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EXISTENCE OF BERNSTEIN-SATO POLYNOMIALS BY USING THE
ANALYTIC GROBNER FAN

ROUCHDI BAHLOUL

ABSTRACT. In 1987, C. Sabbah proved the existence of Bernstein-Sato polynomials associated
with several analytic functions. The purpose of this article is to give a more elementary and
constructive proof of the result of C. Sabbah based on the notion of the analytic Grobner fan of
a D-module.

This paper is a translation of [Bah].

INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

Fix two integers n > 1 and p > 1 and v € N? \ {0}. Let =z = (z1,...,2,) and s = (s1,...,5p)
be two systems of variables. Consider f1,...,f, € C{z} = C{=1,...,z,} and denote by D, the
ring of differential operators with coefficients in C{z}. For b(s) € C[s] = Clsy,..., sp), consider
the following identity:

(*)  b(s)f* € Dnls]f**,

where fo+v = fritvi . 2249 A polynomial b(s) satisfying such an identity is called a Bernstein-
Sato polynomial (associated with f = (fi,..., fp)). The set of these polynomials form an ideal
called the Bernstein-Sato ideal and denoted by BY(f). Let us mention that usually, v is taken as
(1,...,1) or (0,...,0,1,0,...,0) where 1 is in the j-th position, j € {1,...,p}.

Let us give some historical recalls. In the case where p = 1 and f is a polynomial, I.N. Bernstein
[Ber72] showed that the ideal BY(f) is not zero (in this case, in (), Dy, is replaced with the Weyl
algebra A, (C), i.e. the ring of differential operators with polynomial coefficients). Again for
p = 1 but in the analytic case, the fact that BY(f) is not zero was proved by J. E. Bjork [Bj673]
with similar methods as that of [Ber72]. In the same case, let us cite M. Kashiwara [Kas76] who
published another proof and showed moreover that the unitary generator of the Bernstein-Sato ideal
has rational roots. Now, for p > 2 the proof in the polynomial case is an easy generalization of that
by I. N. Bernstein, which can be found in [Lic88]. In the analytic case, the proof of the existence
of a non zero Bernstein-Sato polynomial was given by C. Sabbah ([Sab87a] and [Sab87b]). Let us
cite the contribution of A. Gyoja [Gyo93] who showed moreover that BY (f) contains a rational non
zero element.

The goal of the present paper is a development of the proof by C. Sabbah. More precisely, we
can decompose the proof of C. Sabbah into two main steps: the first one uses arguments similar
to that used by M. Kashiwara in the case p = 1, the second one essentially consists in a finiteness
result that reduces the problem to the first step. The second step of the proof by C. Sabbah
is based on an “adapted fan”. The existence of such a fan is done in ([Sab87a] theor. A.l.1).
Unfortunately, there is a gap in the proof of theorem A.1.1. (see also the comments after th. S1 in
the present paper). In this paper, we propose a more elementary and constructive statement and
proof of the second step, by avoiding the sensitive notion of “adapted fan”.

In order to motivate the reading of this article, we recall (without all the details) the proof by
C. Sabbah. In this recall, we will emphasize the result (th. S1) for which we will give a more
constructive statement. Let us mention that most of the notions or notations introduced below.
and useful for the sequel will be detailed in the next sections.

Key words and phrases. V-filtration, analytic Grébner fan, Bernstein-Sato polynomial.
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We denote by Dy, the ring of differential operators with coefficients in C{z,t} = C{z; o s Ty
t1,...,1p}. Following the method of B. Malgrange [Mal75], we make Dy, 1, act on (C{:e}[f T s]f?.
We denote by I the (left!) ideal annihilator of f* in D, 4, and M the quotient M = Dy, /1.

For j =1,...,p, denote by V;(Dn4,) the Kashiwara-Malgrange V-filtration associated with the
variable t; et set V = (V1,...,V}) the (multi)filtration of Dy 4, indexed by Z?: for w € Z?,

V n+p) ﬂ{V }wJ Dn+p)
j=1

It induces a filtration V(M) on M where for w € ZP, V,,(M) is the image of V,,(Dn4p) by the
projection Dpyp = M =Dy /1.

For j = 1,...,p, we identify the filtration V; with the linear form applied on N2"*2? given by
Vi(a,p, B,v) = vj — p; (where o, € N*, u,v € NP and a, 4, 8, v corresponds respectively to
z,t,8;,8;). Denote by Uy = Z§=1R20Vj~ We identify Uy with (R>0)?. Each L in Uy NNP (i.e.
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L with integral coefficients) gives rise to a natural filtration V' on Dp4p, and M indexed by Z? v

given by:
Vit (M) = > Vo (M),
{wezr;, L(w)<k}
where L(w) = lhwy + -+ Lw, if L=(lh,...,1,) € NP,

Now, let us recall the two main steps of the proof by C. Sabbah.
Step 1:

Theorem. ([Sab87a] th. 3.1.1, see also [Gyo93] 2.9 and 2.10) For any L € Uy NNP, there
exists a non zero polynomial b € C[A] in one variable such that for any k € Z,

b(L(=8yt1, ..., =0, tp) — k) VE(M) C V& (M).

