oboooooooooO 14120 20050 168-175

168

Normal forms of some vector fields by transformations
with Borel summable functions

Sunao OucHr  (Sophia Univ.)
AN B (EEKRF)

Abstract

Let L = Ele Xi(2)0,; be a holomorphic vector field degenerating
at z = 0 such that Jacobi matrix (%%(O)) has a zero eigenvalue. We
study finding normal forms of L and try to simplify L by transforma-
tions with functions with asymptotic expansion in strong sense, that
is, called Borel summable functions.

Key words: Normal forms of vector fields, Borel summmable functions,
Asymptotic ezpansion

0 Introduction

Let L = Y% . X;(2)d,, be a holomorphic vector fields in a neighborhood
of the origin such that X;(0) = 0 for all 1 < i < d. It is an important and
classical problem to simplify L, that is, to find a normal form of L by suitable

6X,- (Z)
0z;

transformations (see [1]). Let ( ) be Jacobi matrix of the coefficients

]
and {\;}Z, be eigenvalues of (?—)(—;—;—(—92) The typical problem is whether we
represent L in the form Z?=1 Aiw,-a,j , by finding an invertible transformation
w; = ¢;(2) with ¢;(0) =0, ¢=1,2,.-.  d. In general it is not true. If we
assume that the eigenvalues {)\;}, are distinct and non resonance condition,

that is, for k=1,---,d

d
Zm,y\,- — A #0 for m| > 2, (0.1)

i=1

then we can find a formal transformation w; = ¢;(z) € C[[2]] (1 < i < d)
such that L is formally transformed to Z?=1 Aiw;Oy,. It was studied whether
the formal transformation converges. If we assume the Poincaré’s condition,
that is, the convez hull of {A1, Ay, ---, A} in the complex plane does not

contain the origin, then the above transformation converges, hence, there
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exists a holomorphic coordinates system w = (w;,ws, - ,wq) such that L
is of the form Zle Aw;0,,. The convergence are also valid under Siegel’s
condition [8] or Bruno’s one [4], which are arithmetic. In this paper we study
L such that (?_)é%)_)') has one zero eigenvalue. The purpose of this paper is
to try to transforzrjn L to a normal form, by using not only transformations
with holomorphic functions in a full neighborhood of the origin but also ones
with holomorphic functions in a sectorial region with asymptotic expansions.

The main results are Theorems 2.1 and 2.2.

1 Function Spaces

Let z = (z;, %, ,Z,) € C* and o = (ay, -+ ,@,) € N*. A series fz) =
3 oenn f2Z% fa € C, is called formal series in z and the set of all such formal
series is denoted by C[[z]]. The totality of all convergent series in z, that is,
all holomorphic functions in a neighborhood of z = 0 is denoted by C{z}.
Let U be an open set in C*. @(U) is the set of all holomorphic functions on
U. The set of all formal series f(z,t) = 3.2°_ fm(2)t™, fm(z) € OU), with

coefficients in O(U) is denoted by O(U)][t]].

Definition 1.1. We say that f(z,t) = S.o0_ fm(z)t™ € OU)[[t]] has Gevrey
order s in t, if there are A and B such that

sup |fm(z)] < AB™T'(sm + 1). (1.1)
zelU

The set of all such formal series is denoted by O(U)([t]],-

Let us introduce spaces of holomorphic functions on sectorial regions with
asymptotic expansion. Set S(6,4,7) = {t € C;0 < |¢| < r,|argt — 0| < &}.
The set of all polydisks centered at z = 0 is denoted by Llo.

Definition 1.2. Let v > 0 and U € Yp. Let f(z,t) € O(U x 5(0,6,r)) with
asymptotic ezpansion f(z,t) ~ Y oy fm(2)t™ in the following sense. There
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exist constants A and B such that for any N € N

N—-1
suplf(z,8) = 3 F(@}"| < ABVI( + Dl (12

m=0

holds fort € S(0,6,r). The set of all such holomorphic functions is denoted
by & HU x S(8,6,r)).

