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P IEFZEB D smooth (T DINVT

HBREAREE =B f@— (Ken-ichi Mitani)
MBREAREE KWE  (Satoru Oshiro)
R Bk &) (Kichi-Suke Saito)

1 FX

INF w0 INZER DRSS EOREE DRI, 1930 454800 Clarkson I7 & % — i D
ABF R E IND. NFIONER X BN TH D &0, EBEDe (0 <e <2) ITHL
TO<O<1IBEED, |z =yl =1, ||z —y|| > ¢ 2T X DEEDTL,y I

XU T,
r+y

<1-94

ROV D I ETH%S.Clarkson {d L, ZEEIN (1 <p < o00) DEE, — N TH D &
ERUKE. iz, NFuNEEOBAIROILE (Rotundity) EEWERTEREL T, K
@ von Neumann-Jordan B ZEZEA LK. X ZNFuNEEETSH. ZDEE,

1_ [zl +lla -yl
=" 2([lalP+ [IP)

A7 C OF/MEZ X D von Neumann-Jordan B Cny(X) EF W, BRIV H 22
%> L, 2572 &ty A7\ NZERENTR U T, BHREOFHMENE N TNWS. £/, &
D& D IR E DL <IFZ DD /). (BEEE) [TKET SO T, HIAER
RICEHTH o TH /AL T, WENKRNZER2-> T 5. /2, FmE (2R
J0) BT, BIREE X 2 L@, AFIKRE0,0, 0 / IIVADBRE, RNEMEA
DAL YDEIBHIIRD LI, FUEMTH>TD, /INALAEEATLED ERD
FRDSINR D Bz 5. T, BATERAYVEITIL &0 D Bk 2R DRSS, BATER
WNENATH DN E SN EERT—H non-squareness, & 5 IZF D—*1k non-squareness
EANEET James ERZ E, 5 E TIZE < ORMENBLSEA I, BAIROF
R < DIFFEH T L > THRSNT NS, BT, L, Zefl72 & O HHINZRNT v N\
FIZDOWTHETIINANA LRGN TERD, L L, BENRERRITERIC
BATIE, HEVEFFEEIN TR,

<C V(z,y)#(0,0)
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B, absolute / V% HD C* _LITHBNWT, D/ VL OVEE SRR B I B
THRERMESNTND. Z5E-INEE- =48 (10, 11] 1%,C* £ absolute norm {28} %
von Neumann-Jordan ¥ ZFE L7z, F7=,C" LD absolute norm % 3 5B T
BO, REOE RN TS, F/e, TNIUCBEE L T4, BNZEHZ2 b L 222
F& U T o EFANZERIANE A X 3, INEE- 290k 9], MEE-Z5i-HM 5] 2 &Itk > T, £
2o TS M — MM, —#% non-squareness 72 EIZ DWW THRHE DT TN 3.

AEEE T » BERZEEICB W T, smooth DMMALZHIEEIC DN T DRERZIBR XS
ZEERHMET D X BNFoNEREL, X* 2 X OFBRE/ET S, £ler e X,
z#0&ET3. ZDEEwe X* Az D norming functional TH S &Ik

ol = 1, (e, 2) = |||

BRI TRIEND, IS, FEDz € X, 2 £ 012 LT, 2 D norming functional A3
—BICIEES B, X Atsmooth TH D &S . ZA-550E-83K (7] 13, C 1D absolute
norm I35V} % norming functional ZHEIEEHN TS X, smooth M 2SI . &
BT, Y EANZER (X, © Xy @ - @ X,)y D norming functional %, MBI H
FNDONF YN/ X, Xy, - X, ZFWTS X, smooth R EFFEATIT 2. BT, 2D
DEFZER (X, © Xy)y ZHOICHEREZBRNS. Eiz, o ERZE/MO uniform smooth
2T,

2  NFyNEROBMFANR
COETIIMEMRE L T, AARICEHRT 28O DN F v N\ ORI E I
ONT, EHER R 2R 5. (B L <IL]1, 6] 28H8.)

Definition 2.1 X ZN\F 9w N\LEHETE. ZDEE X PREBEMNTH S L, EED
JLz,y € X ITHMLT

z+y
<
<

THBEERND.

