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$(\mathbb{Z}_{\underline{9}})^{k}$ -ACTIONS AND A LINEAR INDEPENDENCE
CONDITION

ZHI LU

1. Basic BACKGROUND

Throughout the following, $G=(\mathbb{Z}_{2})^{k}$ (i.e., 2-torus of rank $k\geq 0$ where $k=0$ means that $G$

is trivial), and all manifolds are smooth, closed and unoriented. Here unoriented means that 110

requirements of orientability or orientedness are imposed.

Now let us review the development history of $\mathrm{G}$-manifolds from the viewpoint of bordism
theory.

(I) The case in which $G$ is trivial.

In the $1950\mathrm{s}$ , Thorn invented the unoriented bordis$\mathrm{m}$ theory, so that all closed manifolds are
classified in terms of bordis$\ln$ and are understood very well. Simply speaking, the unoriented
bordism classes of all closed manifolds form a polyn omial algebra $7\mathrm{t}$. $= \sum_{n\geq 0}\mathrm{J}\mathrm{T}_{n}$ over $\mathbb{Z}_{2}$ with
generators $x_{n}$ , $n\neq 2^{s}-$ $1$ . In even dimensions the $x_{n}$ can be chosen to be the real projective
spaces $flP^{n}$ , and in odcl dimensions the $x_{n}$ can explicitly be chosen to be Dold manifolds. Note
that Stong [S4] constructed Stong manifolds so $x_{n}$ can be chosen to a Stong manifold whenever
$n$ is even or odd.

(II) The case in which $G$ is non-trivial.

In the $1960\mathrm{s}$ , Conner and Floyd applied the bordism theory to $G$-manifolds and established
the equivariant bordism theory, so that $G$-manifolds are understood very well in many respects
in terms of bordism (see, [C4], [CF]). For example, they showed that

(1) The equivariant bordism class of any involution (i.e., $\mathbb{Z}\underline{\cdot)}$-action) on a closed manifold is
determined by that of normal bundle to its fixed point set.

(2) Any closed $G$ manifold A# with $M^{G}$ empty bounds.

(3) There cannot be $G$-actions fixing only an isolated point.

Along this line (or from the viewpoint of bordism), the further development with respect to
$G$-manifolds is stated as follows.

(3) There cannot be $G$-actions fi.xing only an isolated point.

Along this line (or from the viewpoint of bordism), the further development with respect to
$G$-manifolds is stated as follows.

Let $(\Phi NI^{n})\}$ be a $G$-action on a closed manifold, and $F$ its fixed point set. Then $F$ is the
disjoint union of submanifolds of $\Lambda.f^{n}$ . By $\dim F$ we denotes the dimension of the component of
$F$ of largest dimension.

(A) The case where $G=$ Z2 (i.e., involution).

(i) In 1967 Boardman [B] proved $\frac{5}{2}$ -theorem that if $\dim\Lambda I>\frac{5}{2}\dim$ F, then $kI^{n}$ bounds.

(ii) In 1973. Stong [S4] introduced the group $J_{n}^{r}$ , which consists of all those closed manifolds
in $\mathrm{J}\mathrm{t}_{n}$ admitting an involution whose fixed point set has constant-codimension $\mathrm{r}$ . $\mathrm{b}^{J}\mathrm{I}$ any authors
studied such $J_{n}^{r}$ . For example, Capobianco $[\mathrm{C}1][\mathrm{C}2]$ determined the group structure of $J_{n}^{r}$ when
$r=3,4$ ; Iwata [I] determined the group structure of $J_{n}^{r}$ when $7^{\cdot}=5;$ Wada [W1] determined the
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$\Leftrightarrow\cdot \mathrm{p}\sigma_{1\mathrm{O}11}\mathrm{s}\mathrm{t}\mathrm{r}\mathrm{u}\mathrm{c}\mathrm{t}\iota \mathrm{u}\mathrm{e}$ of $J_{l\mathfrak{i}}^{r}$ when $r$ $=6$ :tt’$n$ $[\backslash \backslash ^{\gamma}3]$ dete rmined the group structure of $J_{?l}^{r}$ when $7’\leq 35_{i}$

finalfy, Yue [Y4] completely determined the group structure of $J_{1}^{r}$, for all $r$ .
In 1989. $\mathrm{Y}\mathrm{A}^{r_{\mathrm{L}1}}$

