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ASSOCIATOR AND DOUBLE SHUFFLE RELATION

F#l K% (Tomohide Terasoma)
H A (University of Tokyo)

1. INTRODUCTION
nZHREE L, ki,....kp, 21U LOBETE, DA 2ULETHDB LTS,
ZD& & index k = (ky,...,k,) DEEET—FE%E

C(k) = ((k1,.. ‘)kn) = Z .El—k—:

m1<...<m ml ceem

WL > TERT 5, 1formwy,...,w, I3 L TXERES % inductive IZ

/awlwz /{wl(w ‘/a Wy wn}

LEZETDHE
¢k /"“.“ﬂjﬁuéfnﬁ,“
Ly t1—t t tl—t
gt dt dt
t Tt 1-t

tREND, TOWMABTERLZLIZLY, ZEFT—FHEIXP! - {0,1, 00}
DEXRBIZAZ KRy VEBEDEE LTRAD LN TE D, index DRZD
LEY— ZEOMIZERY 30 relation DFTWEEE LW DI, Associator
relation &\ BfER & relgularized double shuffie relation &\ o5 b D H
3. FAERIL Associator relation I3 relularized double shuffle relation % 3 <
&%5%@?\:hﬁDﬁgw&&®#@ﬂ%®ﬁ%?%5e

T Associator relation iX P! — {0,1,00} ZHE¥K 0 DH## LD 5 KD
moduh 25fl Mo IATE D D OFETEDRAL L ECHADERATH Y,
regularized double shuffle relation I3 B E Y — ¥ EOZEFRTEL LB OIS
BREATHY FOBEIIES K BRBHbDOTHD, THICEHLTFERL LTI
Associator relation T % regularized double shuffle relation & dulaity relation
THTRTOEFERERLLTVB LV I OBRERL LN EVDRTWASZ L
AL TR,

2. DRINFELD ASSOCIATOR & ASSOCIATOR RELATION

L EY— ZEOBER LR S 5 DIZ % D generating function & bV X D
Drinfeld associator 215> DREATHBNT, £OEBE L L Y, UPR =

Q({eo, €1)) % €y = Reso, e; = Res; THEREINDIEFTRMBERET 5, =
IZIT eg, €1 THER I NS, augmentation ideal & FEiEN 3, WA 77V I
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Double shuffie relation

BIOEOMZLBMEBAYD, ZOMBIZELTEETH B, UTF., =t
ENET I NVEEBICURR =UPRRQC &L Z LitT5h, 22T

oo bt
TR TRy

% UBE-valued @ 1 form & LT, P! - {0,1,00} D2 &K p,q KU p,q ZHES
path v (2% L T, iterated integral

n—times

(2.1) | LGITD

YRRICEST B, 22T 1 form OEOME LTI URR Oz AV, (2.1)
RUBR D n ROBFRDTL12DDT,

exp(/w)=1+/w+/ww+/www+---
v v v v

IZUER DT L LT well defined THD, £/ Zhik path DERITBEAL TR
ERTHD, TP pgBLV g,r ZHEE path 6,7 KX LT exp([ ,w) =
exp([,w) - exp(fyw) £72%. TNIRER p,g —HL TV IHEITITERH
DEBOERAEOFETHZIS, —HLTVRVESICL—RIICEL VD
T groupoid DEMRELEATEZ LIZT5, ELOBERE2E- O LELHE
5T goupoid D Q-BREFESE LD L. BROLIRVONTES, 2ZLadD
BBRE b DREB—BLTNDIRDOHR, EDOHab BERTED, TOLH R
BEFR % algebroid & X &, T7bb, £8 S LD algebroid U i p,ge S
T index fHi} SNy MAZEB U, , DIEL D EOFEEER], SEERZ
WM TEEOBE Uy, X Upg = Upy THHT, ROFHEERHRIZTHDOTH S,
(1) B Upp IZBAITTE B Do (2) Upg 13BR Uy g LOENMBEL AT rank 1 free
module Th b, A 51,5, BB f: S5 — Sy BV 81,59 LD algebroid
Uy Uy BREZ BB, f ED homomorphism ¢ : U; — Up & i linear map
Opq : Utp,q = Ua 5(p),1(q) PEET. Us,Us DENENOTEEE L compatible &
RABLDDETH D,