Example 2.2 (i) £, (1 < p < co) [dIREENERS, 41, Lo VIR TR,
(i) X1, Xy, -+, Xpn BB OBNFTONEEOHETS. ZOEE, (X160 X, @@
Xn)p 1 < p < oo VHkE™.

Definition 2.3 X Z/)NF N &3, X* 2 X OHBEF &L, 2€ X, 2#£0
ETBEE, o e X* W2 D norming functional TH B E1T

e} =1, (e, z) = |||
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TR RN D,
ZZTD(X,z) % X IZBVF 3 2z D norming functional £ &5 5.

Definition 2.4 NF v )N\ZE/] X 23 smooth THB &N, FBD 2z € X, © # 0Tk L
T, z D norming functional B3—BITFFET ZRENS. BI5 #D(X,2) =1 TH 3
EEZND.

Example 2.5 (i) £, (1 < p < 00) V& smooth 7223, €1, € V3 snooth TRV,
(i) X1, X2, -+, X, & smooth THB/INFwNEEDF|ETSD. ZDEE, (X0 X:®
@ Xp)p 1 <p < oold sooth THS.

X #%smooth THBZ & &, || - || 78 Gateaux A EIRETH B = &, HIBEED 1,y €
X,z #0IZXLT,

i 12+ 8yl = ll=]

t—0 t
PHEETSZ & EIFETH 2. £/2, X AEEN2 51, X Idsmooth TH Y, X*H
smooth 72513, X 1T TH 3.

Definition 2.6 /N /N\Z2M X #3—#TH 5 LI, F£EDe (0 <e < 2) IKALT
0<d<1BERXD, |zl =llyll=1, |z —y|| > e 2T X DEREDITC 2,y 17X

LT,
r+y

v
WO DZETH 5.
EEN D, RIS IIRBHITH D I ENESHITHONS.

Definition 2.7 /NFw/\ZEH X A% uniformly smooth TH D Eld
lim, ,0px(7)/T =0 THBDEEENDS. T T,

px (1) =sup{(llz -yl + e +yl)/2 - Lz,y € X, |z =1, |lyll = 7}

uniformly smooth 72 53 smooth TH 3. F/= X 23—H&"™ (resp. uniformly smooth)
TdH 5T & & X* 2% uniformly smooth (resp. —#ki™) THD L LIZFAMETDHS.
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3 C"_Ltomabsolute norm
C* LD IV - || 28 absolute TH S &

Il(lw1’7 |$2|, T lxn‘)” = “(‘7"1"’”2’ e 1:571)” V(.'Cl,l'g, te ,"ETL) € cr

WERILT B EZEED. || - || A normalized &1
”(170?"' ,0)” = “(07110"" sO)H == ”(0’ ’071)” =1
2. #2143 -norms || - ||, i absolute normalized T®H %:
(|zfP + -+ + zaf?)P if 1 < p <00,
“(1’1,1112,"' )wn)llp =

max(|z], -, [znl) if p = oo.

AN, % C" £ @ absolute normalized norm 2K &9 %. C? O absolute normalized
norm {2 DWW, Bonsall-Duncan([3]) D T, ROL D Bl R 515, £ED ||| €
AN, IR LT

vt)=|1-¢¢)| (0<t<).

EBL. ZDEE Y IT(0,1] LoEER BT
$(0) =4(1) =1, max{l—t,t}<yPt) <1
BWIZS. ZIT, ZOLIRBEROEEE U, BT EITT 3.

