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On biharmonic submanifolds

L¥EERYE  HERM (Toru Sasahara)
Hokkaido University
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2 ERMBES., BENECHRAHN BBV TEERRRZRLLLTVSZ
LiIzkimbh T\ 5, 19644, Eells & Sampson 238 U —v  ZEREH OB
It LC2ERMEL WOHIBESZEALE, Zhid, B 2 EFMEOCBER
BYLEE L 2o TV, AR TIE, 2 ERANSRIIDAZOHERE, SBGERE
ZREMT B,

1 Biharmonic maps

(M,g), (N,§) %) —<>B#ihL L, ¢: M > NE2EBLPRERLT D, 7(¢)
RopDTriariEe L&, Moay 37 MEKQ LD bienergy Ex(4; Q) i
WRDOEHICERERIND ([16)),

By(¢;9) = / §(r(#), 7(8))dve,

ZIT, dv, i M OERERTH D,

HEBD LY MEBRQ C MIZXR LT ¢ 28 Ey(¢;Q) DEERRLZR>TVD & &,
¢ % biharmonic (2 BFF) B L\, FHRBEDOLBEFFEEIRTER
b33 ([21)).

Js(7(¢)) = 0.

ZIT T, ARBEROE_ESARKCEN LY UERARTH S, TOHBRN
Hyi> ., FFIBEMRIE biharmonic THh 5 Z & B3bh5, FFIEM TRV biharmonic &
1% % proper biharmonic B & FE5,
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9  EIERMD biharmonic %) BAEK

22— Uy FZER D4 Z454K A biharmonic (272 3 7= D D LE+5FRMEF1X. F
BB MABOZRSPRMEBE LR THDH, Zhit, (fBEXZ bV
DRGIH, FFH biharmonic BICR A Z L LRETHD, =—7 U v FZERED
biharmonic ¥4 Z4RAEDIFZEIL B.-Y.Chen iZ X - T b,

Theorem 1 ([11]) E3® O biharmonic BIE XA/ NETE Th D,

2—7 Vv RZEMAIZEV T, proper biharmonic B ZREDHIIESD L Z AR,
Do TV, Chen XKD FEERHL TV 3,

Conjecture 2 E™ O biharmonic S8 ZRRE I/ M EARIETH B,

IOFRIIBELRBRTH IR, $Oo00HLN 2 (BEH) MENRILNT
W3, BlxiX. E® ® biharmonic Bi#R, E* @ biharmonic BHEIZE L TizZ 0¥
HIZIELW, ErR4E, MEizZef] H™ O proper biharmonic 3 ZEE LS DL 25
Romo T 7wy,

Biff. Caddeo, Montaldo, Oniciuc 5 iZ X ¥ BRI AN ® biharmonic ¥4 & #EE D
DD b, 61X, 3 RITERE D proper biharmonic BiE & E™ @ proper
biharmonic #i#R % S5 EICRE L7,

Theorem 3 ([7]) BLALERTE S™(1) D proper biharmonic B#RITIRD =2 Tdh 5,

(@)

cosat sinat cosbt sinbt
(ii)(cosﬁt sin\/it _1_ 0, ,0)
ﬁ ? ﬁ ,ﬁﬁ bl ) 3

Theorem 4 ([6]) S3(1) D proper biharmonic BT S*(35) DHTH B,

ZDRER & ITXRASIZ, S™(n > 3) N® proper biharmonic ¥4 &4k % RDF %
TRETE 3,

0,---,0), a®#b,

Proposition 5 ([6]) f : M™ — S"7}(7) Z/NEDRH L L\ i 8" ) =
S™(1) % totally umbilical IT¥DAHETBH, Z DL &, io f i proper biharmonic ix
VIAATH B,

Proposition 6 ([1]) g1 : M™ — SP7}(1) & go : N — S971(1) 2B RIIDIAAR L
T5. T NEITIDIASR g ®ge 1 M™ x N™ — SP71(1) A3 biharmonic HRITHIA
R BT DDYELIEREIL g, & go 28 biharmonic £ 2B Z L TH B,