Z2f X 75 % @ fundamental groupoid( 2D & p, q %S path M homo-
topy 805 T& 3 groupoid) # & > TE I D H2< b7 algebroid & X @
fundamental algebroid & V5, Z#iZid de Rham relaization & Hodge real-
ization 8% 5, £ LT, £ 5D algebroid i itereated integral % FV > THLE -
THZENTED, Qm(P—{0,1,00},p,q)] B EU%ED augmentation ideal
I & 55 UP = Q[m (P! - {0,1,00},p,q)] " 138EE P! — {0,1,00} LD
algebroid & %25, £ UE 2% D C ~DRERLT I ARETH L,

ug - ug®
¥ +— exp]f W
i< algebroid DRIEZ5| X8 Z 7S
& T Drinfeld associator % 4Bk7z path 8 X UNEFDRER % & 5 & 5 HRIEIC

LVRBETS, tu B t+R/NEVEERELTE L 1—u Z# S path [t,1 —y]
¥Ex 5,
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Proposition 2.1. KOWBRNEFEET 5,

®pr(es,e1) = t}ix_gloexp(—loguel) . exp/[; l_u]w - exp(log teg)

. J:IODELBE %1 Drinfeld associator & V%, Drinfeld associator {235} %
o ereg” ey .. e Tler DRI C(ky, ... kn) THEAXDBRB Z L HbH
Do Fle—MRIZ ey HEAE B, HB W T eg THEB word w = wiws... w,
(EDVTH ey, eu, - w, DRI weight 23 n OEEY-FETHRENS
TEDBMBITVS, i Drinfeld associator ®pg #% group like TH Y,
<I)DR(el,O) =1ThadZ & 76)6%7&&65%’6‘%50

Z DRERREREIL, —BRBIRERITZ 2 TiZE 2 RV A3, tangential base point
-5 =
EEVERLEND, DFED 0,1 IZEFRIZITL  base points 01,10 BEE Y . %0)

R&#%& path O homotopy FNEA % Paths o = = Path(P'-{0,1, 00}, 01 10)
tBL, £0Q LO—KRFEEDH B ﬁltratlon X D5 E Q[[Path —+]]
EEL & EOBRBER Q[[Path-» 11 ® C LOSERILT > Y VDD uDR
~DRE

Q[[Patho—i i—»]] ®q C = U,

ZES, ELTZOREICKIT S [0,1] D42 Drinfeld associator T 3,
Drinfeld associator ®pp D7z relation IZ 2V TR X 5,
1. ®pr DER L iterated integral DTIEMEN D

®pr(eo,0) = 1,®pr(e1,e0) = Pprles, e1)”!
Bonsd,
2. iterated integral {ZB84 5 shuffle relation % & % EH¥L,

A(®pr(eo;e1)) = ®pr(e1,e0) ® Dpr(e1, o)
/D, TITAERAlE) =6®1+10e (i =0,1) R5BRERE
UER 5 URR R UBE T B, SV #iiihif dpr 2% group like element
ThHDHEVWIETHD,
3. P1—{0,1,00} A0 LELEDOHREEY 0,1,00 DIEL 2 £ 5 path
WEAMETHDZ EbRIEHRN, (Thik 6 HBERR L EITN D, )