$[\backslash \eta_{\underline{9}}^{\tau}’]$ introduced the group $7_{n}^{t_{1}}.$
, . $.r$’ in the general sense, which consists of all

those closed manifolds in $\mathrm{f}.$)$]_{\tau 1}$ admitting an involution whose fixed point sets $1_{1}\mathrm{a}\backslash \cdot \mathrm{e}$ codimensions
$r1$ , $\ldots$ ., $rl$ . Up to now. the group structure of $J_{n}^{r_{1},...r}$’ is yet not determined completely. S$\mathrm{o}\mathrm{m}\mathrm{e}$

works with respect to this problem can be found in $[\mathrm{L}14^{\tau}1],|\mathrm{L}1\mathrm{h}^{r_{\underline{9}}}].[\mathrm{L}1]j[\mathrm{L}2]j$ and [LL1].
(iii) In 1978. $\mathrm{I}\{\mathrm{o}\mathrm{s}\mathrm{n}\mathrm{i}\mathrm{o}\backslash \mathrm{v}\mathrm{s}\mathrm{k}\mathrm{i}$ and $\mathrm{S}\mathrm{t}\mathrm{o}\mathrm{n}_{\mathrm{o}}\mathrm{o}[\mathrm{K}\mathrm{S}1]$ gave a $\mathrm{f}\mathrm{o}$ rmula of calculating Stitefel-Whitney

numbers of $\Lambda I^{n}$ in terms of fixed data $\nuarrow F=\square _{\Gamma}\nu^{r}arrow F^{n-r}.$, which is stated as follows.
Kosniowski-Stong formula $\mathrm{I}$ : If $f(x_{1}, \cdots, x_{n})$ is any symmet$,\sim ic$ polynomial over $\mathbb{Z}_{2}$ in $n$

variables of degree at rnost $n$ , then

$/\mathrm{C}^{2}1$ . $\cdot$ . , $x_{n}$ ) $[II^{n}]= \sum_{r}\frac{f(1+y_{1}.\cdots.1+y_{r\sim 1},\cdots,z_{n-r})}{\prod_{i=1}^{?}(1+y_{i})},[F^{n-r}]$

where the expressions o.re evaluated by replacing the elementary symmetric functions $\sigma_{i}(x)$ , $\sigma_{i}(y)$ ,
and $\sigma_{i}(_{\sim}’)$ by the Stiefel- Wh.itrtey classes $\uparrow \mathrm{T}_{i}^{r}’(\mathrm{J}I^{\eta})_{:}\mathrm{t}\mathrm{T}_{i}^{r}(\nu^{r})$ , and $IJ_{t}^{f}(F^{n-r})$ respectively, and taking
the value of the resulting cohomology class on the fundamental homology class of $\Lambda I^{n}$ or $F^{n-r}$ .

Using this formula, some classical results can be reproved. For example, Snxitb theorem
$(\mathrm{i}.\mathrm{e}., \lambda’(\mathrm{A}I^{n})\equiv\chi(F)$ lnod 2), Boal.dn]an

$-$

$\underline{5}_{-}$,theorem (note that actually, a stronger result ca $\mathrm{n}$

be $\mathrm{o}\mathrm{b}\mathrm{t}_{1}\mathrm{a}\mathrm{i}\mathrm{n}\mathrm{e}\mathrm{d}_{:}$ i.e., if dinu $II$ $>\underline{\frac{5}{9}}\mathrm{d}\mathrm{i}_{\mathrm{l}}\mathrm{n}F$ , then I$f^{n}$ with $\mathbb{Z}_{-}$,-action bounds equivariantly), and
some results by Conner and Floyd $[\mathrm{C}\mathrm{F}]i$ and by tom Dieck [D1]. Ill addition, some new results
can be obtained. For example, Kosniowski and Stong showed that if $(\Phi.\mathrm{A}I)$ is an involution
fixing a constaa)t-dimensional fixed point set such that $\mathrm{d}\mathrm{i}_{111}$ $\Lambda I$ $>2$ dinl $F$ , then $(\Phi_{i}\lambda I)$ $\mathrm{b}_{011}\mathrm{n}\mathrm{d}\mathrm{s}$