The proof of this theorem uses arguments similar to that used by M. Kashiwara [Kas76]
in the case p = 1.
Denote by b7, the monic polynomial with minimal degree satisfying the previous identity.
The contribution of A. Gyoja [Gyo93] consists in the fact that b7 has roots in Q«o.
Step 2: We are going to introduce two other filtratrions on M.

(1) Let o be a convex rational cone in RY ;. We denote by £(c) the set of the primitive
elements of the 1-skeleton of o (i.e. I € L(¢) if and only if the line generated by L
is in the 1-skeleton of o and the coefficients of L are integral and without a common
factor # 1). For any w € Z?, we set:

"V (M) = > Vi (M).
{w'€z?|VLEL(0) L(w)SL(w)}

(See figure 1 where p = 2 and o is generated by L, and Ls: m € °V, (M) <= m
is represented by an operator P € D, 4, which has a Newton diagram included in the
cross-ruling.)

For any w € ZP, it is easy to see that we have the following inclusions:

Vo(M) C (| VM) C [ Viw(M),
Leo LeL(o)

the first one being trivial and the second one resulting from the fact that L(o) is
included in the closure of o.

1 Throughout the text, ideal shall mean left ideal
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V2 L2

FIGURE 1. 7V, (M)

Theorem (S1). ([Sab87a) th. A.1.1 and prop. 2.2.1) There exists a fan T (called fan
adapted to V(M)) made of conver rational polyhedral cones such that for any cone
o €Y and any w € ZP, we have:

VuM)= [\ Vituy(M).
LeL(o)

This is the theorem for which we will give a more elementary statement and proof.
Let us say a word about the proof. In the appendix of [Sab87a], in collaboration
with F.J. Castro Jiménez, C. Sabbah states the existence of a fan X adapted to the
filtration V(M) (th. A.1.1) then he shows, in prop. 2.2.1, that for any cone in such
a fan, we have the previous equality. The exists a gap in the proof of theorem A.1.1.
Indeed, the proof is based on a division with parameters which gives rise to formal

power series in the derivation variables 0;,.
Let V(M) be the filtration indexed by Z” defined by:

VuM)= [} Vitw(M).
Lely

A consequence of theorem S1 is
Corollary (S2).
(a) For any w € Z?,

VoM)= [ ViwM),
LeL(x)

where L(c) denotes the set of the primitive elements of the 1-skeleton of .
(b) There exists & € NP such that for any w € Z?,

V(M) C V(M) C Vg (M).
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Let us make some comments about the proof of this result. Assertion (a) of S2 trivially

follows from S1, indeed:
Vu(M) () () Viw) (M)
c€X LEo

ﬂ( ﬂ VI;L(w)(M)) by S1

c€X LeL(o)

= (] V™).
LeL(x)

Concerning assertion (b), C. Sabbah proves that if a fan X satisfies the satement of
theorem S1 then V(M) is a good V(Dy4,) filtration, thus by a usual result (on the
comparison of good filtrations), we obtain the wanted inclusions (remark that the first
inclusion is trivial and it is the second one that we are interested in).

Let us end the recall of the proof. Denote by d the class of 1 in the quotient M = Dp4p/1.

Put
o= I (11 bi(L(s) — K)).

LeL(S) —L(v+k)<k<0
By assertions (a) and (b) of S2, we obtain:

b(—8:t)8 € V_y—x(M) C V_u(M),
which means that b(s) € BY(f).

Let us now state the main results of the present paper.

Let I be an ideal in D, (ring of differential operators with analytic coefficients in m variables). In
[A-C-GO01], A. Assi, F.J. Castro Jiménez and M. Granger introduced the set U of the linear forms
L for which the naturally associated filtration on D,, is compatible with the non commutative
structure of Dy, (see paragraph 1.2). They studied the behaviour of the graded ring grX(I) when
L moves in Y. Consider the relation on  such that L is in relation with L’ if the graded rings
grL (h(I)) and gr¥' (h(I)) are equal (here, h(I) denotes the homogenization of 1, we shall recall it
later). This relation, which is an equivalence relation, gives rise to a partition of i made of convex
rational polyhedral cones. This partition is called the (analytic) Grobner fan associated with h([)
et denoted by E(h(I)). ;

Now, put m = n+p and resume the previous notations. As we will see, we can naturally include
Uy into U. Denote by &y = Ev(h(I)) the fan on Uy obtained by restriction of £(h(I)). Here are
the results we aim to prove.

Theorem 1. For any cone o in &y,
VM) = () Viuy(M).
LeL(o)
The counterpart of corollary S2 follows by replacing the 1-skeleton of ¥ with that of £v. Indeed,

the proof of corollary S2 works for any fan from the moment that it satisfies the statement of
theorem S1.