®DR(6oo; €0)6 7% PR (€1, €a0)e?* Bpr(e0, €1)e3 = 1

4. 5 HEARRX & TN 2 BFARK, 2R~ 57 ®HIZI rational curve ED
£72% 5 RO moduli space Mg 5. €D stable compactification TH %
Mos. BELUPI-{0,1,00} % Mps ® boundary ® tubler neighbour-
hood ~E®iAteZ & 2ERLAL TIXAR 574V, Boundary Mo s—Mogs
iIX 10 > P! & RIAE A irreducible component 570D, EHEIOD
component 1% 5 K% p1,...,ps & LT L & p; = p; LRDBROEED
5723, XtRT % component # [;; LEL T &ILT B, VWE Mos D R-
valued point Mg 5(R) DU & 2P connected component P # & %5 &, P
® boundary % 5 “>® boundary component {IZ& $£#.%, Z® boundary
component % {1,...,5} D& 2D cyclic ordering £ E®H 5, ZIITxt
LT P! - {0,1,00} “infinitesimal” Z2BDIAZLN 5 DEE D, =& ziT
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Double shuffle relation

l;; 23 boundary component DUEDTHBHETHE, PL—{0,1,00} %
13, @ tubler neibourhood IZ#¥iAteZ L2 L Y fundamental algebroid
DEERE

Q[[Path® (13)]] = Q[[Path® (Mo,5)]]
PHEIND, de Rham fundamental algebroid (Z-2V T % infinitesimal
inclusion 2AFIROEFRE ZFES 5,

Q((eo, €1)) = UPR(Mo5) = Q{{eij))1<i<i<s

ZZTUPEMp) T ey =eji (1<i<j<5) CERESNDFEMRIET
BRET. T ODOMDOBEFRNIT [ei; + ejk, eix] =0 (4,7, k IFETER3)
TEHExbND,

Z @’ infinitesimal inclusion” & comparizon map ® compatibility 2>
5 < % relation 2% 5 HBEHRK ThH 5, #ilziX cyclic ordering (1,2, 3,4,5)
{295 relation 1X

®pr(ezs, e12)®pr(esi, es5)Ppr(€ss, €23)Ppr(€12,€51)PpR(C45,€34) = 1
Th 5B, |

Definition 2.2. UER ® 1 THE 3T @ = ®(eg,e0) A (1)~(4) D relation
WM L&, @ & associator L\,

(1)~(4) IZ ® DEEEIZEET 5 relation & 72t 5, Z D relation % associator
relation &V 9, Associator & @ =37, _,,  u.) Cwew, " €w, ERTELE, —
XD w DFEE cw 1T eg THREY ey TS word DFRED Q-linear combination
TEMNDZ L8 (1),02) PEFRANLDNB,

Associator DA % algebroid DEETEVELDIZENTE S, WEPL-
{0,1, 00}, Mg 5 ? infinitesimal base point DEE % | P1 —{0,1,00} |, | Mo, |
ET%, Bz,

| P* = {0,1,00} |= {10, 01, Loo, 001, 000, 000}
T&H 5D, *=DR,B & LT infinitesimal inclusion {Zxf L T
U*(1;) = U*(Moys)

BENENEREIND,
Proposition 2.3. Associator 25252t &, Y comparizon map & ¥
i 3 algebroid DRIE

cs : UB(P - {0,1,00}) = UBE(P! - {0,1,00})

cs : US (Mo s) = UBR (Mo s)
TUTORBEHTHNEEZXD ZLIZRAETH D,

1. ¢; iX augmentation & compatible 72 Hopf algebra ORE TH 3,

2. infinitesimal base point DT < D local monodromy e; t¥ compatible

3. (de Rham, Betti DENENIZET B ) infinitesimal inclusion {ZBL T
compatible
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4. ¢4 D abelik '
UE (P - {0,1,00})% = UBR (P! - {0,1,00})2®
T[0,1] DIk 1 L7225,
Proposition 2.3 #*5. associator ® 235 % L5 & category
Vecq ®vece Veeq = {(V2, VDR,comp) |
VB VPR 13 Q Eo~y A ZER,
comp: VE@C~VPRgC iZFAA } .
P algebroid object (P! — {0,1,00}), U(Mo 5) 3 & U¥ infinitesimal inclu-
sion IZA$ % algebroid BIDBEREE 3 - L R IN S,