Theorem 3.1 ([10]) AN, & Uy 13 LEORIET, 14 11Txind 5. Bi5, £BED
P € Uy WL T s

(121 + [w)e () (2 w) # (0,0)
1z, w)lly =
0 ((z,w) = (0»0))
ko TERETSBE, |||l € AN, THD (1) = ||(1 - ,8)||¢ (0 <t < 1) EWIT.

BIAE.L, ) VRSSO BEEE o, (1) = {(1— )7 + )P THABNS. £,
£, J WL LI T < @ absolute normalized 72 / )V ARNRILGS 5 T ED N 5.
- DEE-BAR [11) 1ITB T C™ LD absolute norm ZRD X D IR IT 7=

Ap={(s1,82, " ,Sn-1) i S1+ 82+ + 8,1 <1, 8 20 (Vi)}.
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EB<ALED ||| € AN, ITHLT,
'(,b(S) = ”(1 — 81— 8 — - — 831,51, """ ;Sn—l)H (VS = (817"' 7511-71) € An)

ET5E, ¢ A, ETEBRMBEKTH D, ROFHEERMT.

(AO) ¢(0,,0) = ¢(1,0,,0):=¢(0,,0,1)=1,
S1 Sp—1

B > :

(A1) $lon ) 2 (it H s D)
S9 Sp—1

_ > e e —

(Ag) w(Sl, ySn 1) el (1 61)¢(O: 1— Sl’ 1= 51),
S1 Spn—2

vev s > S .

(An) (s, -, 8n-1) 2 (1 Sn—l)‘/’(l — Sy 11— sn_l’o)

U, & A, EOMEGBEET (4o), (A1), , (A,) BT HOLEETS. £, norm
IS BBEEIIRD B DTS,

((1 - Z::ll s+ 4+ 8’2_1)1/” if 1<p<oo,
wp(sly S2y 73n—1) =

max(1 —Z?;ll 83,51, »Sn—1) if p=o0.
Theorem 3.2 ([11]) f£E®D |- || € AN, IZXHL T,
Y(s) = “(1'—31_52_"'—'Sn—1,31)"' s 8n—1) ] (Vs = (31,"' y8n-1) € Ay) (1)
LEETDEY eV, THD. M, EED ||| € AN ITHL T,

(2] 4+ + bl (it ke
“(-'151,"' ,-'Kn)Hw = "f (371,"' :xn) 76 (0"" )0)’
0 if(z'l,"‘,zn)z(O,"',O)-

CEoTEETBE, |- |y € AN, THO, (1) 2T, #oT, AN, & U, 13, 138
1RSI 5.

Theorem 3.3 ([11]) v € ¥, & T 3. ZDEE,(C,| - |ly) WENTH DI & &,
YRR ELTA, ERETHS I LIIFHETH 5.
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4 C"_E0 absolute norm ) smooth 1%

EA-THE-$K [7) 13 C" LD absolute norm @ smooth o2 YIS I e o e - )
THEEM T, ZOETIE, ZOKRERLICERS. £7, CC LOBEGEEZS.
Ve, ETD. &te (0,1 ITHUT, ¥, t) &tITBT S O left derivative, &
t €0, 1) I LT, Pyp(t) &t IZBTD ¢ Dright derivative &3 5. KILG %

(-1, 9R(0)], ift=0,
G(t) = [L(t),¥R()], f0<t<1,
[4,.(1), 1], ift=1
L5, £F(C - |ly) A smooth THBEED ¢ OBRENDTRRBEEERS. £
Bote0,1]iclT

1 2
o(t) = gl 1) €C

EBL. ZDEE,
Theorem 4.1 ([3]) v € ¥, & T3, ZDEE/L€[0,1]ITHLT

¢ ( 1 ).GEG(O) |(.l_1} ift =0
(1+a) ) le=1p, =0,
Y(t) —at 0 i

{(¢(t)+a(1_t))' EG(t)}7 fo<t<l,

{(c(ll_a) ) :aeG(l),|c|=l}, ift=1

ZOEEED 1 = (z0,71) € C2(||(0,21)|ly = 1) @ norming functional ITDED X
HITRIND.