Theorem 2. For p = 2, there erists k € N? that we can compute from the Grébner bases associated
with each cone of &y (this computation shall be detailed in section 8) such that for any w € yAS

V(M) C Vu(M).
For p > 3, a generalization of this result seems to give rise to technical difficulties hard to solve.
Finally, here are the main contributions of the present paper.
e A constructive statement and proof of the key theorem S1 which provides a more elemen-
tary and constructive approach of step 2 in the proof by C. Sabbah and which avoids the

notion of adapted fan.
e For p = 2, a completely constructive proof of step 2 in the proof of C. Sabbah.

141
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I point out that this article is a part of my thesis [Bah03] in which one can found another proof
of the counterpart (i.e. with £(€y ) instead of L(X)) of statement (a) of S2, without using theorem 1.

In a first section, we shall make some recalls concerning the division theorem in Dy, as in [A-C-G01],
the notions of standard basis and Grobner fan. In section 2, we shall give the proof of theorem 1
and in section 3 the proof of theorem 2.

1. RECALLS AND PREPARATORY RESULTS

In the following paragraphs, we shall recall without giving proofs some notions and results which
are helpful for the sequel.

1.1. Homogenization. As [C-N97] in the algebraic case, let us introduce the homogenized ring
D, (z) with which the authors of [A-C-G01] introduced the analytic Grobner fan.

In this paragraph and until 1.3.2, 2 = (1, ..., Zm) and Dy, denotes the ring of differential oper-
ators with coefficients in C{z}. We define D,,(2) as the C{z}-algebra generated by &8;,,...,0s,,,2
where the only non trivial commutation relation are:

[0z, c(z)] = —a—gi—a:lz fori=1,...,n and ¢(z) € C{=z}.

In Dy,, we denote by deg(P) the total degree of P in the §;,. Consider the associated filtration.
We can extend it to D, (z) by considering the total degree in the 8;, and z. This filtration provides
to Dm(2) a structure of graded algebra:

Dm(z) = P Dm(z)a  with Dm(zda= P C{e}dl 2,

deN k+(8|=d

where 8 € N™ 9 = 9f:...0f™ and |B| = B + - - + fm. Remark that the filtration of D,, given
by deg gives rise to a Rees algebra which is isomorphic to Dp(z).

We say that an operator P € D,,(z) is homogeneous (of degree d) if P € Dy (2)a.

For P € Dy, we define its homogenization h(P) € Dm(z) as follows.

Write P = 35 cp(z)0% and set h(P) = 35 ¢5(z)02 241 where d = deg(P), thus h(P) is homo-
geneous of degree deg(P).

Now, for an ideal I in D,,, we define h(I) as the ideal of Dp,(z) generated by the set of h(P) for
Pel

1.2. Filtrations, divisions and standard bases. We are going to recall the notions of a filtra-
tion on Dy, and Dy (z) and the division theorem in Dp,(z) as in [A-C-G01]. We shall also recall
the notion of standard basis and minimal reduced standard basis.

Let U be the set of the linear forms L : R*™ - R, L(a, B) = Y7 eio + Y ; fifi where for any
i=1,...,n,¢ <0and ¢ + f; > 0. We extend U to R*™+! by seting L(e, 8, k) = L(a, B).
For P € Dim(z) (resp. P € Dy), write P =3, 5 Ao p k2*0P 2% (resp. with agpi = 0fork >0
if P € D,,). We define the Newton diagram of P, denoted by N(P) in N2™+! (resp. in N*™), as
the set of (a, B, k) € N2™+1 for which a4 g% # 0.
Given L € U and P € D, (z) (or P € D,,), we define L-order of P as ord?(P) = max L(N'(P)).
This order induces a filtration F on D,,,(z) or Dy, indexed by L(N2™+1) given by:

F{(Dm(z)) = {P € Dm(z2); ord“(P) < k}

and an associated graded ring grl (Dm(2)) = @ FE(Dm(2)) ) FE (D ().

keL(N2m+1)
For P € Dy,(z), we denote by c*(P) the principal symbol of P, i.e. the class of P in the quotient
FE(Dm(z))/FL,(Dm(2)) where k = ord“(P). If J is an ideal in Dp(z), a filtration FX(J) is
induced and gives rise to a graded ideal grX(J) of gr’ (D, (z)), which is generated by the set of
the oZ(P) for P € J.
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For a form L € U, we define two orders: <z on N?™ and <? on N?m+1:

L(a, B) < L(c!, B')
(,B8) <L (¢, B') <= (or ( equality and |8| < |8'|)
or ( equality and (a, 8) >0 (¢/, 8)),

where <q is a well order compatible with sums, which is fixed for the sequel;

SRR, k+ |8l < K +18|
(a,8,k) <t (o, B, ) = {or ( equality and (e, 8) <1 (o, 8'))-

For P € Dm(z), we define the leading exponent exp» (P) = maxcs (M(P)) and the leading

monomial Im» (P) = (z, &, z) Pt P)We do the same for P € Dy, and with <y, instead of <h.
Note that exp_ (PQ) = exp (P) +exp(Q) if < is compatible with sums, which is the.case for <r
and <%. Let us recall the division theorem in Dp,(z) given in [A-C-GO1]. ~