equivariantly. Also, Lii [L3] show ed that if $(\Phi, \Lambda I)$ is an involution with dizn $\Lambda I$ $>2$ $\mathrm{d}\mathrm{i}_{\ln}F$ (note
tllat here $F$ is not restricted to be constant dilnellsional)., then $(\Phi_{i}\mathrm{A}I)$ bounds equivariantly,
aatd especially. 2 dinl $F$ is the best possible upper bound of $\dim$ $\Lambda I$ if $(\Phi_{j}\Lambda J)$ is nonbounding.

(B) The case where $G=(\mathbb{Z}_{2})^{k}$ with $k\geq 1.$

(i) In 1970, Stong [S3] generalized the above result (1) of Conner-Floyd into the general case,
$\mathrm{i}.\mathrm{e}.$ ,. the equivaxiant cobordism class of any $(\mathbb{Z}_{2})^{k}$-action on a closed manifold is determined by
that of normal bundle to its fixed point set. Further, he showed that any closed $G$ manifold $\Lambda I$

with $\Lambda\prime I^{G}$ empty $\mathrm{d}\mathrm{o}\mathrm{e}\mathrm{s}\mathrm{n}^{:}\mathrm{t}$ only $\mathrm{b}\mathrm{o}\mathrm{u}\mathrm{n}\mathrm{d}\mathrm{s}_{\dot{i}}$ but also bounds equivariantly.
(ii) In 1971, tom Dieck [D2] studied ch aracteristic numbers of $G$-manifolds, and also obtained

some integralit3’ theorems. Then applying obtained results to $G$-maluifolds fixing only isolated
points, he gave a necessary and sufficient condition that some isolated points with given G-
representations are the fixed data of a G-manifold.

(iii) In 1979. Kosniowski aaxd Stong [KS2] obtained the formula in the general case of $(\mathbb{Z}_{2})^{k_{-}}$

actions, stated as follows.

Kosniowski-Stong formula $\mathrm{I}\mathrm{I}$ : If $f(\alpha:xix^{i})$ is of degree less than or equal to $n$ , then

$f( \alpha;x;x^{i})[M]=\sum_{F}.,\frac{f(\alpha,\sim’\alpha+y\cdot\alpha+v)}{\prod(\alpha+y)},[F]$

in the quotient filed of $H^{*}(BG:\mathbb{Z}_{2})$

Note: Tlxe above formulae $\mathrm{I}_{j}$ II were given by Ka wakubo [K] independently.
Using this formula, Kosnio vski and Stong showed that if $(\Phi, \Lambda I^{n})$ is a $G$-action with the

fixed point set $F=\cup.,.F^{\mathfrak{n}-r}$ satisfying the condition that each part $F^{n-\tau}$ is connected and if
$\dim M>$ $(\underline{9}^{k+1}-))$ dirn $F$ , then ( $\Phi$ ., A”) bounds equivariantly. Note that this inequality is not
the best possible. And Kosuio wski and Stong also posed the follo wing question:
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SSuppose that $(\Phi, ltI)$ is a $G$ -action fixing a connected $sub7\gamma 1$ an.ifold F. Then (a) if $\mathrm{d}\mathrm{i}\mathrm{m}./\mathrm{t}I>$

$\underline{?}^{k}\mathrm{d}\mathrm{i}_{\ln}F_{i}(\Phi. llI)$ bounds equivanan$tly:(b)$ if $\dim_{\mathrm{A}}\eta I$ $=2^{k}\dim F$ , $(\Phi, llI)$ is $eqm_{J}variantlycob_{\mathit{0}7}.-$

dant to the action (twist, $F\cross$ $\cdot$ $\cdot$ $\cross$ F) on the product of $.-$) $/i$ copies of $F$ which $\dot{r}nte7^{\cdot}changes$

factors.
This question was solved by Pergher [P3] in 2002.