-

D(C? x(t)) =

ThHS.

Theorem 4.2 ¢ € ¥y &F 5. (z9,11) € C? (H(mo,xl)nw =1)ITRHLT,

- E2
|zo| + |1



ETB. Efep 1 = 60wy, oy € [0,27) BT HDET D, ZDEE,

{(cgjio);ae(HMszl}, ifz, =0

e~ (y(t) — at) _ . |
{ {( e (y(t) +a(l—t) ) a€Gt)p, ooz #0,
{( C(l_;la:) ) :aEG(l),‘c’:l}, wao=0 .

TH5.
LOEBEORERMNS (C2,]] - ||y) Hismooth TH D EED ¢ € Uy DARE43GMEN
Bohs.

Theorem 4.3 ¢ € U, &§5. ZDEE, (CL || - |ly) A smooth THB=DD ¢ Db
BEWNDT2REE, o 23(0,1) LS TIEEND, ¢,(0) = —1,4,(1) =1 THBIET
H5.

Remark 4.4 v e U, LT &

1—-t, ift<0,
o(t) = 49(t), Fo<t<l,
t, ift>1

EREICHGRY B &, EOEEIIRDLDICRIND.

Theorem 4.5 (C2,| - ||y) %% smooth TH 27D DBENDT5MEL e #1(0,1] &
M FIRETH D & TH 5.

KRIZC* LOPEEEZEZD. t = (t1,tg,+ ,tn1) €Ay (HL =1 - Z;‘;j tj) I

xfLUT, : )
tﬂvth T atﬂ—l
e C"
P(t)

(4
ki5< éIBL:7 Do = (OJO;O"” 70): p; = (0709 707 i,0,0,"' )0) € An :j =
L,2,...,n=1,1,={0,1,--- ,;n—1} &%, £ X ZFENFINE#LL,CZ X

z(t) =

129
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DI ES ETS. f 2 ON5 RADERRMBERETSD . ZDEEx e CIIH
LT
0f(z) ={a€ X*: f(y) > f(z) +{(a,y —x), Vy € C}.
TEHINZ0f(2) 2 2 € CRRBID fOFEMITEND. ¢ € ViR UT, B
2R LIZROKDICEET S,
s = (81)827 U 73n—1) € A'n.,
() = sup ¢ ¥(s) + (a,t — 5) : a € OY(s),
P(s) +(a,p; —8) 20,5 € In
Remark 4.6 ¢ € ¥, 7251E

1—-¢t, ift<,
p(t) =S ¥(t), #0<t<l,
t, ift > 1,

E72 0p(t) = G(t), Vt € 0,1] TH 5.

Theorem 4.7 ([7]) v €V, £T5. ZDEE AEBDt = (t1,t, * ,ta-1) € An I
xt LT,

D(C",x(1))
( gido ('t/)(t) + (a,po — 1)) a € Op(t), 1
e ((t) + (a,p1 — 1)) 8; € [0,2m)
- { &% (p(t) + (@,ps—1) | :  forjel, witht;=0, b
: Hj =0
\ gibn-1 (?l)(t) +(a,p_1 — t)) forj €I, witht; >0 J
- T,

Theorem 4.8 ([7]) (C" | - lly) 7 smooth THB T & &, o VA, LA FIRETH S
ZEIFEHETH 5.

