a monomorphism f : G — G such that [G : f(G)] =
then G#* ~ G¥ x Z,. In particular, Z# ~ Z# X Z,,.

As a matter of fact, it is easy to see that for the subgroup H = f(G) the obvious homeomorphism
G# ~ H# x Z, is actually uniform (this holds true for every subgroup H of index n and makes no
use of the monomorphism f). So G# ~, H#¥ X Z,, allong with the topological group isomorphism
G* =~ H# (due to the isomorphism f : G — H) gives G* w4 G¥ x Z,. Hence Z# oy Z¥ X L.

A negative solution to van Douwen’s Problem was obtained in November 1996 by Kunen [29] and
independently, almost at the same time, by Watson and the author [15] (even if the paper appeared
in printed form somewhat later [16]).

Theorem 1.4 (Kunen [29]) V;’# % V‘;# for primes p # q.

Watson and the author [16] proved that V5# <> V& # for m # 2 and & > 2%°.
Following Hart and Kunen [24], call a pair G, H of abelian groups almost isomorphic if G and H
have isomorphic finite index subgroups. The next theorem generalizes Theorem 1.3:

Theorem 1.5 (Hart and Kunen [24]) If G, H are almost isomorphic abelian groups, then G#* ~ H#.

We give a detailed proof of this theorem in §2.1. Since the above theorem presents the only known
positive general result on Bohr homeomorphisms, the next question, posed by Kunen [29], seems very
natural:

Question 1.6 Is the implication in Theorem 1.5 reversible?

The answer to. this question will be discussed in §2.2. In the same sect1on we discuss also the
following uniform version of van Douwen’s Problem

Problem 1.7 When |G| = |H| for abelian groups G, H implies G* =, H* ?

Clearly, the condition G# ~ ~u H# is more restrictive than just G¥ ~ H#. Hence Theorem 1.4
already gives the first answer "not always”. On the other hand, Z# e, Z# x Z, shows that non-
isomorphic groups may be uniformly homeomorphic in the Bohr topology.

We are not discussing here another intersting van Douwen’s problem concerning retracts in the
Bohr topology (see [23, 21, 2, 9, 5)).

1.4 Group properties invariant under Bohr homeomorphisms

The negative solution of van Douwen’s problem 1.2 makes the first three items in the following
definition meaninglful. Call a pair G, H of infinite abelian groups:

1. Bohr-equivalent if G* ~ H#;
2. strongly Bohr-equivalent if G* and H" are Bohr-equivalent for every cardinal &;
3. uniformly Bohr-equivalent if G¥* ~, H¥;
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4. weakly Bohr-equivalent if there exist embeddings G# < H# and H* — G¥;
5. weakly isomorphic if |mG| - |mH| > w implies |mG| = |mH| for every m € N.
6. c-equivalent if G admits a compact group topology iff H does.

7. cc-equivalent if G admits a countably compact group topology iff H does.

8

. psc-equivalent if G admits a pseudocompact group topology iff H does.

In these terms Kunen [29] proved that Vi and V¢ are not even weakly Bohr-equivalent for distinct
primes p,q, while Theorem 1.5 asserts that almost isomorphic groups are always Bohr-equivalent.
Our purpose will be to clarify the relations between these properties.

2 Around almost isomorphism

2.1 Proof of Theorem 1.5

According to van Douwen [17], if X is a regular countable homogeneous space, then every pair U and
V of non-empty clopen sets of X are homeomorphic. For the sake of completeness we give a proof of
a slightly more precise version of this fact in the case when X = G# for a countable abelian group G.

Claim 1. If G is a countably infinite abelian group and U, V are a non-empty clopen set of G¥,
then there exist clopen partitions U = {J,, Am and V = |J,, B, and a homeomorphism h : U — V
such that for every m the restriction hm of h to Ay, is a translation ¢, of the group G carrying A,
onto By,.

