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CP-CONVEXITY AND ENTROPY OF CP-MAPS
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ABSTRACT. The purpose of this note is to review some basic results on CP-
convexity and introduce new entropy of CP-maps in the context of CP-convex-
ity theory, and discuss the relations with other entropies of CP-maps defined
in quantum physics and entanglements in quantum information theory.

1. Introduction.

The notion of completely positive map between C*-algebras, abbreviated by
CP-map in this note, was mathematically initiated by W.F. Stinespring [17],
and was first introduced into physics by K. Kraus [14]. He showed that, assum-
ing that observables of a physical system are described by bounded operators
a € B(H) on a Hilbert space H, after an interaction with an exterior, they are
changed by a normal contractive completely positive map (so called operation)
9 such that

%(a)= SiaS; with S;€ B(H) suchthat Y S7S;<In.

Note that, using the polar decomposition S; = u;|S;|, this can be rewritten as

P(a) =Y |Stlei(a)|Si| with |S;| € B(H)* such that »_|Si|* <In,

1 2

where @;(a) = ufau; is a conditional transform with a partial isometry u; on

H. We can also show that it can be decomposed as
$(a) =Y Vi¢i(a)Vi with V; € B(H) such that » V;'Vi < In,

The detailed version of this paper will be submitted for publication elsewhere.
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where ¢;(a) = UfalU; is a unitary transform with a unitary U; on H, but this
time the operator coefficients V; cannot be positive in general (cf. [11]). Our
motivation was to define an operator convexity for operations where unitary
transforms and conditional transforms are characterized as extreme elements
which would represent minimal interactions in physics.

For more general setting, we shall consider the set of all CP-maps from a C*-
algebra A to B(H), and denote it by CP(A, B(H)). Then ¢ € CP(A, B(H))
is said to be a CP-convex combination of ¢; € CP(A,B(H)) if it can be

decomposed as
%= S¢S  with S;€B(H) suchthat Y 87S:<In,
which will be abbreviated as
¥ =CP-Y_ Si:Si.

For example, we have seen above that every operation can be decomposed
into a CP-convex combination of unitary transforms, and it is also a CP-convex
combination of conditional transforms with positive operator coefficients. In
a series of works [5-11], we developed CP-convezity theory which “quantizes”
scalar convexity theory for state spaces for C*-algebras. In this note, we shall
define new entropy of CP-maps using the CP-coeflicients, which vanishes at

the extreme elements in the sense of the above operator convexity.

2. Notations.

We prepare some basic results and notations for CP-maps. Recall that, by
the Stinespring representation theorem [17], every CP-map 9 € CP(A, B(H))
can be represented as ¢ = V*rV where 7 is a representation of A, and V
is a bounded linear operator from H to H,. We denote by py the support
projection of 9 (i.e., the support projection s(V*V) of V*V), and then Hy, :=
pyH is the support of .

A CP-map ¢ € CP(A, B(H)) is called a CP-state if it is contractive, and
we denote by Qu(A) the set of all CP-states, i.e.,

Qr(A) = {y =V*rV € CP(4;B(H)); ||Vl < 1}.
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In particular, the set of all unital CP-states will be denoted by Sy (A), i.e.,
Su(A) ={p=V*'nV;V*V = Ig}.

¥ € CP(A: B(H)) is pure in the cone CP(A, B(H)) iff = is irreducible, and
we denote by Py (A) the set of all pure elements in CP(A, B(H)), and by
PSy(A) = Py(A) N Sa(A) the set of all unital pure CP-states.

Recall also that Rep(A : H) [resp. Rep.(A : H), Irr(A : H)) represents
the set of all [resp. cyclic, irreducible] representations of A on H (i.e., whose
representation spaces are subspaces of H). Since every representation can be

decomposed into a direct sum of cyclic representations, we can show that
Qu(A) = CP-conv Rep.(A : H).

3. CP-extreme states.

The natural questions would be as follows. “What are the extreme CP-
maps in CP-convexity?” “How can a CP-map be decomposed into the extreme
elements?” The answer should generalizes the pure states P(A) and Choquet
theory on the state space S(A).