5 /NFuyNZRD-EHM

'l,b e v, EBL. if:Xl, Xz, tre X, E/\#‘j_‘yj\§ﬁiﬁ(‘:—§—é Z@&%Xlean@
- @® X, EDIIWVLZE

l@y, 22, za)lly = (el llaall - lzalDlle (210 € Xuyo ooy 20 € Xa)-
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(lzafl + Hzell + - -+ a9 (”ml“_ﬂ.z.ﬂl_||wnua Tt ”x”'ﬂﬂ.’{?ﬂ”%”)
— lf(zl,’mn)sé(o,,()))

0 1t($1,7$n)=(03a0)
EEB. TONFUNERE X, Xy, Xy OERIEL (X, 0 X, @ & X))y &
&7

Example 5.1 1 <p< 00 &T3. ZDEE (X9 XD B Xyp)y, = (X108 X, @
...@Xn)p_

Example 5.2 1 < g<p<o00,2'P V1< A< 1ETSB. E2,4hpex = max{y,, M} €
UEBL. TOEX X @y, Y DIIVLIE

(@, W) llpy0n = max{|l(z, y)llp, All(z, y)llg}
EEZBN%.
Example 5.3 1/2<a<1&95.
eliy1 i o0<t<a,
"/Ja(t) =
¢ if a<t<l.
ZDEE Y, €V THO, X By, Y D/ IVAIZ
1
(@, 9)llp. = max{[lz]| + (2 = =)lyll, lyll}-

EEZBENS.

Theorem 5.4 ([5, 12]) (i) (X1®X,®- - -®Xy)y WIRENTHDIEE X1, X, -+, Xn
HREIND Y DA, L TR E U THREBENTH S 2 EIEFEE.

X B X ® - & Xp)y W—REMNTHDZEE Xy, Xy, , Xo B—HRODD o A
A, FTEREUTHRENTH D Z LITFEIE.
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RIZ, (C || - ||y) DIHREMEEZEZS. €V, &T5. |-}, 21| |ly D dual norm,
BI%, (21,20, - ,3n) € CTITHLT

ez sl =[S lmam = ol =1}
j=1

EBL.TO| | RS BB E ¢t € ¥, ETBE

1/)*(317 e )Sn—l)

= sup (l—tl—'”—tn_l)(l_sl—"'_Sn—1)+t181+"'+tn_15n_1
(t1y stn—1)EAR Pty 1)

Example 5.5 ¢ =4, CZ T+, =1
Example 5.6 1/2<a<1&35. ||-|la € AN, %
(@1, 22)lla = max{||(z1, 22) |loo, /| (1, z2) I1 }
ET5. IO EMNINT BB v (s) = max{l - ¢t,t,a} TDLE,
Wt (s) = émax{(l —2a)s+a, (20— D)s+1—a}.
Proposition 5.7 ¢ € ¥, &%, ZD&&E
(@, )| < llellpllyllys, Vz,y€C
BT, (C - ly)* & (C] - llyr) REHERERBTH .
DT EMS, o ERMZEE OB ZERNITDNT, KR D ILD.

Proposition 5.8 ¢ € ¥, &35, ZDEE (X0 X200 Xp)y E(XTO X5
c @ X2y W ERRERIB T H .

6. (X10X290 @ X,)yDsmoothtd

FIDIZ, (X1 @ X3)y D smooth EEE R Z. £F,(X, @ X,)y D norming functional %
R 5. '
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Theorem 6.1 ’l,/) € \Ifg. &3_6 357: (iEl,.'Eg) S (X1 EBXQ)¢, H(.’El,l'g)Hd, =1 &-‘43<
ZorE,

D((X; ® X3)y, (z1,22)) = (1)
(a1, a2) € D(C, (||z1]], ||22(1)) }

= ((Llfl,agfz) 1 fi € Sx; for i withz; =0
fi € D(X;,z;) for i with z; #0

EI.EEH (C) éﬂ_:\"g_ i‘g}, J:UDC_EQ(DEE% B k@"é (fl,fz) € D((Xl &b X2)¢, (Qfl,mg))
XL,
1(f1s £2)llye = ((F1, fo)s (21, 22)) = [[(21, 2) Iy = 1,