Proof. LetU = {g1,...,9n,...}and V = {z1,... ,&n,...}. Let hy be the translation carrying g; to
z1. Since G¥# is zero-dimensional and U, V are clopen, there exist proper clopen subsets g1 € A; C U
and 1 € By C V such that h1(A;) = B1. Then Uy = U\ A; and V4 = V' \ B; are non-empty clopens
sets. Let n; and k; be minimal such that gn, € U1 and zx, € V;. Choose analogously clopen proper
clopen subsets gn, € A2 C Uy and z, € Ba C Vi so that the translation £ — = + z,, — gn, carries
A onto Bs. Build analogously As,... ,Am,... and Bs,... ,Bn,... and note that (J;_; A; contains
at least g1,...,9% and Ule B; contains at least z1,... ,Zk, therefore, U = J,, Am and V = J,, Bm.
QED

It follows from the above claim that if G, H are countably infinite abelian groups that are not
weakly Bohr-equivalent, then one can find either a non-empty clopen set of G# that cannot be
embedded in H#, or a non-empty clopen set of H# that cannot be embedded in G¥.

The proof glven below follows the lines of the proof [24].

Proof of Theorem 1.5. If G is a countably infinite abelian group and H is a finite index sub-
group of G, then H is clopen (being a closed subgroup of finite index). So the above claim gives a
homeomorphism h : G* — H# with the above mentioned properties.

If the group G is uncountable, then there exists a subgroup N of H such that the quotient G/N
is countably infinite. Let f : G — G/N be the canonical homomorphism. Then f(H) is a finite
index subgroup of G/N. By Claim 1 there exists clopen partitions G/N = {J,, Am, f(H) = U, Bm
and a family of elements an, of G/N such that the translation ¢, : £ — = + am of G/N carries Am,
onto By,. For every m let by, be an element of G such that f(bm) = am. Let AL, = f~1(Am) and
B!, = f7Y(Bm). Then G = {J,, 4, and H = |J,, B}, are clopen partitions. Finally, let s, be the
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traslation y — y + by of the group G. Then f o s, = tm o f, and consequently s, (4],) = B.,.
Therefore the family (sp,) defines a homeomorphism h : G¥ — H# in the usual way (for every m
define h to coincide on A, with s,,). QED

Example 2.1 It is easy to see that Theorem 1.5 cannot be extended to uniform homeomorphisms.
It suffices to see that there exists no uniform homeomorphism h : Q# — (Q x Z2)#. Indeed, if such
an h exists, then it can be extended to the completions to give a homeomorphism between bQ and
b(Q X Zs). Since bQ is connected and b(Q x Z3) = bQ x Z, is not, we arrive at a contradiction.

The same argument proves
Theorem 2.2 If D is a divisible abelian group and G* =, D¥, then also G is divisible.

Inspired by the above example and by Theorem 1.3 let us consider for infinite abelian groups G
and H the following conditions:

(a) there exist finite groups F, F’ such that G x F' = H x F;
(b) G and H are almost isomorphic, denoted by G ~ H in the sequel;

(c) allinfinite Ulm-Kaplanski invariants of G coincide with the respective Ulm—Kaplé,nski invariants
of H.

In general these conditions need not be equivalent. It is easy to see that (a) is equivalent also to
the following

(a') there exist finite subgroups F, F’ of G and H respectively, such that G = Gy x F, H = Hy; x F'
and G, & H;.

Lemma 2.3 Let G and H be infinite abelian groups. Then always a) => b) = c) = d). If the groups
G, H are bounded, all they are equivalent.

The easy proof of the lemma is based on the fact that all binary relations defined above are
equivalence relations (in the larger sense) satisfying the following easy to check propeties:

(i) all three conditions (a)-(c) are preserved under taking finite products;

(ii) all three conditions are local (i.e., if G and H satisfy some of them, then also their p-primary
components do).

(iii) if G and H satisfy (a), then ¢(G) and t(G) satisfy (a) and G/t(G) = H/t(H) (where t(G)
denotes the torsion subgroup of the group G);

(iv) if G ~ H, then t(G) ~ t(H) and G/t(G) ~ H/t(H);

(v) G ~ H implies t,(G) = t,(H) for almost all p and t,(G) ~ tp(H) for all p (where t(G) denotes
the p-torsion subgroup of G). If H and G are torsion, the conjunction of these two properties
implies G ~ H.