3 EMZHERAD biharmonic &% 24k

EE4TRLEL I IZ, $3(1) @ proper biharmonic HE IZFERIZREIN TV B,
S3(1) 1dtex RZEMBORBKRFITHEDT, WDRATF v 7L LT—MDOE% K2z
[EI7% O proper biharmonic ¥y Z4RELZ 5 Z L NBEL 3, BMEEEICIT
ZODRWRGERED S FARHBH, —DiF, Reeb I FBIZERLTEY.
S DI EZER SRS 2 ik, BEME “ 12/ —span{Reeb <7
WNEY BANEDDLIREDTH B, % Legendre ABEEEL VS,

b 5 —DI%, Reeb X7 MBIZE L TE Y, BERICEEMEE L ERIE3 L
BERICEEND LI RBDTH B, DX S R D% anti-invariant 24y BEE &
W, BIHEMEEIC LV BEEMSTETHDLIRLOL BRVESBEETH D4,
ENLHIIBNTHDIDOT, SOBRRIFEARIOH4ND,

#/ O Ki% 3 RITHE 4 AZER D proper biharmonic Legendre g%, proper bi-
harmonic anti-invariant BB L TUA T DR R 2B 7,

Theorem 7 ([19]) v #ERIBTEHR € % b Dl &« RZZRF M3(e) D proper bihar-
monic Legendre Bi#R L 32, DL & e>1ThY, viZ#R Ve— 1, HE1 D heliz
Thd, DX RHRIT M () DRIMEEE 2RV T—BIZEE 5,

Theorem 8 ([19]) M? %4 KZEEH M3(e) D anti-invariant proper biharmonic
MELT D, 20L& e>1THY, M IITHHR LI OlETHD, Z0L
T2 I M3 (e) DRMEEB 2 BV C—BICEE B,

RIZ, TUODHROBERTREZED Z LNBEE 25, EEIX, 5RTEL AL
[AI7% @ proper biharmonic Legendre B & 3 ¥kt proper biharmonic anti-invariant
M SIREDO R LEE L RE L, ANERN 3 KRTEL KERMBOHE L ikt
AT, BIBREPIC proper 72 % DBFEET 3,

Theorem 9 ([30]) M % {k % RZE@F M5(e) D proper biharmonic Legendre #1iE &
Th, EDL & > =R THY  EBORp € MITH LTUTOREL LT
RFTEEER {z,y} BEET 5,

(i) FEPg=d? +dy? TRIN B,

(i5) BBEARRMN,

e—1
«a

6 —
a
h(0y,8,) = (o -

h(0,,0,) =

L40., h(8,,8,) = (a-
=) eb,

(0]
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CRENB, TIT, 0= 2,0, = 2, ¢ IHEEAEE,

o {\/ﬁe_gi,/?ﬁwz:_—n (e £1),

1 (e=1).

T, a % FREOEKYE L, R OBERERV &g =d? +dy ZBAT D,
ZDL &, (V,g) 5 MP(e) ~0 Legendre ERIZHRAHZ T, HIEABR (i1) O
BThdLoRb08 (M) PRIEESZRVT) M—2OFET S, SbIT. T
D% 8HiAI % proper biharmonic T# %,

iz, M(e) = S5(1) D & X ZEBRIZEDIIDRALERRT S 2 L BHRD,

Corollary 10 ([30]) f: M — §5(1) € C® % proper biharmonic Legendre #E & 3
5, DEE, FIIRTRIND,

f(z,y) = iz(e"m, ie~sin\/2y, e~ cosv/2y).

TrC, fH2ERSTHE I LICERLTEER, 2%Y, fIIF—TFADD
DEH (D—8) ThHhd, £,

flz,y) = %(e"z, 0,0), fulz,y)= %(0, ie~**sinv/2y, ie " cosv/2y)

LBREERBOFIRSf = fi+ fr &RENDBD. EBIT, fi, i X Aufi = fi,
Aufo=3f W LTVWS, ZIT Ay iIM LOBKIERTEI 77V Ty
ThHM, SOBHEIIERY MOBEESERALTNDEbDLET D, TDED
W f=fi+ fo, D = Mfi,Aufa = Xafo (R L. M # X)) EAEESNDID
22— Y v RERRN O BREEIL 2-type L FRITN D,