Let L € U. Let Q,...,Q, be a family of operators in Dy,. Denote by (Ay,...,Ar, A) the
partition of N*"+! defined from the exp s (Q;):

o Ap =expen (@) + N¥m+1
o Aj=(expey (Q5) + NN (UZ T A for j=2,...,7
o A=NH (21 A))
Theorem 1.1. ([A-C-G01] Th. 7) For any P € Dy (z), there exists a unique (q1,-..,¢r, R) €
(Dm(2))™*! such that:
(1) P=q1@Q1+ -+ ¢:Qr+R
(2) foranyj=1,...,r, if g5 # 0 then N(g;) + exp<;£(Qj) CA;
(8) if R#0 then N(R) C A.
We call R the remainder of the division of P by the Q; w.r.t. <h.
Corollary 1.2.
o expes (P) = maxgy {expes (4:@5), 5 = 1., 5 expoy ()}
) ordL(P) = max{ord®(¢;Q;), i =1,...,7; ordL(R)}.

Let J be an ideal in D (2) and @1,...,Q, € J. We say that Qy,...,Qr form a <} -standard
bases of J if for any P in J, the remainder of the division of P by the Q; is zero. Consider the set
of exponents of J: Exp<;£(J) = {equ(P), P e J~0}. Given Qy,...,Q, € J, these two claims
are equivalent (by the division theorem): A

e The Q; form a <! _standard basis of J.
® Expc» (J)= U;'=1 (exp<2(Qj) + N2m+l),
The existence of a standard basis holds by Dickson lemma which asserts that if a subset E of N?
satisfies E = E + N7 (which is the case for Exps (J)) then there exists F C E finite such that
E = Ueer(e + N9). It is easy to see that a standard basis is not unique in general, that is why
there exists the notion of minimal reduced standard basis:
Definition. Let Qi,...,Q, be a <?-standard basis of J C Dm(z) and let e; = exp<2(Q,-) for
i=1,...,r
o We says that it is minimal if for any finite subset F of N?m+1  the following implication
holds
Expes (J) = U (e+N¥+y = fe), . ..,e,} CF.
eeF
o We say that it is reduced if the Q; are unitary (i.e. the coefficient corresponding to the
leading monomial is 1) and if for any j,

(N(QJ) ~ ej) C (N2m+1 N Exp<;£(J))
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There erists a unique <?-minimal reduced standard basis of an ideal in D {z).

Remark that if the ideal J is homogemeous then the minimal reduced standard basis will be

made of homogeneous elements. Let us end this paragraph by a result that we will apply in the
next section.
Lemma 1.3. Let <; and < be two orders on N2™+1 which allow one to make divisions in Dm(z)
(for ezample <;=<} with L1 and Ly being two forms). Let {Q1,. .., Q-} be the minimal reduced
standard basis of an ideal J C Dmm{z) w.r.t. <. Suppose that for any j, exp,(Q;) and exp.,(Q;)
are equal. Then {Q1,...,Qr} is also the minimal reduced standard basis of J w.r.t <s.

We omit the proof. Let us just say that what is important in a division is the set of the exp . (Q;)
and not the order itself. Thus a division w.r.t. <; or to <5 will give the same quotients and the
same remainder.

1.3. Grobner fan. In this paragraph, we shall recall the main result of [A-C-G01] which describes
the analytic Grébner fan. We shall also introduce the V-Grébner fan £v (h(J)) which will be the

main object of sections 2 and 3.

1.3.1. Let I be an ideal in Dp,. Consider h(I) C Dm(z) its homogenization. For L and L' in U,
we define the relation:

L~ L' <= gri(Dn(2)) = gt (Dm(2)) and gr (h(1)) = gr* (h(1)).

This an equivalence relation on U.

Theorem 1.4. [A-C-GO01] The partition of U given by this relation is made of convez polyhedral

rational cones. This partition denoted £(h(I)) is called the (analytic) Grébner fan of h(I).
Moreover for any cone o € E(h(I)), there exists Q1,...,Qr € h(I) homogeneous such that:

e forany L, L' in o, cX(Q;) = aL’(QJ-) and exp» Q)= equ,(Qj) for any j.
e for any L € o, the set {Q1,...,Q,} is the minimal reduced standard basis of h(I) w.r.t.
<h.
By the second claim, we can see that on a cone o, the set Exp (h{I)) of exponents of h(I)
w.r.t. <% is constant when L runs over o.

1.3.2. From now on, we shall work in Dy4p and Dpyp(z), thatism =n+p. Forj=1,...,p,
we denote by V; € U the linear form given by: Vj(a,p, B, v) = vj — p; where o, € N" and
p,v € NP, This form gives rise to a filtration that we also denote by V; and which is nothing
but the Kashiwara-Malgrange V-filtration associated with the variable t; (recall that in Dnyp,
the variables are z = (zi1,...,2,) and t = (t1,...,%,)). We denote by V the multifiltration
V=(V1,...,V;,). '

We set Uy C U to be the subset of the linear forms L of the form:

L=ll‘/1++lpV;),

with (I1,...,1,) € (R»0)?, thus we shall identify Uy and (Ro)?.