(vi) G ~ H iff their maximal divisible subgroups d(G), d(H) are isomorphic and the reduced groups
G/d(G) and H/d(H) are almost isomorphic (it suffices to note that every finite index subgroup
contains the maximal divisible subgroup).
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By means of these properties one can complete Lemma 2.3 and determine the precise relations
between the properties (a)—(c) in various classes of groups.

(A) For divisible abelian groups the relations (a) and (b) coincide with the usual =, while any pair
of divisible abelian groups vacuously satisfies (c).

(B) For torsion-free groups (a) coincides with 2 (by (iii)), while G ~ H need not imply G = H.
Indeed, there exist (finite rank) torsion-free abelian group G non-isomorphic to its subgroups
of finite index. Hence, (b) is a weaker condition than (a) in the class of torsion-free abelian
groups. Finally, any pair of torsion-free abelian groups vacuously satisfies (c).

(C) Combining the properties (i)-(vi), one can limit the torsion case to the reduced p-torsion one.
More precisely, if for all pairs of reduced p-torsion group G, H (b) implies (a), then also for
all pairs of torsion groups G, H (b) implies (a). In particular, this gives: For all pairs G, H of
torsion abelian groups such that each primary component is bounded conditions (a) and (b)
are equivalent, while the condition (c) is properly weaker (just take the groups G = @p Zy, and
H=G?.

2.2 Answer to Question 1.6

The following theorem of Comfort, Herndndez and Trigos [2] opened new insights on Bohr homeo-
morphisms:

Theorem 2.4 [2] Let G be an abelian group and let A be a subgroup of G that is either finitely
generated or has finite index. Then G* =~ (G/A)* x A*.

As a corollary it provides an immediate negative answer to Question 1.6.

Example 2.5 ([Comfort-Herndndez-Trigos [2]) Q* = (Q/Z)* x Z*#, but Q % Q/Z x Z, according to
(iv).

As another application of 2.4 we show how this theorem can be used as a formidable tool for
creating Bohr homeomorphisms ”out of nothing”.

Since every abelian group G having a subgroup H of index n < w satisfies G#* ~ H# x, Ly, (see
the comment after Theorem 1.3), clearly Theorem 1.5 follows from the next:

Claim 2. If H is a abelian group then H# ~ H# x Z, for every n < w.

We do not know whether Claim 2 has a proof simpler than Hart-Kunen’s proof of Theorem 1.5
given above. The next observation shows that this is the case for non-torsion H.

Observation 2.6 If n < w and H is a non-torsion abelian group then H* ~ G# x Z,. Indeed, let
¢ be a generator of Z,, and let a be a non-torsion element of H. Then (a,c) is a non-torsion element
of G = H x Z,. The cyclic subgroup of G generated by (a,c) is infinite, so also C; = CN H is an
infinite cyclic group with C & C; and C/Cy = Z,. By Theorem 2.4 G# ~ (G/C)* x C¥#, while
G/C = (H 4+ C)/C = H/C;. Hence, Theorem 2.4 applied to H gives

G* ~ (H/Cy)* x CF ~ (H/C1)* x CF ~ H?,
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2.3 Kunen’s conjecture in the realm of bounded groups

Here we give evidence to support the hope for a positive answer to Question 1.6 in the realm of
bounded groups.

Using the fact that a discrete abelian group G has a totally disconnected Bohr compactification
iff G is bounded torsion, one obtains an immediate proof of the following fact:

Theorem 2.7 If H is bounded and G# admits o uniform embedding into H¥, then also the group
G is bounded. Uniform Bohr-equivalence preserves boundedness.

Using appropriate ”hypergraph spaces” (in the line of a similar approach exploiting the chromatic
number of graphs from [30]) Givens and Kunen [22] obtained the following much stronger statement
as well as a series of important results that we give below.

Theorem 2.8 (Givens and Kunen [22]) If H is bounded and G* — H#, then also G is bounded.
Consequently, the weak Bohr-equivalence preserves boundedness.