Set
C{z}[#]]s : = Uves, OU)[[2]l5, (1.3)
OU){t}rp : = Ussr/ay Urso & 11U x 5(6,6,T)), (1.4)
C{zHt}yp : = Uveu, OU){t}, 0. . (1.5)

We can define a homomorphism J : C{z}{t},6 = C{z}{[t]]y/,, for f(z,t) €
C{zHt}ye

3f =) fn(@)t™ € C{}tllyyy- (1.6)

m=0
Since 6 > 7=, J is not surjective but injective (see [2]). Therefore, we can
identify f(z,t) = (3/)(z,t) € I(C{z}Ht}ns) C Cla}[dlyy with f(z,1) €
C{zH1}re-

Definition 1.3. Let f(z,t) € C{z}[[t]l1/,- If there exists f(z,t) € C{z}{t}rs
such that f = Jf, then we say that f (z,t) is y-Borel summable in the di-
rection § and f(z,t) is y-Borel sum of f(z,t). We also say that f(z,t) €
C{z}{t}, ¢ is y-Borel summable in the direction 6.

As for functions with asymptotic expansion, in particular, Borel summable

functions, more generally, multisummable functions we refer to [2].
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2 Vector fields

Let 2 = (21,29, -+ ,24) € C% 9,, = 527’ 8, = (0,,--+,0,,) and L be a
holomorphic vector field in a neighborhood W of the origin,

d
L:=L(z8,) = Y _ Xi(2)8, (2.1)
i=1
L is singular at z = 0, that is, X;(0) =0for all 1 <i < d. Set
T={zeW;X;(2)=0 forl1<i<d}. (2.2)

Then ¥ contains the origin. We denote the Jacobi matrix of the coefficients

(X1(2), X3(2),- - - , X4(2)) by (a—);'?(zl) We assume L satisfies the following
C.1, C.2 and C.3. !
C.1 ©={0}.
C.2 The Jordan canonical form of (a)(;;(())) is diagonal
J
()‘1 o -. 0\
0 X O 0
0 0 XA O 0
(2.3)
0 Mo 0 O
P e v 0 A1 O
\() 0 oo e e 0 0 0}

where A; # 0 and distinct.

C.3 The convex hull of (d — 1) points {A;, Ag,-+*,A¢—1} in the complex

plane does not contain the origin.
, . 0X,(0)
It follows from C.1 and C.2 that codim ¥ = d and (—5-;—-) has one zero
3
simple eigenvalue, so its rank is (d — 1). The assumption C.3 is equivalent to

that nonzero (d — 1) points {\;, Ag, -+ -, Ag—1} lie in the one side divided by

a line through the origin. The main theorems are the following.
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Theorem 2.1. Assume C.1, C.2, C.3 and

Y omh-M#A0 k=1,2,---,d~1 (2.4)

i=1
hold for allm = (my,my, -+ ,mq_1) € N1 with |m| > 2. Then there exist an
integer o > 2 and a holomorphic coordinates system (z(z),t(z)) € C* ! x C
with (z(0),t(0)) = (0,0) such that the following holds.

There ezist (1(z,t), - ,Ca-1(z,t),n(z,t) € C{z}{t}s-1,6 for some O with

¢1(0,0) = "‘=Cd—1(0 0) =0, n(z,0)=0
O¢; 2.5
(30.0) =8 0.0 20, 29
and by transformation
i = Gil\Z, | = ""1d_17
{C Glz,t) i=1 26)
n=n(z,1)
L is represented in the form
d—1
ZA o 3 1 c(n) (2.7)

where {X\i(n)}=; and c(n) are polynomials n with degree < o —1, X;(0) =
and ¢(0) = 1.