From now on, for L € Uy, we shall denote by VL the filtration associated with L (following
the notations of [Sab87a)). Remark that for L € Uy, we can identify gr’(Dn4,(2)) to a subring
of Dy 4p. Indeed, after reordering the variables, assume that L=U4Vi+- -+l Vewith0<e<p
and none of the I; is zero (by convention, if e = 0 then L = 0 and grl (Dnip(2)) = Dn4p(2)). In
this case, we have

grE (D ip(2)) = Clzes, s 2p}1s - or Zel[Bors - -, 8o )(2),

in which the commutation relations coincides with those of Dy45(z). Thus we will consider that all
the calculations are made in Dy4p(2). Now, consider the restriction of £(h(I)) to Uy. We obtain
the V-Grobner fan of h(I), denoted Ey (h(I)). Similarly to 1.4, we obtain:
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Corollary 1.5. For any cone o of Ev(h(I)), there exists Q1,...,Qr € h(I) homogeneous such
that:

o forany L, L' € o, 0L (Q;) = GL'(Q]-) and exp<p£(Qj) = expen, (Q;) for any j.
e for any L € o, the set {Q1,...,Q,} is the minimal reduced standard basis of h(I) w.r.t.
<.

We see that for any cone o, there exists a set of @Q; which, for any L in o, is the <}-minimal
reduced Grobner basis of A(I). We shall call this set the standard basis of A(J) associated
with o. ‘

Let us end this paragraph with some remarks and notations. A cone o of £v(h([)) is not
necessarily open (for example, it may be “semi open”). Thus here is the definition of L(o):

We first consider the closure & of . There exists Ly, ..., Ly € Uy that we assume to be primitive
(with ¢ > 1 that may be greater than p) such that

d={L=r1Ll1+ -rqLlq; i > 0}.

Assume ¢ to be minimal then £(c) is the set {L1,...,Lq}. The set L(Ev(h(I))) is then nothing
but the union of the £(c) with & € £ (h(I)) (remark that it is made of integral elements since the
cones ¢ are rational).

We define the interior of o as the set of the (strictly) positive combinations of the L;. We denote
by YL1,. .., Le( the open cone generated by the L;. Moreover for L; and Ly in Uy, we denote by
YLi,Ly) = {r1L1 +raLa; 71 > 0,72 > 0} the semi open cone that contains Ly and not L;.

In the sequel, we shall write £y instead of &y (h([)).

2. PROOF OF THEOREM 1

Let o be a cone of E&y. We have seen in Corollary 1.5 that there exists a family Q1,...,@Qr in
h(I) which is the minimal reduced standard basis of h(I) w.r.t. <k, for any L € 0. Now what
happens for a linear form L in the closure of o but not in ¢ (which may hold for an L in L(o))?
Of course the @; are not necessarily a standard basis of h(I) w.r.t. <. However, it is possible,
and this is the purpose of the following proposition, to construct an order that we will denote by
< (because it will depend on L and o) for which the @; shall be the minimal reduced standard
basis of h(I). Here is the definition of the order in question.

First we fix a linear form L, in the interior of o, then for (a,u,B,v,k) and (o/, 4/, f',V', k') in
Nr+p+r+r+l we set:

(a’””B; v, k) qi (017/‘,)16/»”,;1‘7) E——

k+ 8]+ v| <K + |8+ V]
or (: and L{a, p, B,v) < L(a',p’,ﬂ’,u’))
or (= and = and (o, p,8,v) <z, (o, p, B, V).

' Proposition 2.1. Let L € Uy be in the closure of o € Ev and let Q1 . . ., Q. be the standard basis
of h(I) associated with 0. Then for any j =1,...,r and for any L' in YL, Lo ),

exper (@) = expqg (Q5)-

As a consequence of this proposition, we obtain that the Q; form the minimal reduced
standard basis of h(I) w.r.t. <¢. Indeed, it suffices to apply lemma 1.3

Proof. For the reader’s convenience, figure 2 illustrates the situation of the proposition (with p = 2,
but for higher dimension, we could draw a similar figure by intersecting Uy with the plan generated
by L and L,).
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V2 L=L2 L’

/

FIGURE 2. Newton diagram of a Q; associated with ¢ =)La, L1)

expqs (Qj) = expgqg (¢X(Q;)) by definition of < and by homogeneity of Q;
= expgn (oL (Q;)) by definition of «F et <}
= expgr (Q;) by the following claim

exp<;£l(Qj) by corollary 1.5.

To end the proof, it remains to proof the following equality.