Theorem 2.9 (Givens and Kunen [22]) If p is a prime and K 1is an infinite abelian group of exponent
p, then the following are equivalent for an abelian group G:

- (a) G* is homeomorphic to a subset of K#;

(b) G 1is almost isomorphic to a subgroup of K ;
Clearly, if |G| = |H| in the above theorem, then the equivalent conditions imply G#* ~ H#.

Theorem 2.10 (Givens and Kunen [22]) eo(G) = eo(H) for weakly Bohr-equivalent bounded groups
G, H such that one of them is either countable or has a prime ezponent.

3 The full power of the weak Bohr-equivalence
Here we see that Theorem 2.10 can be strenthened as follows (see also Corollary 3.5).

Theorem 3.1 For bounded abelian groups G, H
“weakly isomorphic” = “weakly Bohr-equivalent” = eo(G) = eo(H).
All three properties coincide in the case of countable groups.

3.1 The Straightening Law and its corollaries

The proof of Theorem 3.1 is based on the following Straightening Law (a preliminary form was
announced by the author in Prague 2001 [8]):

Straightening Law Theorem. Let m > 1 and 7 : V&,# < H# be an embedding with m(0) = 0 into
an abelian group H. If either H is bounded or k > Jam—1, then there exists an infinite subset A of
V5, such that:

(a) (A)=Vr;

(b) m [a= £ [ 4 for some injective homomorphism £ : (A) — H.
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Let us underline the importance of the fact that the continuous embeddings covered by the Straight-
ening Law have domain V% #. In fact, the homeomorphism from Example 2.5 provides an embedding
m : (Q/Z)* — Q¥ such that for no non-empty subset A # {0} of Q/Z the restriction 7 [4 may
coincide with the restriction £ [4 of some injective homomorphism £ : (4) — Q.

For a prime p and s € w let

Yp,5(G) := sup{rpy(G) : 1 > s}.
This cardinal invariant captures perfectly weak isomorphisms. Indeed, it is easy to see that v, s(G) 2 &

lg.
if and only of Vg, p e

The next lemma ensures the first implication in Theorem 3.1:
Lemma 3.2 For bounded abelian groups G and H the following are equivalent:
(a) G,H are weakly isomorphic;
(8) Yp,s(G) = Yp,s(H) for every prime p and every s < w;
) G Had HYS G.
The next claim is proved in {10] by means of the Straightening Law:

lg.
Claim 3. If V5&# < H# with k > w and 0 < s < w, then V& x V¥ 3 H.

lg.
Now, to prove the second implication in Theorem 3.1 note that p®|eo(G) if and only if Vj. el

lg.
Hence G# — H# implies V‘;.# — G# < H#, 50 by the Claim Vi A H , and consequenlty p®|eo(H),
whenever p®|eo(G).

Lemma 3.3 G* — H# = 1,(G) < rp(H) if rp(G) > w.

Note that rp(G) > £ = V& pact G, so V&# — G#* < H# when £ > w, hence the Claim gives
i m.

This next corollary answers (for p = 2 and ¢ = 3) a question from [22].
Corollary 3.4 V;’l# # (V) x V‘a’l)# for distinct primes p, q.

Indeed, rp(V41) = w1 > w = rp(Vy x V41), so Lemma 3.3 applies.

Corollary 3.5 If G and H are bounded weakly Bohr-equivalent groups, then eo(G) = eo(H) and
rp(G) = rp(H) whenever at least one of these cardinals is infinite.

Theorem 3.6 If G and H are strongly Bohr-equivalent abelian groups, then they are simultaneously
torsion-free (resp. p-torsion-free, for any prime p).

lg. '
Indeed, assume that 7,(G) > 0. Then V¥ <3 G, so V¥# < G“# ~ H*#, hence Corollary 3.5
applies to give rp(G) = rp(H).
In case G and H are not bounded torsion, w has to be replaced by Jgp—1 [6].