S™(1) OR/NEHE D E™H ISR BALERZ MV fiX Auf = 2f ZHY (R
EEOEE), oz kb, R 100OHE fiX. A7 MAROBRH»L. B/h
HEICOWVWTBWHLDEEZBND,

4. ai(z) = (cosz,sinzx), go(y) = —ﬁ(l,sim/ﬁy,cos«/iy) LEL, T Hid bihar-

monic B TH S (EHE3), K100 f1i f(z,y) = g1 ® g2 P & I I tensor BILH
RABTETHZEICERLTEL, :

Theorem 11 ([1]) M3 % M?3(e) @ proper biharmonic anti-invariant submanifold
Y4B, EDLE, > HVITHY EBOKp € MPITH L TUTORMFLHE
=t REEER {z,y, 2} BEET B




(1) g = dz?® + dy* + d2?,

(44)

(e —1)
12a

h(aw’ay) = (3a - 7(i2—a1))¢ay, h’(az, az) = _¢a:ca h’(ay’az) = _¢5y,

7(e—1)

| —
(0, 0:) 12a

$0z, h(0y,0y) = (3a - )cﬁ&c, h(8,,0,) =0,

ZZT
— N

a::{dnﬁuﬁﬁtﬂﬁ7 (1),

% (e=1).

BT, a B FROTHE L, R OBEEBEHEERV ICkHEg =dr? +dy’ +d2 &K
AtB, ZDLE, (V,9) h D Mi(e) ~D anti-invariant ERIZDAHL T, BIER
TR (id) DFBE LTNB XS5 b0 (M(e) DRMEESR &R T) ME—DTFE
T35, EHIT, EFDXHIAFIL proper biharmonic T B,

Corollary 12 ([1]) f: M® — S5(1) ¢ C? % proper biharmonic anti-invariant %
BIIHiABR LT B, £0LE, M*OCPHATOME~RS PVIIRTEXDBND,

1
V2

10 DER LA, FP—F2ANLDER (D—E) THY., SHIT2type TH
H5b,

F(z,y, 2) = —=(€®, ie”®sinv/ 2y, ie""cosv/2y)e”. (3.1)

Remark 13 3R ¢ biharmonic ¥84y S KA 2 T 2-type 721 TIZRV, EBR,
Proposition 5 ® & 5 2K S 472 b DI 2-type TRV,

RiC, 4 ARZERF D proper biharmonic V¥ % ¥ KA SIRED R EMEIZ D
WTIRRB, 4, BOSRED~Y PAE X ITXH LT,

F(X) == (h(X,X), H)

LB, ZTT, HiZEh®BR~Y MR TH B, Legendre BIRDBEITIT, F(¢‘-I—§—“)
RO 2B/EEL TV D, RN 2ULEOESITIT, —RITIX, FHEHRD 2FE
kﬁ&%&“:kﬁ&ﬁféo:@F@ﬁ@%%wf\%ﬁﬁﬁﬁﬁwmwam-
harmonic V¥ ¥ v KA ERENREEICRBTHDOTIEERZLOND,
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Theorem 14 ([31]) f: M™ — M?**'(¢) & =12 737 | proper biharmonic Legendre
Bkl 45, D2EER. ¢ % ReebX7 MFLT3, b L, DH||¢ T, &
LIZROAREXPW SN TVERD, fIIRRETH D,

(e + 3)|| H|[2vol(M) + 3n(e — 1) /M F(¢ﬂg—|—|)dvg>0.

TDEBRNOKRDOZ ENBLNS,

Corollary 15 ([31]) £« RZERF D proper biharmonic Legendre Bi%R, BHEIZR
BETH D,

e x REFREKIT, BIRT VYNV RBROGFHERTZ & THEMITON D,
R(X,Y)¢ =n(Y)X —n(X)Y,

ZIT, nidiEgEMEXTH B,
et REBE R SDEMEEED I TR LT, RBEROFZEFEE-TLONRE
xbh ([5], (22)).