Claim. :
expen (07(Q5)) =expey (Q)-

Since N (c¥(Q;)) C N(Q;), we have exp<:£’(0'L(Qj)) <t exp<2’(Qj). Then, the reverse
inequality suffices to prove the claim. First let us prove the following:

() ord¥(@;) = Liexpey ().
For any L” in )L, L,), we have
ord”"(Q;) = L"(exps,, () = L"(expey_(Q5))
by definition of <?, and by corollary 1.5. Thus for any fixed m in M(Q;),
I'(expey_(Q5)) > L"(m).

Write L” = (1 —€)L + €L, (with 1 > & > 0) and make ¢ converge to 0. By continuity, we obtain:
Liexper (Q5)) 2 L(m), the later holding for any m in A'(Q;). Thus the equality (%) is proved.

As a consequence and by definition of 0¥(Q);), we have
expes (Q5) € N(et(Q;)).
The wanted inequality then follows from the definition of exp .» (¢*(Q;)). The claimis proven. O

Recall that I is an ideal in Dy4p, M = Dy4p/I and 4 is the class of 1 in M. Let o be a cone in
&v. Denote by Ly, ..., L the elements of L(7).
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Lemma 2.2. Let iy € {1,...,q9}, m € V,\I:;“ (M) with A;; € Q and P € Dypyp such that P§d = m
and ord%io (P) > X, then there exists P’ € Dpyp such that
e P—Peelie Pd§d=m,
e ord (P} < ordhie(P),
o ordX (P'y < ord™(P) forie {1,...,q} ~ {io}.
In other terms, it is possible to decrease the order w.r.t. one L; without increasing the order
w.r.t. the others L;. Thanks to this lemma we can give a

Proof of theorem 1. Let m € ﬂLeﬂ(a) Vl{‘(v)(M) then for i = 1,..., ¢, there exists P; € Dy, such
that P,d = m and ord?i(P)) < L;(v). Set P, = P,. By applying the lemma with ip = 1 a
finite number of times (the first time with P = Py and \;, = ord’io(P;)), we construct P, such
that Py6 = m and ord™*(P;) < L;(v) for i = 1,2. We start again the process with éo = 3 and
P = P,, etc. After a finite number of steps, we obtain f’q € Dpy4p such that f’qd = m and for any

i=1,...,q, ord¥(B,) < L;(v). Finally we can conclude that m € 7V, (M). a
To end this section, it remains to prove the previous lemma.

Proof of lemma 2.2. To simplify the notations, we do the prove with ip = 1 and we set A = X;,
and <z, = <7 . Denote by @1, ..., Q; the standard basis of h(I) associated with the cone o.

By hypothesis, there exists Py € Dp4p with Pid = m and ordL‘(Pl) < A. There exists
lo,1,!; € N such that z"°h(P — P;) = 2'h(P) — Z11h(P;). We then set H = Zh(P), Hy = 2 h(Py)
and Hy = H — Hy and since P — P, is in I, we have Hq € h(I).

Consider the division of Hy by the Q; w.r.t. «r,:

Ho = quQj with M(g;) + €XPq,, (Q;) C A; for any j
j=1
where the A; C N?*+2P+1 form the partition of Expy4, (h(I)) associated with the leading exponents

of the Q; (see the division theorem 1.1).
Since for any 1, j, the exponents exp 4 L (Q;) and expy4, (Qj) are equal, the previous division is also
a division w.r.t. the orders <z,,...,<r,. As a consequence, foranyi=1,...,¢ and j=1,...,7,

ord® (H,) > ord**(¢;Q;).
Denote by J the set of the j € {1,...,r} for which ord* (Ho) = ord’*(¢;Q;), then we have
ol (Ho) = o™ (H) = ) _ ot (4;)0™(Q;)-
ieJ
Let us consider and denote W = Z oL1(g;)@;. It is an element of A([).
Put H' = H — W. We are going 1J;§Jprove the following claims
(i) ord%*(H') < ord!*(H),
(i) ord™ (H") < ord™(H) fori=2,...,q.
(i) Clearly o1 (H) = ol+(W). Therefore,
H' = (H - ol (H)) - (W - " (W)).
V}’e can easily see that the two terms in brackets have an Lj-order strictly less than that
of H.

(i1) Fix ¢ between 2 and q.
By cor. 1.5, for any j, we have

(1) expg, (07(Q;)) = expy, (Qj)-
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On the other hand, by construction of the ¢;, for any j: M (g;) + expg, (@;) C A;, then
for any j, the following holds

) N(o"H(g5)) + expq, (071(Q)) C A;.

Now, we have oX1(W) = ¥, 0% (g;)07* (Q;). By relation (2), we can say that this
writing is the result of the division of o** (W) by {e11(Q;), j € J} w.r.t. <L,, therefore:

(3) expg,, (07 (W) = max{expq, (o7 ()0 (@)}
In a similar way, we can prove

(4) €XPyq,, W)= j:}x{equh (”Ll (2:)Q5)}-

As a consequence, thanks to (3), (4) and (1), we obtain the equality exp4 Li(aLl(W)) =
expg, (W), which implies in particular ord?* (W) = ord%i (¥ (W)). Hence the following
relations hold:

ordX (W)

i

ord% (oL (W))
= ord% (o (H)) because o= (W) = ol (H)
< ord™(H).