X0,
1 = fi(@) + fa(2)
< UAallllzd] + [ fallla2]|
= (AL LD, (e, [z2]]))
< [AALIZD Qo D],
= 1 fo) |y )l = 1
TH5. &oT
filzs) = | fillllz:]] (0= 1,2) (2)
) '
CULALL D, Uzl HalD) = [zl 22D, = 1. (3)
ZZTHERIT h; € D(X;, x;) for i with z; £ 0, h; € Sx; fori with 2, =02 &0, g;
%
{Wﬁ for ¢ with f; # 0
gi = :
h,ﬁ, for ¢ with fi =0
EBL. TDEE

(fl:fz) = (Hfl“gl, Hf'a”gz)
NELNS. (3) L&D

(||f1“= Hfz“) € D(CZ: (Hxllla ||5Uz||))




134

5T (f1, f2) € B- 2T, D((X1 ® Xa)y, (z1,72)) C B.

RiZ (D) BRT. (01f1,02f2) € BEEREICES. AL (a1,a2) € D(C?, (], [z2]])),
f; € Sx» for i with z; = 0D f; € D(X;, z;) for i with z; # 0. ZDEE, (a1f1,0a2fa)
1% (z1, z2) D norming functional Tdh 5. L,

<(a1f1,azf2),($1,$z)> = aifi(z1) + aafa(z2)

= ||z ]| + agflz2|]
= ((a1,a9), (lla1l], [Jz2]]))
= || (zulls llz2ll) [, = 1, 22)lly =1

nD

l(avfr, aafo)llye = M@l fulls a2l £z ly-

= /(a1 a2) [}y = 1

X0 (a1f1,02f2) € D((X1 @ Xao)y, (T1,32)). 2T, D((X1 © Xa)y, (z1,22)) D B.

Theorem 6.1 025, RBMRELNS.

Theorem 6.2 ([8]) ¥ € ¥y, £§5. ZDEE, (X; @ Xy)y W smooth THI I L&,
X1, Xo B8 smooth 3D (C, ||- ||y) 2% smooth TH 2 Z LI3FEE. BB, X, Xy 4% smooth
ThD o H[0,1] MO TFIRETTH DI ELFAETHS.

R, (X1 ® X2 @ - @ Xp)y D smooth EEERD. n =2 DFE &R, HA)
Z 2 DZE/ @ norming functional 25 % 5.

Theorem 6.3 ([8]) ¥ € ¥, &9 5. Fhw = (21,22, ,Zn) € (X180 Xo® O Xn)y
with ||z|ly =1&T%. TDEE,

D((Xl D---b Xn)"/Hw) =
(a1, ,an) € D(C (llz1]];- -+, l2nl]))

= (alfl,--- ,(Lnfn) : f—iES){: for ¢ with z; =0
fi € D(X;, ;) for i with z; # 0.

Theorem 6.4 ([8]) Yy € ¥, T3, ZDEE, (X1®Xo® - ® Xp)y A% smooth T
HBZLE, EBED TR LT X, D smoothMD o A, LHMATIRETH B I L LM
ETHS.
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BEIZ, Y-EFIO uniform smooth HEIZ DWW T DGR Z RS, —fEDINF v N\ZER
WZxF U TR DI D.

Proposition 6.5 X Z2/NF v N\ZEE &5, £, X* 2 X OHREMETS. 2D d
&, X M—t&kih (resp. uniformly smooth) Td 5 Z & & X* DY uniformly smooth (resp.
—tkrh) THDZEIIFMETHS.

7z, v-EMO—RMEIZCDWTIZIRO XD AT SN TN S,

Theorem 6.6 ([5, 12]) (X;@X,® - - ®X,)y, B—tRITHDIEE, Xy, Xy, -+, X,
MDD IR A, ETERE L TRENTH S Z LIEHEIHE.

P> T, RABLDALD.

Theorem 6.7 ([8]) v € ¥, £ 5. ZDEE, (X100 Xy ® - D X,,)y M uniformly
smooth TH D & & o DA, LI AIRENDEE D i(1 < In) 1T UT X; 2% uniformly
smooth TH B EELIZEMETH 5.
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