(iv) In 1992, Pergher [P1] introduced the group $J_{n.k}^{\Gamma}$ , which consists of those closed manifolds in
$\sigma \mathrm{J}t_{n}$ admitting a $G$-action with fixed point set of codin ension 7. This is directly the generalization
of $J_{n}^{r}$ for $k=1.$ When $k>1,$ generally it is difficult to detern ine the struc ture of $J_{n,k}^{\Gamma}$ . Some
works in this respect can be found in $[\mathrm{P}\overline{/}]$ , [Si], [S2], [WWD], [WWM],

(v) Iix 2001, Lii [L4] introduced a linear independence condition for the fixed point set. With
the help of the condition, argument can be carried out without the connectedness restriction of
fixed point set. For example, with the help of the condition, one can analyze the following two
kinds of $G$-actions:(1) $G$-actions with trivial no rmal bundle of fixed point set; (2) G-actions
with $w(F)=1.$ Note that in this talk, I will mainly introduce the linear independence condition,
and a result for $G$-actions with $w(F)=1.$

Fundamental Problem: To classify all $G$ -manifolds in terms of bordism.

Unfortunately, the fundam ental problem is far from solved even if $G$ is equal to the simplest
Z9 group. Also, many works are restricted to be $G=\mathbb{Z}_{2}$ .

With respect to the fundamental problem, the following two ways are often used mainly.

One is that given a known closed manifold $\lambda\prime I$ , to classify all possible $G$-actions on $\mathrm{A}I$ . The
other one is that given a known closed manifold $F$ , to classify all possible $G$-actions fixing $F$ .
Some works in this respect can be found in [C3], [HT1], [HT2], [LL2], [L5], [L6], [P2], [P4], [P5],
[P6], [P8], [PS], [R], [S5], [Y1], [Y2], [Y3].

Kosniowski-Stong Conjecture: Any involution with $w(F)=1$ is cobordant to a polynomial
formed by involutions $(T_{s}, \mathbb{R}P^{2^{s}})$ defined by

$T_{s}$ : $[x_{01,\ldots,9S}, xx_{\sim},]\mapsto[-x_{0}, x_{1}, \ldots, x_{-}.,*]$ .

$\underline{9}$ . A LINEAR INDEPENDENCE CONDITION

Suppose that $(\phi, \mathit{1}\mathrm{t}\prime I^{n})$ is a $G$-action on a closed manifold $\mathrm{A}I^{n}$ and let $F=\mathrm{u}_{d}F^{n-d}$ be its fixed
point set.

Let $\mathrm{H}\mathrm{o}\mathrm{m}$ ( $G$ , Z2) be the set of homomorphis ms $\rho$ : $Garrow$ $\mathbb{Z}_{-},=\{+1, -1\}$ , which consists of $)^{k}$

distinct homomorphisms. One agrees to let $\rho 0$ denote the trivial element in $\mathrm{H}\mathrm{o}\mathrm{m}(G, \mathbb{Z}_{2})$ , i.e.,
Po(g) $=1$ for all $g\in G.$ Every irreducible real representation of $G$ is one-dimensional and has
the form $\lambda_{\rho}$ : $G\cross \mathbb{R}arrow \mathbb{R}$ with $\lambda_{\rho}(g, t\cdot)=\rho(g)\cdot r$ for some $\rho$ . $\lambda_{\rho 0}$ is the trivial representation
corresponding to $\mathrm{p}\mathrm{q}$ .