Therefore, ord™* (H') < ord™(H). The two claims are proven.
Now let us specialize z = 1 (which a morphism between the algebras Dpp(z) and Dpyp) and set
P = H|’z=1 = P — W),=1. Since W € h(I), we have W|.=; € I and P'6 = m. After specialization,
the claims (i) and (ii) become: ord™*(P’) < ord?:(P) for any i = 1,...,q with a strict inequality
for i = 1. The lemma is proven. a

3. PROOF OF THEOREM 2

In this section, we will give the proof of th. 2. We shall firstly state more precisely the theorem
in question. We shall see that the proof consists essentially in a refined analysis of the previous
lemma 2.2. Indeed, we shall do what we could call a control over the order w.r.t. to the form V3.
Recall that in this section p equals 2.

Notation.

o Let Ly, Ly be two non zero forms in Uy. Write L; = a;Vy + b; Vo with a;,b; > 0. We say
that Ly is lower (resp. strictly lower) than Ly if b1/ay < ba/as (resp. bi/ay < bzfas). We
denote this notion by Ly < Ly (resp. L1 < La). By convention, b/0 = +00, i.e. any form
L is lower than Vs.

o Let Ly # Ly be inly and H € Dnyp(z). We say that H is L1-homogeneous if H = ol (H).
We say that H is (L1, Ly)-homogeneous if H = ol1(c2(H)).

e Let L be a form in Uy. We define <Ip as the order on N*+2+7+2+1 given by:

(ayu)lB: v, k) <L (ala/",’ﬁlx V,’ k) —

E+|B+v| <k +|8 +V]
or (= and L{a,p,8,v) < Lo/, p', B, V"))
or (= and = and (a,p, B,v) <v, (a',p’,ﬂ',v')).
Remark that with the notation of the previous sections, if we set ¢ =)Vy, L( (with L £ V)
then A =<, and if L = Vi then i =<’{,‘.
Let o be a cone of £y of (maximal) dimension 2 and let {L1, L2} = £(0) with Ly < La. Let
Q1, ..., Q. be the standard basis of h(I) associated with o. We define k: € N by:

k! = max{ord"*(Q;) — ord"(cl2(Q;)),i=1,...,7}.
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With the previous notations, we have (see figure 3)
ord" (a*(Q;)) = ord" (exp,, (Q5))-

V2 / L, Ll

T ordV(IQ i)
r | Vi

CXpd L(ZQ j )

FIGURE 3. ord"(Q;) — ord"* (exp, (Q;))

Now, we define k! € N as the maximum of all the kL for o € &v of maximal dimension. Here a
restatement of theorem 2.

Theorem 2 bis. For any w € Z2:
V(M) C Va1 0 (M).

3.1. Control of the Vi-order. Let ¢ € £y be a cone of maximal dimension et let Lj, Ly be
its primitive generators. Let m € V(M) with w in Z2 in particular m € (VLLI‘(w)('DnH)J) n

(Vf?w)(DnH)J). Suppose given P € D4, such that P§ = m and ord”*(P) < L;(w) and such

2
that ord“?(P) > Lj(w). Then we have shown in lemma 2.2 how we can construct, in a finite

number of steps, an operator P, such that ord’*(P,) < ord™*(P) (i.e. the L;-order has not
increased) and ord®?(P,) < Lj(w) (i.e. the Ly-order has decreased as much as possible). We can
wonder what happens concerning the Vi-order of P, compared with that of P. We are going to
show that this order can be greater but in a controled way. That is the purpose of the next lemma.
Lemma 3.1. Let ¢ be a cone of marimal dimension in Ev(h(I)) and Ly # Lo its primitive
generators (which can be out of o). Suppose Vi < Ly < Ly < Vs.
LetweZ?and me VLL:(W)(M). Let P € Dpyy be such that P6 = m and ord™ (P) < Li(w) then
we can construct P, € Dy 5 from P such that:

(i): P,-PelI

(ii): P, € 7Viy(Dnya), in particular: ord™*(P,) < La(w)

(iii): ord"*(P,) < max{ord"*(P), wy + kL }.

Statement (i17) justifies the title of this paragraph.

Proof. If ord%?(P) < Ly(w), it suffices to set P, = P. Let us then assume that ord??(P) > La(w)
which implies ord" (¢£2(P)) < w;.

By hypothesis, there exists Py € Dp 4o satisfying P,d = m and ord®? (P2) < La(w). We define
Hy = 2'°h(P— Py) = 2! h(P) —2'2h(Ps) (there exists integers Iy, [, and l; for which such an equality
holds), H = 2'h(P) and H, = z/2h(P,). Let us restart the proof of lemma 2.2 with the difference
that we work with the form L, instead of L;. Thus we consider the division of Hy by the standard
basis Q1,...,Q, w.r.t. the order «r,:
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Hy = ZJr.:l ;Q; with ord™?(Ho) > ord*?(g;Q;). We denote by J the set of j in {1,. ..,r} for
which the later is an equality. Then we set

W= EjeJ aLz(q:,')Qj et HH=H-W.
Now we are interesting in comparing ord"*(H) and ord"* (H').