3. REGULARIZED DOUBLE SHUFFLE RELATION

iterated integral (ZB89 % shuffle relation #B\ % & ZS>DEEY —FED
BBLEY — ¥ fED Q-linear combination IR 3N 5 Z & 2Rk~7, #lziT,

(3.1) C2)(2) = 4C(1,3) + 2((2,2)
LD XS RBIRRA B, —F ((2) DREEBEES &
(3.2 @@= 5
1 1
2D et

=2<(23 2) + 6(4)
Ly, &KX (3.1) & (3.2) £h

(3.3) 4¢(1,3) =¢(4)
RLBEFABBOND, ZOF A FDOEFERE double shuffle relation & VY5,
double shuffie relation iZ & 0, < SADERXNELNZN, ZOXFETIX
FREINDIERROLETHELNS DT TIZARVY, double shuffle relation i
C(1) D& S 2R BMBUZH LT, Zagier, Boutet de Monvel DEEE## 5 =
EIZ L D, regularized double shuffle relation &5 BRRICILEEINSZ, Th
ETOERRMERICL S L. regularized double shuffle relation {342 T ? relation
ERLTWS ETFRENS,

Z @ regularized double shuffle relation ® Racinet iZ X 2 ERILE 5 %5,
Drinfeld associator (I)DR x @DR(eg,el) =1+ pi1e1 + Yoo &ﬁb\ (PDR,Y =
1 +(p181 &ﬁ%f%o :@c‘:% Yi = -—88—161 ('l = 1,2,...) LB L

®pry € Q+ C({eg,e1))e1 =W = C({y1,¥2,...))
i3,

Definition 3.1 (Harmonic coproduct). Harmonic coproduct A, 72 %5 BR¥E[R

i
Ay W-o>WRW

EAWn) =Y 0 o¥i®Unoi KL TERT S, ZZTy=1¢E&ETS,
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Double shuffie relation
Proposition 3.2 (Racinet). 5%y = 5% v (41,92,...) %
Opry = (' T(1+u1)) 'Oy
TERT D, TDL&
A*(‘I’rpez,y = ‘I)rDelgz,Y ® ‘I’g}%,y
PSRRI T B,

L@ relation % harmonic shuffie relation & V>%, Z @ harmonic shuffle
relation & iterated integral @ shuffle relation # H ¥ 3 TH L 5 BHEAN
double shuffle relation T 5,

4. MAIN THEOREM

IHETZOOLEL—FEICET BRRZ2 ™R TE =, U& Dl associa-
tor relation T% % U & *DiX harmonic shuffle relation TH 5, MH L HbRZEF—
% fE®D generating function T# % Drinfeld associator ®pg (242X e LTH
boaIhd, ZOHE TN & IIBEF 72 associator @ 2% harmonic shuffle
relation ¥4, EWH I & ThH B, U&2HE T & &I, harmonic shuffle
relation (Z1& IV (u) = eI (1 +u) 72 % factor BN D ETH 5, ZD factor b
5. 2 b7z associator @ ICEL TR EMNXRITINITR O, T2 T1HHE
59, 1 RO\EHPHEA TN D REHEM IV (u) i Drinfeld associator ZfE 5 &
Dpry P USSP = C[leg, e1]] 12334} B image 2% (I (eq) - I(e1)) /T (€0 + €1)
ERBIEIIVBEBMATONTHWAZ LIZEELL D,

—RXIZ Associator
® =14 poeo + p1e1 € C{{eg,e1))
ERLT, By = L+ pre; E3< & By € Cllys, pa,...)) T B,

Theorem 4.1. &% % &y ® UEH?® = Clleg, e4]] I2BIT BB ET D, =D
EWRDZOWBRLY L8R Tl (u) 23 unique IZTFEET B, '
1.
geb _ To(eo) -Th(e)
Y I's(eo +e1)