R(X,Y)¢ = (k] + ph) (n(Y)X —n(X)Y),

ZIZT, 2hid, EICLABIEMIBEDY — M THY, &, p XK THBE, ZO
XD 7R MRS (k, u) ZBRRIEL VW, M(k,p) TRT, ZOEREDI 52 %
BXHBAIIZ2H D, —0ik, L RERELNMZOREEBOREIR, SU(2),
SL(2,R), 2—7 Y v NEBR E(2), IV a7 AF—EHRH E(1,1) LWV o BV
MERELEATNDEIETHD, b I —2ik. ROSMENEMBST DB ER
(D-homothetic deformation) ICX W ARETHDHEWNWIZ ETHD,

M(k, p) DRTTH 5 LA EDBAIE, Ridk, pIEKERB BTV, 3
RILDFEITIT, Kk, uBEETRVEETH S X 572 (s, p) BREBTEET S ([22]).
ET2. SIRTEMBIRED (k, 1) éﬁﬁk’(“%ékbwﬁg“l‘é}%ﬁ:ti\ Reeb <7 |
NV, ZOEEENLCERER~DHEMEBG L IRBZ LM, PerroneiZ X W REN
7= ([29]).

INbDZEdb, 3R (k, p) BRI, BMEREOTFTLHIZIBVLOTH
5LW0Wz5, WICTTLOIZ, BETSZ., AZEMA 3K (k, u) ZEREDHZEIZHL
ETE 3,

Proposition 16 ([2]) v: I — M3(k,p) ZRHBR T2V Legendre BifR & 35, v
3 biharmonic L7227 DYBBHIRMEIZ, v B o+ 12 = (7S — 4y'k) BHT=
T heliz 2B L THD, ZIZ T, o, riXENTNHMB, RER, T2 51X M3(s, p)
DANT—HBTH D,



Corollary 17 ([2]) S < 4k TH D & 572 3IRTT (k, pu) ZIRIEITIL, proper bihar-
monic Legendre BIFRITTEE L 72\,

Theorem 18 ([2]) f: M? = N3(k, p) % FHR M/ anti-invariant BITE & T 5.
f 7% biharmonic 1272 2 e O DMBE+Hy M. 2 RPGARPER T, UTOVT
ANCE LN LTH D,

(a)%(f*s - 6)7

B):(f*S —4fs— frp).

Corollary 19 ([2]) S < Min{6, 4k + u} &&= 3 KT (k, p) BHEEICIE, FHE72
proper biharmonic anti-invariant HIE IXTFE LRV,

B%1Z. (k, 1) 8D proper biharmonic Legendre #i#%. proper biharmonic anti-
invariant B & OF % 21T 5,

Examples:
N® = {(z1, T2, 73) € R¥|z3 # 0} £ 8L, 3BONZ Fi
0 0 2z, O 1 0 1 0
€1 €y = —23;2133 —_

= Bz’ 52, T @ 0z, #h0zs O 230m,
2, FHERET, e; 8 Reeb X7 "B L RD X ) RBMHERELMATIT
LK D, %a"bfblinz1—;15,u=2(1—fg)®(ﬁ,y)§%ﬁi’f‘ﬁ>5° TDEE,
AHh T —HRIKRTEZLDND,
2 1 3

S—2(—1+;g—x—g+;§-).
4. v ={(z1, 2, 23) € R3|z3 =35, 71 = constant}, M? = {(z1,%2,%3) € R3|z3 =t}
LB, ZIZT, sttiIKROFTERXOETHS,
4% — 4s* -1 =0,
88 —6t* — 2t —3=0.

=D& &, ~IiXproper biharmonic Legendre Bi#t TH ¥, M?iX (b) ¥ A 7Dl
% b o, 7 proper biharmonic anti-invariant BiE T 5,

SEXE

[1] K. Arslan, R. Ezentas, C. Murathan and T. Sasahara, 3-dimensional biharmonic
anti-invariant submanifolds, preprint.



52

[2] K. Arslan, R. Ezentas, C. Murathan and T. Sasahara, Biharmonic submanifolds in
3-dimensional (k, p)-manifolds, preprint.

[3] P. Baird and D. Kamissoko, On constructing biharmonic maps and mertics, Annals
of Global Analysis and Geometry. 23 (2003) 65-75.

[4] M. Barros and O. J. Garay, On submanifolds with harmonic mean curvature, Proc.
Amer. Math. Soc. 123 (1995), 2545-2549.

[5] D.E. Blair, T. Koufogiorgos and B. Papantoniou, Contact metric manifolds satisfying
a nullity condition, Israel J. Math. 91 (1995) 189-214.