Example 3.7 Almost isomorphic abelian groups need not be strongly Bohr-equivalent. Indeed, take
G = VY, H = Z3 x V4 and apply Corollary 3.5 to the groups G* and H“ to conclude that G* and
H*“ cannot be Bohr homeomorphic since r3(G*¥) = 0 and r3(H") = w.
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3.2 Almost homogeneous bounded abelian groups

Definition 3.8 A bounded abelian groups G is almost homogeneous if for every prime p at most one
kps(G) 2w 0<s<w)

Example 3.9 (a) Bounded groups of square-free essential order are almost homogeneous (i.e.,
groups of the form G = H x F, where F is finite and p1p2...pnH = 0 for distinct primes
p1,p2,-.. ,pn)-

(b) An infinite p-group G is almost homogeneous iff G = F x V. for some finite p-group F, s € w
and k = |G|.

(c) Every almost homogeneous bounded abelian group is almost isomorphic to a group of the form
(45 Yy ‘V:{.,., where p1,p2,... ,Pn are distinct primes.

Theorem 3.10 For almost homogeneous abelian groups G, H TFAE:
(a) G and H are Bohr-equivalent,
(b) G and H are weakly Bohr-equivalent;
(c) G and H are weakly isomorphic,
(d) G and H are almost isomorphic;
(e) eo(G) = eo(H) and rp(G) = rp(H) whenever mp,(G) + rp(G) > w.
This gives:

Corollary 3.11 If G and H are countably infinite abelian groups of finite square-free essential ezpo-
nent, then there ezists a homeomorphism 7 : G¥ — H¥ iff G ~ H.

Example 3.7 shows that strong Bohr-equivalence cannot be added to this list.

4 c-equiﬁlence, psc-equivalence and cc-equivalence

Conjecture 1 If G and H are almost isomorphic abelian groups, then G and H are c-equivalent.
By d(G) & d(H), the conjecture is restricted to the case of reduced groups (d(G) = d(H) = 0).

Theorem 4.1 Weakly isomorphic bounded abelian groups are psc-equivalent.

This follows immediately from the description of the torsion abelian groups admitting pseudo-
compact group topologies obtained by Shakhmatov and the author in [12]. Indeed, this description
depends only on the invariants v, s(G), so that Lemma 3.2 applies.

Corollary 4.2 If G and H are almost homogeneous and weakly Bohr-equivalent, then they are psc-
equivalent. In particular, if G¥ ~ H¥* and G, H are almost homogeneous, then they are psc-equivalent.

Question 4.8 Does G* ~ H#* and G, H always imply that G and H are psc-equivalent?

Recent results of Tkachenko and the author [14] imply



58

Theorem 4.4 [MA] Weakly isomorphic bounded abelian groups of size < ¢ are ce-equivalent.

Indeed, one can derive from the description given in [14], under the assumption of MA, that a
group G of size < ¢ admits a countably compact group topology if and only if all Yp,s(G) are either
finite or ¢.

Corollary 4.5 (MA) For almost homogeneous bounded abelian groups of size < ¢ weak Bohr-equivalence
yields cc-equivalence.

Shakhmatov and the author [13] introduced for every cardinal kK > wa, & set-theoretic axiom Vi
consistent with ZFC and implying ¢ = w1,2° = & (with 2° “arbitrarily large”). From the the main
results of [13] it follows that, under the assumption of Vi, an abelian group G of size < 2° admits
a countably compact group topology if and only if all 4,,+(G) are either finite or ¢. This description
gives these two corollaries:

Theorem 4.6 Under V, weakly isomorphic bounded abelian groups of size < 2‘ are cc-equivalent.

Corollary 4.7 Under V., weak Bohr-equivalence yields cc-equivalence for almost homogeneous bounded
abelian groups of size < 2°.

Corollary 4.8 Under V., if G and H are weakly Bohr-equivalent almost homogeneous abelian groups
and G admits a separable pseudocompact group topology then H admits a countably compact and
hereditarily separable group topology without infinite compact subsets.

It is not clear whether 4.4-4.8 remain true in ZFC.

5 Open questions

For reader’s convenience we collect in the next diagram most of the relations between various levels
of Bohr-equivalence and the various levels of ”weak” isomorphisms discussed in the paper. Arrows
accompanied by a property (e.g., "bounded”, ”countable”, etc.) are implications valid for pairs of
abelian groups with that specific property.

‘ Str. Bohr-equiv. Bohr-equiv. weakly Bohr-equiv.