Recall that, in the example of the decomposition of operation, we saw two
types of CP-decompositions. Naturally, the definition of CP-extreme elements
is not unique, and this would be a difficult part of operator convexity, but it
will turn out to be an advantage of CP-convexity which allows us to deal with

both algebraic decomposition and statistical decomposition. (cf. [11])
Definition 1. A CP-state is defined to be CP-eztreme if ¢ = CP-_, vi v,

then 1; is unitarily equivalent to 1, i.e., there exists a partial isometry u; with
ufu; = py and u;ul = py, such that ¥; = uiu] and v; = cyu; with ¢; € C for
all 3. We denote by Dy (A) the set of all CP-extreme states.

Theorem 1.

(i) If dim H = oo, then Dg(A) = Irr(A : H).

(ii) If 1 <dimH < oo, the Dy(A) = Irr(A: H) U PSy(A).
(iii) If dim H =1, then Dy (A) = P(A).

In the case of operations, the extreme elements in the above sense are irre-

ducible representations of B(H) on H, which are exactly unitary transforms.
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This definition of CP-extreme elements are useful for algebraic arguments (cf.
[10]). On the other hand, we have another definition of CP-extreme states, re-
stricting the CP-coefficients to positive operators, which we shall call positive

CP-convex combination.

Definition 2. A CP-state is defined to be positively CP-extreme if ¢ =
CP-Y, vithv; with v; > 0, then 1; = ¢. We denote by Ex(A) the set of
all positively CP-extreme states.

Theorem 2.
Egy(A) =Irr(A: H)U PSy(A)
= {¢ = u*nu € Py(A); u*u = Iy or uv” = pg}.
Though the above definition and result are simple, in the case of operation

it cannot single out the conditional transforms as extreme elements. For this,

we shall give a weaker version of Definition 2.

Definition 2°. A CP-state is defined to be conditionally CP-extreme if ¢ =
CP — Y, vith;v; with v; > 0, then s(v;)¢;8(v;) = 1. We denote by Eg (A) the
set of all conditionally CP-extreme states.

Theorem 2'. E§(A) = {¢ = u*mu € Py(A);u*u = py}.

Thus conditional transforms are conditionally CP-extreme states, and they
are important in applications. For example, annihilation and creation in Fock
Hilbert space are conditionally CP-extreme, so minimal interactions as ex-
pected, where CP-coefficients include the information of correlation in quan-
tum information theory.

We note that the non-commutative version of Gelfand-Naimark theorem was
realized on the CP-extreme elements Irr(A : H) for a sufficient large H [10].
Also, Choquet’s representé,tion theorem was generalized for CP-convexity by
introducing CP-measure (operation valued measure) and its integration theory
(see [9] for details).

CP-Choquet theorem. Let A and H be separable. Then, for any CP-state
¥ € Qu(A), there exists a CP-measure A, supported by Dy (A) such that

P(a) = / ad)\y for all a € A.
Qu(A)
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4. Entropy of CP-states.

Assume that a CP-state ¢ € Qg (A) is atomic (i.e., it has an atomic repre-

senting CP-measure Ay) and it is decomposed as

o0 oo
Y=Y VimV: wheren; € Irr(A: H) and V; € B(H), » V;Vi <In.

i=1 i=1

If we set Vo = (I — 20, Vi*V;)3, then

%= VimV; wheren; € Irr(A: H) and V; € B(H), ) ViVi=1In.
Now, how can we define an “entropy” of v with the CP-coefficients V; which
vanishes at the extreme CP-maps?

As a first attempt, we can define an operator entropy S(v) by
S(4) =) Vi V'V,

however, this vanishes at any atomic representation m = @;m; = Y, P, i Pr,
(m; € Irr(A : H)) which is not CP-extreme, and also the above definition de-
pends on the way of the decomposition. We also note that the scalar convexity
does not work here for the CP-state space Qg(A), since any representation
7 € Rep(A, H) of A on H is an extreme point of Qg (A) (cf. [9; Appendix]),
which may not be CP-extreme if it is not irreducible.