Claims.

(a): ord” (W) < wy + &}

(b): ord (W) — ord" (¢L2 (W) < &1

Let us prove these claims.
(a): We have ord"*(c12(W)) = ord"* (oL2(H)) = ord"* (¢¥2(P)) and the later is upper bounded
by wy then if (b) is true then so it is for (a).
(b): As in the previous paragraph, we can show that the division of W by {Q;, j € J} w.rt. i,
is: W =Y ;¢ 0%2(¢;)Q;. Therefore, there exists ji € J such that expg,, (W) = expq, (M1Qj,)
where m; =lm g;,) is a monomial of o"1(eX2(g;,)). In particular, this implies
<Ly \151 J

(5) ord"* (cb3(W)) = ordV‘(m1 o¥3(Q;,))-

Moreover,
ord": (W) < max{ord" (2 (4;)Q;); € J}.

Then let j, € J be such that ord"*(¢2(g;,)Qj.) = max{ord"* (¢£2(¢;)Q;), j € J}. By setting
my = Imq, (gj,), We obtain

(6) ord" (W) < ord"* (m2Qj,)-

Remark that we may have j; = jo. However, in any case (see figure 4), we have:

exp(m2Q;,) ‘/ L,

ord” (W)
\ 3~
ordVl(le i) ordV1(m2Qj2)

FIGURE 4. Illustration of the claims

Claim. oo
(¢): ord”? (sz‘L’ (@Qjx)) < ‘31'<-le1("11"'[‘2 (@4)))-
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By using this last claim and identities (5) and (6), we obtain:
ord (W) = ord"(W) - ordvl(szjz)
+ord" (myQ;,) — ord"* (ma0t2(Q;,))
+ord" (myo?(Q;,)) — ord” (m10*(Q;,))
+ord" (L2 (W)
ord" (myQy,) — ord" (my0™2(Qy,)) + ord" (o72 (W)
kL +ord" (o2 (W))

This proves claim (b). It remains to prove claim (c).

IA A

The division of oL2(W) by {¢X3(Q;), j € J} w.rt. i, is: eL3(W) = dies ola(g;)o™2(Q;).
Therefore,
€XPar, (ULz(qu)aLn(sz)) AL, €XPg,, (ULZ(W))'

But
expg, (04 (W)) = expy, (W) = expq, (mio™*(Q;,))
and .
expg,, (07*(4:,)0"(Qs,)) = expy,, (m20™*(Q;,))
then

eprL, (m2 o-Lz (QJ2)) SILn CXP<L2 (ml O'La (ij )) .
But ord??(m;0t2(Q;,)) = ord®?(m,013(Q;,)) then
ord" (my0*(Q;,)) < ord™ (m1o™*(Q;,))-

Claim (¢) is proved.

Now let us see how claim (a) allows one to prove the third claim of the lemma. We started with
H and we have constructed H' = H — W. By (a), we have ord"* (H') < max(ord"* (H), w; + &%).
We continue the same process with H' instead of H, etc. The last element H, that we obtain
satisfies: H, — H € h(I) et ord"*(H,) < max(ord"* (H), w; + &}).

We finally set P, = Hy|,=1, and we have P, — P € [ et ord"*(P,) < max(ord"* (P), w; + &L). The
lemma is proven. O

3.2. End of the proof.

Proof of theorem 2 bis. Denote by Ly = Vi < --- < Ly = V3 the primitive elements of the 1-
skeleton of &y . For each i = 1,...,¢, denote by o; € &y the (maximal) cone containing the open
cone generated by L;_, and L;.
Let m € V,, (M).
Let us prove by an induction on i that for any i = 0, ..., ¢, there exists T; € Dp4, satisfying:

e T;d=m

s e Vlﬁi(w)(M)

e ord"(T}) < wy + K1,
For i = 0: m € V, then in particular m € V‘Z ‘(w) (note that V;(w) = w,) then there exists Ty such

that Tyd = m and ord"* (Tp) < wy < wy + £
Assume the statement to be true at rank i — 1.
Let us apply lemma 3.1 with ¢ = ¢; and P = T;_;. Then set T; = P, (notations of the lemma).
Thanks to the lemma in question, T; satisfies:
e T:d=m
T e VIﬁiw)(M)
o ord"*(T;) < max(ord"* (T;_1), wy + k') = w1 + &
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Thus, the claim is true for any i. The particular case i = g gives us: m = T4, ord"?(T,) < ws and
ordV*(T,,) < wi + &%, which means m € Vyy4(xt,0)(M). O

Remark 3.2. The way we constructed k shows that it is not unique in general. Indeed, by working
with Vs instead of Vi, we could construct some k of the form (0, K?).
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