If we admit multiplications of nonvanishing functions to vector fields in

the process to find normal forms of vector fields, we have

Theorem 2.2. Suppose that the same assumptions as those in Theorem 2.1
hold. Then there erist an integer o > 2, a holomorphic function h(z) in
a neighborhood of the origin with h(0) # 0 and a holomorphic coordinates
system (z(z),t(z)) € C*xC with (z(0),%(0)) = (0,0) such that the following
holds.

Set Ly, := h(z)L. There ezist {1(z,t), -+ ,Ca-1(z,t) € C{z}{t}o-15 for

some 0 such that

, ¢1(0, 0) = = Cd—l(o 0) 0, (6 (0 0)) = 61,,1, (2'8)



and by transformation

C’izciz’t) i=1,'-',d——1,
{ ( 29)
n=t
L}, is represented in the form
d—1
0 0
Z )\4(77)955 + 72”5;, (2.10)

i=1

where {\;(n)}=} are polynomials 1) with degree < o — 1 and A(0) = A;.

In order to show Theorems 2.1 and 2.2 we have to find coordinates trans-
formations. The transformations are constructed by using solutions of sys-
tems of nonlinear ordinary differential equations and those of singular semi
linear first order partial differential equations. For these equations we need
the existence of holomorphic solutions and that of Borel summable solutions,
for which we refer to [3], 5], [6] and [7]. In particular, the existence of Borel
summable solutions of systems of nonlinear ordinary differential equations is
given in [3] and [7], and that of singular semi linear first order partial differ-
ential equations is given in [6]. The proofs of Theorems 2.1 and 2.2 and the

details are given in [6].

3 A simple example

We give a simple example and show the process to transform it to a normal
form. Let (z,t) € C? and

L := L(z,t,0,,8,) = (\x + 2% + ot + 1*)8, + £, (3.1)

where A > 0 and v is a positive integer. We have o = v + 1. Let 6 be a real
constant such that 0 < |0| < 7/~.
(1) First consider

£ (t) = Aplt) + @ () + to(t) + £ (3:2)

173
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Then there exists @(t) € C{t}, ¢ with @(t) ~ Y ", cat™, ca = —1/A. By

transformation w = = — ¢(t), t =t,
L:= L(w,t,8,,8;) = (A +t + 20(t))w + w?) 8y, + 1+ 3,.

Set A(t) = A+t+23°7_; cat” and A(t) = A+t +2p(t) — A(t). Then A(t) is a
polynomial with degree < -y and A(t) € C{t},,p with A(t) ~ 2377 ., cat" =
O(t"*') and

L(w,t,0,,8) = ((A(t) + A(t))w + w*) 8y, + 7118, (3.3)
(2) Next consider

L(w, t,84,8,)8(w, t) = At)(w, 1), (3.4)

which is a singular first order partial differential equation with coefficients in

O{w}{t}, 4. Consider an auxilliay equation to solve (3.4)
7L () + A()Pa(t) + A(t) = 0.

Since A(t) = O(t"+!). there exists a solution ¥.(t) € C{t}, ¢ with +,(0) = 0.
Set ¢(w,t) = (1 + . (t))w + ¥(w,t). Then (3.4) becomes

L(w, 1,8, 0,9 (w,t) = At} (w, £) — (1 + . () w™. (3.5)

It is not difficult to find a formal solution ¢(w, t) = 3.2 ¥, (w)t" € OU)([t]]1/y
for a neighborhood U of w = 0 with ¥, (w) = O(jw|?) for all n. We can
show that zﬁ(w, t) is y-Borel summable in the direction @, that is, there ex-
ists Y(w,t) € C{w}{t},e with PY(w,t) ~ 9(w,t). Hence ¢(w,t) = (1 +
¥ ())w + ¢Y(w,t) € C{w}{t},s is a solution of (3.4). By transformation
((z,t) = o(z — (t),t), n(z,t) = t, the vector field L is transformed to

A(n)¢= + 5" —, which is a normal form of L.
()¢ ac T 5,
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