Let p € T(Hy)7 be a normal state of B(Hy), and consider an affine set
S¥(A), in the cone CP(A : B(Hy)) (which may not be included in the CP-
state space Qp, (A) defined by

St,(A)p = {9 € CP(A: B(Hy)); llello = I9lo}-

where ||¢|l, := p(¢(1)). Then, S}’L (A), is a BW-compact convex set which

includes 7, so that 1) can be decomposed into a scalar convex combination of

‘pure CP-maps

p=3 Aty with ¢ € Pa,(A)NSY, (A), (i>1) and >0, Y A =1,

i=0 =0
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where \; = w(V*V;) for i > 1and g = 1 — > oy A, and ¢ = 0, ¥; =
A; 1Vi*7riV,- for i > 1. We can then define

55(¥) = inf{- i,\i In A},

=0
where inf is taken over all possible atomic CP-extreme decomposition of .

In particular, let 1 be a unital operation, and suppose

¢=ZV;-V,- with V; € B(H), ZV,,*V,-:IH,
1 1

and let p € T(H)7 be a faithful normal state. Then, Lindblad [15] defined an
entropy of ¥ with respect to p by

Sy(¥) == S(M,) where [Mp]i; = Tx VipVj.
On the other hand, Alicki [1] showed that this is equivalent to

Sﬁ('ﬁb) = S(py) where py = Z(: Vi)oVi € T(H.o)-f

where H,, is the GNS-representation space of B(H) with respect to Trp(-).

Lemma. Ifv is a unital operation and p € T(H)7 is faithful, then
S;(¥) = S5(%) = S, (%)

Thus our entropy S 3 (%) is a generalization of the Lindblad entropy to non-
unital CP-states, and non-faithful p € T(Hy)7, so that we shall call it the
Lindblad entropy of ¢ with respect to p € T(H,p)'f, and denote it by SZ(%).

Now, one of our main theorem in [12] is stated as follows.

Theorem 3. Let ¢ € Qx(A) be an atomic CP-state, then S5 (1) = 0 for all
p € T(Hy)T iff ¢ is a conditionally CP-extreme state.

5. Entropy of operations.

Let w € (B(H) ® B(H)). be a normal atomic composite state of the tensor
product B(H) ® B(H), and so it is decomposed as

w= Z Aiw; where w; is pure, A; >0, EA,- =1.
i i
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Then the entanglement of formation SZ(w) of w is defined by
SE(w) = inf{)_ AS(wi)} with S(w) = S(wi(1®)),

where inf is taken over all possible pure decompositions (cf. [16], [12]). We
note that S¥(w) = 0 if and only if w is a separable state, i.e., w is of the form
w = 3", u; p; ®¢; where p; and g; are pure states of B(H), and p; > 0,); pi =
1.

On the other hand, we have one to one correspondence between w € (B(H)®
B(H)), and ¢, € CP(B(H),T(H))» (where n represents the normal part)
such that

0o =3 Ngu; With @u, =V ()Vi € Pa(B(H)) N CP(B(H),T(H))n,

where the correspondence is given by w(a®b) = Tr(yp,(a)®b) for a,b € B(H).

Definition. ¢ € CP(B(H),T(H)),, is called a tracial operation, and suppose
that

o= ViV with o(1)=3 V;'V; e T(H){.
i i :
We then define the entanglement of formation SZ(y) of ¢ by

SE(p) =inf Y MS(OA'VVi) with A = TIV;'V;

and the entropy S(yp) of ¢ by
S(¢) =inf{~ ) Te(V;VilnV;'Vi)}

where inf is taken over all possible decompositions above.

We note here that
=S IV V) ==Y Mln i+ ) WSOV,

so if we define wy,(a®b) = Tr(p(a)®b) for a,b € B(H), then the above defined
entropy of a tracial operation ¢ measures how far the corresponding composite
state w,, is from pure and separable states. We can then show the following
results. |
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Theorem 4. Let v € CP(B(H),T(H)), be a tracial operation. Then we
have

() S(p) = S(w,) + SF(p) 2 0.