Let $EGarrow BG$ be the universal principal $G$-bundle, where $BG=EG/G=(\mathbb{R}P^{\infty})^{k}$
. is the

classifying space of $G$ . It is well-known that
$H^{*}$ ( $BG$ ; Z2) $=$ Z2 $[a_{1}$ , ..., $ak]$

with the $a_{i}$ one-dimensional generators. In particular, all nonzero elements of $H^{1}$ ($BGj$ Z2) $\cong$

$(\mathbb{Z}_{2})^{k}$ consist of $\underline{\eta}k$

. –1- polynomials of degree one in Z2 $[a_{1}$ , ..., $ak]$ , i.e.,

$a_{1}$ , $\ldots$ , $a/i$ ,

$a_{1}+a_{-}$” ..., $a_{1}+a_{k}$ , $a_{\vee}’+$ a3, ..., $a_{2}+a_{k}$ , ...,

$a_{1}+\cdots+a_{k-1}$ , ..., $a\underline{\circ}+a_{\mathit{3}}$ $+\cdots+a$ )$z$ ,
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$a_{1}+a_{\underline{9}}+\cdots+a_{k}$ .

These polynomials of degree one correspond to all nontrivial elem euts of HOIU($G$ . Z2) (note that
actually $H^{1}(BG;\mathbb{Z}\underline{\circ})\cong \mathrm{H}\mathrm{o}\mathrm{m}(G_{i}\mathbb{Z}_{\mathrm{Q}})\sim)$ . and so for a convenience, they are denoted $\mathrm{b}_{\mathrm{t}}\mathrm{v}\mathfrak{a}_{\rho}$ for
$\rho\in \mathrm{H}\mathrm{o}\mathrm{m}(G_{\dagger}\mathbb{Z}_{2})$ with $\rho\neq$ pq. Also, one agrees to let $\alpha_{\rho 0}=0.$ the zero element of $H^{1}(BG;\mathbb{Z}_{2})$ .

For each part $F^{n-d}$ of $F$ , write $F^{n-d}=Li_{i=1}^{\ell_{d}}$ $F_{\mathrm{i}}^{n-d}$ . Then the restriction to each connected
component $F_{1}^{n-d}$ of $F^{n-d}$ of the tangent bundle of $\Lambda I^{n}$ decomposes into subbundles $\mathrm{u}$ der the
action of $G$

$\tau_{\Lambda I|_{F_{j}^{n-d}}}\cong\tau_{F_{1}4^{-t}}\oplus\oplus_{\beta 0}\nu_{\rho}\rho\neq$’d

where $\nu_{\rho,d}$ is the subbundle on which $G$ acts via $\lambda_{\rho i}$ and the subbundle on which $G$ acts trivially
is identified with the tangent bundle of $F_{i}^{n-d}$ . Let $q_{\rho,d}^{i}=\dim\nu_{\rho}$.,1 $j$ so that $d= \sum_{\rho\neq\rho 0}q_{\rho,d}^{i}$ and
one obtains the sequence $\{q_{\rho,d}|\rho\neq\rho 0\}$ (called the normal dimensional sequence). The collection

$C_{F^{n-d}}=\{\{q_{\rho,d}^{i}|\rho\neq\rho 0\}|i=1, \cdots’.1_{13},\}$

of such sequences occuring in $F^{n-d}$ will be called the normal dimensional sequence set of $F^{n-d}$ .
Generally, all sequences of $C_{P^{\mathfrak{n}-d}}$ may not be distinct if $F^{n-d}$ is disconnected. Ho wever,

$(\Phi, \Lambda f^{n})$ is equivariantly cobordant to a $G$-action such that all elements of the normal dimensional
sequence set of the $(n-d)$ dimensional part $F^{\prime n-d}$ of its fixed point set are distinct. In fact,
one may form a connected sum for those connected co mponents in $F^{n-d}$ with the salne normal
dimensional sequence when $n-d>0.$ and one may cancel pairs of components with the same
normal dimensional sequence when ta $-d=0.$ This doesn’t change the $(\mathbb{Z}_{2})^{k}$.-action $(\Phi_{i}\Lambda,I^{f1})$

up to equivari ant cobordism. Thus, without loss of generality one may assu me that the part of
$F^{n-d}$ with the same normal dimensional sequence is connected, so all sequences of $C_{F^{n-d}}$ a $\mathrm{e}$

distinct.