P e

)}/ alm.hom% . Jbounded
ounde

i weakly isom. ] bnnndad_,. eo(G)=eo(H) & 75(G) = rp(H)
alm.homog. countable

almost isom.

In spite of the results of §3, it still remais unclear where weak Bohr-equivalence should be placed.
Our open geustions aim to clarify its real position with respect to the remaining three adjacent
conditions: Bohr-equivalence, weak isomorphism and

(*) eo(@) = eo(H) and r5(G) = rp(H) for all p with rp(G) + rp(H) > w.



98

According to Theorem 3.1 and Corollary 3.5 weak Bohr-equivalence is captured between weak
isomorphism and the weaker condition (). Since countable abelian group G, H with eo(G) = eo(H)
are weakly isomorphic, this yields that the three properties coincide for countable groups.

Obviously, weak Bohr-equivalence follows from Bohr-equivalence, this is why we start the questions
by discussing this (easiest) implication.

The groups V4§ and V4 x V{ are weakly isomorphic, hence weakly Bohr-equivalent by Theorem
3.1.

Question 5.1 (o) (Kunen [29]) Are VY and V4 x V¢ Bohr-equivalent?

(b) Are weakly Bohr-equivalent groups always Bohr-equivalent?

A positive answer to (a) will answer negatively Question 1.6 for bounded abelian groups.
Let us discuss now the implication

weakly Bohr-equivalent 2 weakly isomorphic

The groups Vy* and V5* x V¢ are not weakly isomorphic, so it makes sense to ask
Question 5.2 Are V§* and V4' x V¥ weakly Bohr-equivalent (i.e., does (V3*)# < (V5! x V“’)#)
Or the strongest form:

Question 5.3 Are V5. and Vy x Vi, weakly Bohr-equivalent for all possible s € w,p € P, k > w¥?
Can this depend on p?

If the answer to Questioh 5.3 is positive, then for any pair G, H of bouned abelian groups weak
Bohr-equivalence is equivalent to (x). :
The next question is an equivalent form of the strongest negative answer to Question 5.3.

Question 5.4 Is it true that for every prime p, for every 0 < k < w and every uncountable cardinal
K
(V;k)# — (V;k—l X V;k)# = A > K7

Another equivalent form is the following

Question 5.5 Assume there exidts an embedding 7 : G¥# — H# for some bounded abelian group H.
Is it true that vpk(G) < w - Ype(H) for every prime p and for every 0 <k < w?

In particular, if G and H are weakly Bohr-equivalent and H is bounded, are then G and H weakly
isomorphic?

References

[1] W. COMFORT, Problems on topological groups and other homogeneous spaces, In: “Open Prob-
lems in Topology”, Edited by J. van Mill and G. M. Reed, Chapter 21, pp. 313-347. Elsevier
Science Publishers B.V. (North-Holland). Amsterdam-New York-Oxford-Tokyo. 1990.

[2] W. COMFORT, S. HERNANDEZ AND F. JAVIER TRIGOS-ARRIETA, Cross Sections and Homeo-
morphism Classes of Abelian Groups Equipped with the Bohr Topology, Topology Appl.115, n. 2
(2001) 215-233.



60

3] W. CoMFORT AND K. Ross, Topologies induced by groups of characters, Fund. Math. 55 (1964)
283-291.

[4] W. COMFORT AND V. SAKS, Countably compact groups and finest totally bounded topologies,
Pacific J. Math. 49 (1973), 33-44.

[5] L. DE LEO, Typical features of continuous maps in the Bohr topology, University of Udine,
2002/2003, Master thesis.

[6] D. DIKRANJAN, Continuous maps in the Bohr Topology, Applied General Topology 2, n. 2 (2001),
237-270. ‘

[7] D. DIKRANJAN, Can the Bohr topology measure the p-rank of an abelian group? talk given at
the Ninth Prague Topological Symposium, August 2001.

[8] D. DIKRANJAN, Van Douwen’s problems related to the Bohr topology, Proceedings of the Ninth
Prague Topological Symposium (2001), 37-50 (electronic), Topol. Atlas, North Bay, ON, 2002.