(ii) S(p) =0 iff w,, is a separable pure state.

Let 4 be an operation and let p € T(H)?, then p24p? € CP(B(H), T(H)),
defines a tracial operation, so the above defined entropy of tracial operations

can be applied to define an entropy of operations.

Definition. We define the entropy S,(4) of an operation 7 with respect to
p € T(Hy){ by

Sp(¥) = S(p¥ep?) — S(p)

Qur another main result can be stated as follows.

Theorem 5. Let v be an operation. Then we have
(i) Sp() = S5(W) + S5 (%) — S(p) 2 0 for all p € T(Hy)T
(ii) S,(¢) = O for all p € T(Hy)T iff ¢ = wly withw € P(B(H)) or¢ is a

conditional transform.

In [12], more detailed properties of the above entropy will be discussed. We
hope that the entropies of CP-maps will be useful for quantum dynamical en-
tropy, which was initiated by G.G. Emch [3, 4] and A. Connes and E. St¢rmer
[2], and the Lindblad entropy was defined for this purpose ({15], see also [1]).
There are many references on this subject, so we just mention the most recent
work by A. Kossakowski, M Ohya and N. Watanabe [13]

REFERENCES

1. R. Alicki and M. Fannes, Defining quantum dynamical entropy, Lett. Math. Phys. 32
(1994), 75-82.

2. A. Connes and E. St¢rmer, Entropy for automorphisms of I1I; von Neumann algebrus,
Acta Math. 134 (1975), 289-306.

3. G.G. Emch, Positivity of the K-entropy on non-abelian K-flows, Zeitschrift Wahrschein-
lichkeitstheorie und Verwandte Gebiete 29 (1974), 241.

4. G.G. Emch, Generalized K-flows, Commun. Math. Phys. 49 (1976), 191-215.

5. I. Fujimoto, CP-convegity and its applications, Ph.D. dissertation, University of Florida,
1990.

141



142

10.
11.

12.
13.

14.

15.

16.

17.

CP-CONVEXITY AND ENTROPY OF CP-MAPS

1. Fujimoto, CP-duality for C* and W*-algebras, In W.B. Arveson and R.G. Douglas
(eds.), Operator Theory/Operator Algebras and Applications, Proc. Symposia in Pure
Math. 51 (1990), Part 2, 117-120.

. L. Fujimoto, CP-duality for C*- and W*-algebras, J. Operator Theory 30 (1993), 201-

215.

. I. Fujimoto, A Gelfand-Naimark Theorem for C*-algebras, In R. Curto and P. J¢rgensen

(eds.), Algebraic Methods in Operator Theory, Birkhduser, 1994, pp 124-133.

. 1. Pujimoto, Decomposition of completely positive maps, J. Operator Theory 32 (1994),

273-297.

1. Fujimoto, A Gelfand-Naimark Theorem for C*-algebras, Pacific J. Math. 184, No.1
(1998), 95-119.

1. Fujimoto, CP-extreme elements of CP-state spaces, in preparation.

I. Fujimoto and H. Miyata, Entropy of CP-maps, in preparation.

A. Kossakowski, M Ohya and N Watanabe, Quantum dynamical entropy for completely
positive map, Infinite dimensional analysis, quantum probability and related topics 2,
No.2 (1999), 267-282.

K. Kraus, General state changes in quantum theory, Ann. of Physics 64 (1971), 311-335.
G. Lindblad, Non-Markovian quantum stochastic processes and their entropy, Commun.
Math. Phys. 65 (1979), 281-294.

H. Narnhofer, Entanglement, split and nuclearity in quantum field theory, Reports in
Math. Phys.. 50 (2002), 111-123.

W.F. Stinespring, Positive functions on C*-algebras, Proc. Amer. Math. Soc. 6 (1955),
211-216.