DEFINITION. We say that the ($n-$ d)-du\dot nensional part $F^{n-d}$ of $F$ possesses the linear inde-
pendence property if its normal dimensional sequence set

$C_{F^{n-d}}=\{\{q_{\rho,d}^{i}|\rho\neq’ 0\}|i= 1, \cdots i\ell_{d}\}$

has the following property:

$\frac{1}{\Pi_{\rho\neq\rho 0}\alpha_{\rho^{\rho.d}}^{q^{1}}}$
, $\cdots$ ,

$\frac{1}{\Pi_{\rho\neq\rho 0^{\alpha_{\rho^{\rho.d}}}}^{q^{\mathrm{r}_{d}}}}$

are linearly independent in the quotient field of $\mathbb{Z}_{2}[a_{1}$ , ..., $a_{k}]$ .

Theorem 2.1. Suppose that $(\Phi, \Lambda f^{n})$ is a sm.ooth $(\mathbb{Z}_{2})^{k}$ -action on a closed smooth n-dimensional
manifold such that each part $F^{p}$ of the fixed point set $F$ possesses the linear independence prop-
sti $ll$ an $d$ $w(F)=1.$ If $\dim$ I$f^{n}>2^{k}\dim F$ , then $(\Phi,\cdot I\prime I^{n})$ bounds equivariantly.

Note. (1) When $k=1_{i}$ as shown in [L3], 2 $\dim F$ is the best possible upper bound of $\dim\Lambda f$ if
the involution $(\, \lambda I)$ with $w(F)=1$ doesn’t bound. For the general case, Example 1 will show
that $2^{k}\dim F$ is still the best possible upper bound of $\dim\Lambda I$ if $(\Phi, \Lambda I)$ doesn’t bound.

(2) Example 2 will show that the condition which each part 7 of the fixed point set $F$

possesses the linear independence property is necessary.

Example 1. Let us begin with the involution (T, $\mathrm{R}P^{2})$ given by [x0.,$x_{1}, x_{2}]-[-x_{0_{i}}\mathrm{r}_{1}, x_{2}]j$

which fixes the disjoint union of a point alld a real project]ve l-s ace $\mathbb{R}P^{1}$ . Then the product

(
$T\mathrm{x}\cdot\cdot\cross T.\mathbb{R}P^{2}\check{\ell}\cdot\vee$

x
$\cdot\ell\cdot$

.x $\mathbb{R}P^{9}\sim$ )
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of $\ell$ copies of $(T_{\mathrm{J}}\mathbb{R}P^{\gamma}.arrow)\mathrm{f}\mathrm{o}1^{\cdot}$ n)s a new $\mathrm{i}\mathrm{n}1’01\iota\iota \mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ . and its fixed point set is $\mathrm{U}_{i=0}^{p}$ $(\begin{array}{l}ti\end{array})\mathbb{R}P^{1}\mathrm{x}$
$\vee\cdots\cross \mathbb{R}P^{1}$ ,

$i$

where $\mathbb{R}P^{1}\cross\cdots\cross E<P^{1}\vee$ means a point if $i=0.$ This new involution is cobordant to an involution

$(\Phi_{1}, \lambda I^{\frac{\mathrm{o}}{1}\ell})$ having fixed set $F=F^{\ell}\square$ $F^{\ell-1}\cup\cdots\cup$ $F^{0}$ with $\dim \mathit{1}\mathrm{t}I\underline{.)}t=\underline{9}\dim F$ and $w(F)=1,$
where

$F^{\mathrm{p}}=\{$

$\mathbb{R}P^{1}\cross\cdots\cross\check{p}$

$flP^{1}$ if $(\begin{array}{l}\ell p\end{array})\not\equiv 0$ luod 2

elnpty if $(\begin{array}{l}\ell p\end{array})\equiv 0$ mod 2.