Ip(u) =1 mod I

EiXZ DEHEIT motivic 2 ER T TE 3, Galois version (ZB83 5 [k
DEBIIFREERIZI>THELNTVWARIEEZERLTRBL,

Theorem 4.2 (Main Theorem). I'y;(u) % Theorem 4.1 THE X b=
T B, Y9 =Tp(y1) 10y LB L,

AL (2Y7) = @17 @ @7
AR Y LD,
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A DBEIGIIIRD K 572 b D ThH B, Associator 352 HILD E M = VecqXvecs

Vecq 12317 % algebroid objects U(P*—{0,1,00}), U( Mo 5) 3 & U inifinitesi-
mal inclusion 7> HFEE X1 5 algebroid ™ homomorphisms BEETE 7z, M i
abel B Toh B DHA/2 57 tensor #&. innter homomorphism 72 EB BRI LT
% Tannaka B% 72 LT3, &< IZ%FD fiber functor & LT, (VB, VPR comp)
it LT VB (VPR) 23t &¥ 5 b, §720 b Betti (de Rham) realization
BdHb, ThbEb &IZ, algebroid LM, $hbb M D UPL-{0,1, 00})-
module object DBEENER SN D, & HIZ. algebroid object ® homomor-
phism U; — Uy B X T U;-module F (2% L T higher direct image {Zxti&9 %,
algebroid @ relative cohomology BEE I D, T HITHEIZEED cohomology
EMOFTERIIZLDOTHD, IV LBBRAZEATNIN, ERS
n3bH?E LT, constructible sheaf, perverse sheaf, vanishing cycle 23&% %,
b OE % A8 T multiplicative convolution # E&E L., 1ZLDICLDHL
7z Gamma B8% % B\ T, Fourier EME EHT 5., TOZ 22 b HbWVTHL
72 fiber functor Z AV, EBEEZTRT I LIZRR 5,

4.1. Harmonic coproduct. ZOEOHRICE L TIX, BEX o/l &R
DT, bLlizd, HBEWVWEEATWVSDS LIvE® A, Harmonic coproduct
DHEEHZTHLY, ¥ TueCLLlTg,=14uy +ulys+... ITALZ
B L T group like THBZ EBbMb, LB Tl =uy +ulys+... &8
&,
2 13
(4.1) logl, =1, — —l glu
=ul} + u2T2 + u3T3 v

&%, ZZT

o=y~ 5 Z yiy; + Z yiyye + £ %y{’
H‘J"‘P 1+J+k“‘1’

ThD, (41) % u CELTAERES LT, 0 ERATEZLIEY, T, iE
Lie like element & 725, % abel {& W = C[[cy, co,...]] Wf? =) TD T
7 imaget, I3 ¢; % elementary symmetric function & L7 & D, power sum
symmetric function IZFELTW3B, Wit T, TERB I D free associative
algebra & 725, TDZ & h b degree p > 3 D Lie like 72 homogeneous element
1% y; 12B8 LT degree 3 % modulo L T,

Bp(ap: aij) =aplp + Z Qij [yia yj]
1<ji+j=p
OFIZEMIND, DT
A u/eo — (U/eo) ® (Zl/eo)ei —e®l+1Qe;
WKEoTAZEDS L, A((L,0:5)) =0 RBEMEEBT L, (KX, ai5)F
T EE X DREND y-degree 3 [IME DD, modulo LTS, ) aij A

unique L XEE R Z ERbMD, ThEf, LELL LU ~DE D lifting 6, € U
TH-T
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L2 AL DM unique IEE D, X HIC 01T & % Thara bracket X W D A, D

>

Lie like element £ 2 W I RGEEZE XD &, pidodd TR TUIRDBY, T
D 0, 7 e; 1ZBT 5 degee 3 % modulo & L7 Soule element O lifting & 72 &
TR LR, e 2iE, EFMLNTWAZEEERBWETH, HE
BIELPoD)

83 = [eo, [eo, e1]] + [e1,[e1,€0]] mod ei-degree 3

E12%,