[9] D. DIKRANJAN, A class of abelian groups defined by continuous cross sections in the Bohr
topology, Rocky Mountain J. Math. 32, (2002), no. 4, 1331-1355.

[10] D. DIKRANJAN AND L. DE LEO, The strong steightening theorem for bounded codomains,
Preprint.

[11] D. DIKRANJAN, I. PRODANOV, AND L. SToiaNov, Topological groups (Characters, Dualities,
and Minimal group Topologies), Marcel Dekker, Inc., New York-Basel. 1990.

[12] D. DIKRANJAN AND D. SHAKHMATOV, Algebraic structure of pseudocompact groups, Memoirs
Amer. Math. Soc., 133/633 (1998), 83 pp.

[13] D. DIKRANJAN AND D. SHAKHMATOV, Forcing hereditarily separable compact-like group topolo-
gies on Abelian groups, Topology Appl., submitted.

[14] D. DIKRANJAN AND M. TKACHENKO, Algebraic structure of small countably compact abelian
groups, Forum Math. 15 (2003), no. 6, 811-837.

[15] D. DIKRANJAN AND S. WATSON, A Solution to van Douwen’s Problem on Bohr Topologies,
invited talk presented by D. Dikranjan at Topological Dynamics and Spring Topology Conference,

University of Southwestern Louisiana, Lafayette (Lou1s1ana), April 1997, abstract available at
http://at.yorku.ca/c/a/a/m/49.htm.

[16] D. DIKRANJAN AND S. WATSON, A Solution to van Douwen’s Problem on Bohr Topologies,
Jour. Pure Appl. Algebra 163, n. 2 (2001), 147-158. .

[17] E. K. vAN DOUWEN, Countable homogeneous spaces and countable groups, General topology
and its relations to modern analysis and algebra, VI (Prague, 1986), 135-154, Res. Exp. Math.,
16, Heldermann, Berlin, 1988.

[18] E. K. VAN DOUWEN, The mazimal totally bounded group topology on G and the biggest minimal
G-space for Abelian groups G, Topology Appl. 34 (1990), 69-91.

_ [19] E. K. vaN DOUWEN, Letters to W. W. Comfort, June 30, 1986 and May 9, 1987.



81

[20] L. FucsHs, Infinite Abelian groups, Academic Press, New York-San Francisco-London, 1970.

[21] B. GIVENS, Closed subsets which are not retracts in the Bohr Topologies, Topology Appl. 129
(2003), no. 1, 11-14.

[22] B. Givens AND K. KUNEN, Chromatic Numbers and Bohr Topologies, Topology Appl. 131, n.
2 (2003) 189-202.

[23] H. GLADDINES, Countable closed sets that are not a retract of G¥, Topology Appl. 67 (1995),
81-84.

[24] J. HART AND K. KUNEN, Bohr compactifications of discrete structures, Fund. Math. 160 (1999),
no. 2, 101-151.

[25] J. HART AND K. KUNEN, Bohr Compactifications of Non-Abelian Groups, Topology Proceedings,
Volume 26, No. 2 (2002) 593 - 626.

[26] J. HART AND K. KUNEN, Limits in Function Spaces and Compact Groups, Topology and Ap-
plications (2003), to appear.

[27] K. HART AND J. VAN MILL, Discrete sets and the mazimal totally bounded group topology, J.
Pure Appl. Algebra 70 (1991), 73-80.

[28] P. HoLM, On the Bohr compactification, Math. Annalen 156 (1964) 34-46.

[29] K. KUNEN, Bohr topology and partition theorems for vector spaces, Topology Appl. 90 (1998)
97-107.

[30] K. KUNEN AND W. RUDIN, Lacunarity and the Bohr topology, Math. Proc. Cambridge Philos.
Soc. 126 (1999), no. 1, 117-137.

[31] K. PELANT, Towards a proof that G;’k % Gf, Unpublished notes. Prague 1991.

[32] F. JAVIER TRIGOS-ARRIETA, Ph.D. Thesis, Wesleyan University 1991.

Dipartimento di Matematica e Informatica, Universitad di Udine
Via delle Scienze 206, 33100 Udine, Italy
dikranja@dimi.uniud.it