Consider $\Lambda I_{\tilde{1}}^{\ell}’\cross l1I_{\tilde{1}}^{9\ell}$ with two involutions $t_{1}=$ twist anci $t\underline{\circ}=\Phi 1$ $\cross\Phi_{1}$ . The $\mathrm{L}\backslash \cdot \mathrm{e}\mathrm{d}$ point
set of this $(\mathbb{Z}_{-},)’-$ -action $(\Phi_{2}, \lambda I_{-}^{4\ell}.,)$ is the fixed point set of $\Phi 1$ in the diagonal copy of $\lambda f_{\overline{1}}^{\ell}$

’

which is $F=F^{\ell}3$ $F^{\ell-1}\mathrm{u}$ $\cdots \mathrm{u}$
$F^{0}$ , which has $w(F)=1$ and $\dim l\square .I_{-}^{4\ell}.,=2^{\sim}.$

,
$\dim F$ . Squaring

this example gives examples for all $(\mathbb{Z}_{\sim},)^{k}$ -actions. Actually, if $( \Phi_{k-1}, \Lambda I_{-1}^{k-1_{\ell}}\frac{9}{k}.)$ is a $(\mathbb{Z}_{2})^{k-1_{-}}$

action fixing $F=F^{\ell}\square$ $F^{\ell-1}\mathrm{u}$ $\cdots \mathrm{u}$
$F^{0}$ , then the twist and the diagonal $(\mathbb{Z}_{2})^{k-1}$ -action induced

by $\Phi_{k-1}$ on $\Lambda I_{k-1}^{2^{\mathrm{A}-1_{\ell}}}\cross \mathit{1}\mathrm{t}I_{\tilde{k}-1}^{\mathrm{o}^{k-1_{\ell}}}$. produce a $(\mathbb{Z}_{2})^{k}$-action $(\Phi_{k}, \lambda I_{\tilde{k}}^{k\ell}’.)$ whose fixed set is still $F=$

$F^{\ell}.\mathrm{u}$ $F^{\ell-1}\coprod$ $\cdots \mathrm{u}$
$F^{0}$ , and clim $\Lambda/\mathrm{j}\iota_{\ell}.=2^{k}\dim F$ . Also, the linear independence for the fixed

point set is obvious since $F^{p}$ is connected for each $p$ . However, $( \Phi k, \Lambda I^{k}\frac{\circ}{k}\ell)$ is nonbounding for
every value of $\dim F=\ell$ and every $k$ .

Example 2. Consider the standard $(\mathbb{Z}_{\vee},,)\underline’$-action $\langle$
$\Phi_{0}.\mathbb{R}P^{\sim}.,)$ given by

$[x_{0}, x_{1}, x\underline’]-[x_{0}, g_{1}x_{1}, g_{\underline{9}}x_{2}]$ ,

which fixes three isolated points, where $(g_{1}, q\mathrm{z})$ $\in(\mathbb{Z}\underline’)^{2}$ . Then the diagonal action on the product
of $2\ell’$ copies of $(\Phi_{0}, \mathbb{R}P^{\underline{9}})$ is also a $(\mathbb{Z}_{-},)\underline’$-action denoted by $(\Phi, \Lambda I^{4\ell’})$ , and the fixed point set
of this action is formed by $3^{2\ell’}$ isolated points. Furthermore, by using the construction as in
Example 1 to $(\Phi, \mathrm{A}I^{2\ell’})$ , one may obtain a $(\mathbb{Z}\underline{\cdot)})^{k}$.-action $(\Psi, \mathrm{A}I\underline’)k_{\ell’}$ , which fixes $3^{2\ell’}$ isolated
points. Now, the diagonal action on the product of $(\Psi, \Lambda f^{2^{k}\ell’})$ and $(\Phi_{k}, \mathrm{A}I_{k}^{2^{k}\ell}.)$ in Exam ple

1 produces a $(\mathbb{Z}_{9,\sim},)^{k}$ -action $(\Phi’, \Lambda I^{2^{k}(\ell+\ell’)})$ fixing the disjoint union $F’$ of $3^{2\ell’}$ copies of $F=$

$F^{\ell}\square$ $F^{\ell-1}\mathrm{u}$ $\cdots$ $\mathrm{u}$
$F^{0}$ . However, $(\Phi’, l\downarrow I^{2^{k}(\ell+e’)})$ never bounds although $\dim\Lambda f^{2^{k}(\ell+\ell’)}=2^{k}(\ell+$

$\ell’)>2^{k}\dim F’$ for $\ell’>0$ and $w(F’)=1.$ This is because each pdimensional part of $F’$ doesn’t
satisfy the linear independence property.
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