[6] R. Caddeo, S. Montaldo and C. Oniciuc, Biharmonic submanifolds of S, Internat.
J. Math. 12 (2001), 867-876.

[7] R. Caddeo, S. Montaldo and C. Oniciuc, Biharmonic submanifolds in spheres, Israel
J. Math. 130 (2002), 109-123.

[8] R. Caddeo, S. Montaldo and P. Piu, On Biharmonic Maps, Contemporary. Mathe-
matics, 288 (2001), 286-290.

[9] R. Caddeo, S. Montaldo and P. Piu, Biharmonic curves on a surface, Rend. Math.
21 (2001), 143-157.

[10] R. Caddeo, C. Oniciuc, and P. Piu, Ezplicit formulas for biharmonic non-geodesic
curves of the Heisenberg group, preprint.

[11] B.-Y. Chen, A report on s'u,bmamfolds of finite type, Soochow J. Math. 22 (1996),
117-337.

[12] B.Y. Chen and S. Ishikawa, Biharmonic pseudo-Riemannian submanifolds in pseudo-
FEuclidean spaces, Kyusyu J. Math. 52 (1998), 167-185.

[13] F. Defever, Hypersurfaces of E* with harmonic mean curvature vector, Math. Nachr.
196 (1998) 61-69.

[14] I. Dimitric, Submanifolds of E™ with harmonic mean curvature vector, Bull. Inst.
Math. Acad. Sinica. 20 (1992) 53-65.

[15] J. Eells and J. H. Sampson, Harmonic mappings of Riemannian manifolds, Amer. J.
Math. 86 (1964), 109-160.

[16] J. Eells and J. H. Sampson, Variational theory in fibre bundles, Proc. U.S.-Japan
Seminar in Differential Geometry (Kyoto 1965), pp. 22-33.

[17] A. Ferrandez, P. Lucas and M. A. Meroiio, Biharmonic Hopf cylinders, Rocky Moun-
tain J. Math. 28 (1998), 957-975.



[18] T. Hasanis and T. Vlachos, Hypersurfaces in E* with harmonic mean curvature vector
field, Math. Nachr. 172 (1995) 145-169.

[19] J. Inoguchi, Submanifolds with harmonic mean curvature vector field in contact 3-
manifolds, Colloq. Math, to appear.

[20] G.Y. Jiang, 2-harmonic isometric immersions between Rzemanman manifolds (Chi-
nese), Chinese Ann. Math. A 7 (1986) 130-144.

[21] G.Y. Jiang, 2-harmonic maps and their first and second variational formulas. (Chi-
nese), Chinese Ann. Math. A 7 (1986), 389-402.

[22] T. Koufogiorgos and C. Tsichlias, On the existence of a new class of contact metric
manifolds, Canadian Math. Bull. 43 (2003) 440-447.

[23] E. Loubeau and C. Oniciuc, The index of biharmonic maps in spheres, Math.
DG/0303160

[24] E. Loubeau and C. Oniciuc, On biharmonic and harmonic indices of the Hopf map,
Math. DG/0402295.

[25] E. Loubeau and C. Oniciuc, Biminimal immersions in space forms, Math.
DG/0405320.

[26] C. Oniciuc, On the second variation formula for biharmonic maps to a sphere, Publ.
Math. Debrecen. 61 (2002), 613-622.

[27] C. Oniciuc, Biharmonic maps between Riemannian manifolds, to appear in An. Stiint.
Univ. AL I. Cuza, Iasi. Mat. (N.S.).

[28] C. Oniciuc, New ezamples of biharmonic maps in spheres, Colloq. Math. 97 (2003),
131-139.

[29] D. Perrone, Harmonic characteristic vector fields on contact metric three-manifolds,
. Bull. Austral. Math. Soc. 67 (2003) 305-315.

[30] T.Sasahara, Legendre surfaces in Sasakian space forms whose mean curvature vectors
are eigenvectors, to appear in Pub. Math. Debrecen.

[31] T. Sasahara, Stability of biharmonic Legendre submanifolds in Sasakian space forms,
preprint.

E-mail address : t-sasa@math.sci.hokudai.ac. jp

53



