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The Hypergeometric Series and
Trigonometric Sums

= BB 5B [Takano Katsuo] KK

1. Introduction
Let us consider the following Gauss hypergeometric series,

. a (2m)e(—n)gz*
F(—n,2m;2m+n+1;2) = kz{)(émif(z+)1)kk"

where m is a positive constant and n is an positive integer. Here (a); =
. a(a+1)(a+2) .- (a+k—1) denotes the Pochhammer symbol. Consider the
unit circle C: z =¢€® (0 <t < 2m). Let

R(_n7 2m1 2m+n+ 1, t) = %{F(—TL, 2m, 2m +n+ 1; eit)}.
We have

(—n)x(2m)r coskt

R(—n,2m;2m+n+ 1;t) = 5, mtnt Dy B (1)

Let

I(=n,2m; 2m +n + 1;t) = X{F(=n,2m;2m + n + 1;e%)}.
We have
(—n)e(2m) sinkt

I(=n,2m;2m + n + 1;t) = 5 @m+n+1) k!

(2)
From the Gauss hypergeometric series F(—n,2m;2m + n + 1;€e") we can
deduce some formulas of trigonometric sums. These results are listed in the
following form.

Formula 1. We obtain
|F(—n,2m;2m +n + 1;¢%)

(n + 1)71 n (_n)s(n +1- S)n—-s(2777')3?;/'?3
Cm+n+1), 0 (=2n),2m+n+ 1),_,s!

_ s (2m), (”) (2"“ ) 2n - ), (3)

=0m4n+1),2m+n+ 1), \s n
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where y = 2(1 — cost).

Formula 2. We obtain
I(—=n+1,2m;2m + n + 1;t)R(—n, 2m; 2m + n + 1;t)
—R(—n + 1,2m;2m + n + 1;t)[(—n,2m; 2m + n + 1;1)

= Bjsint + Bysin2t + Bgsin3t + - -

+  B,_zsin(n — 2)t + Bu_ysin(n — 1)t + By sinnt, (4)
where B,,_; are gien by the following formula,
n—r—1yor (2m)kn—r (2m)
B=002m + n 4 Viyn-r(@m+n+ 1)k

n—Dnln—r
(n+ k(— r)!()'r ——(k:)!k!(zz — K (r=0,1,2,...,n—1). (5)

Bpr = (_1)

Formula 3. We obtain
n{I(-n+1,2m;2m +n+ 1;t)R(—n,2m; 2m +n + 1;1)
~R(-n+1,2m;2m + n + 1;t)I(—n,2m;2m + n + L;t)}
(n+ 1) o (=n)s(n 41— 8)n—s(2m),sy" " sint
Cm+n+1), =" (=2n)2m+n+1)n_,s!
(2m), n\(2n—s -1
o — 3))lsy®
SlEm4+n+1),(2m+n+1)a_s \s n (2(n = 5))lsy
| (6)

-sint.

Formula 4. We obtain the following combinatorial equality.
(2m)p—rt1 n—1\/n+r—1
2(r — H)!
2m+n+1), Cm+n+1)q\n—r n @(r = 1))
_ 2m) itn—k (2m) ;
= 3r-l Ek_ -1 r+k+1 ( jin J
k=0 J—O( ) (2m +n+ 1),'+n_k(2m +n+ 1)3
(n—1)nl(n — k) 2n—r—k 7)
(n+j—kWk—-Hln—I'\r—k-1)




2. On Formula 1

If m is a positive integer it is known in [5]. In this report m is assumed to
be a positive constant. The curve of the function F(—n,2m;2m + n + 1;e*)
of the variable t is symmetric with respect to the real axis in the complex
plane. We make use of Watson’s formula

F(—n,b;c;2)F(—n,b;c; Z)
(c=b)n
(©)n
in Slater’s book (cf. [3. (8.4.2)]). Let b=2m, ¢ =2m + n+ 1. Then
Fy—n,2m;2m +n+1,-2n;22,(1 — 2)(1 — Z)]
_ g yn (CMrs(2m)rss (22)7[(1 - 2)(1 - Z))°
- r=0s=0 .
(2m + n + 1),(—2n),rls!
Let z=¢% Z =e ™ Then 2Z =1 and (1 — 2)(1 — Z) = 2(1 — cost). Let
¢ =1 and y = 2(1 — cost). From the above Fy we obtain

Fyf-n,bje,1 —n+b—c;2Z,(1 - 2)(1 — Z)]

|F(=n,2m;2m +n + 1;e))?

_ (n41)n n  sn (=n)r+s(2m)r 42"y’

= o =080 . (8)

2m+n+1), (2m 4+ n + 1).(—2n),r!s!
It holds that
|F(—n,2m;2m + n + 1;¢%)?
(TL + 1)‘"' n (_n)s(zm)sys{ n—s (—Tl- + S)T(2m + S)"'wr }

@m+n+1), =0 (=2n),s! T (2m +n+ 1), '

We see that the right hand side of the above equality is strictly positive for
all t in the interval [0, 7] since it holds that

(—n + s)r(2m + 8),z”
(2m +n + 1),r!

X0
F(2m tn+ 1) 1 2m+s—1 - -

_ 1 _ n—s 1 _ n Sd X

r@m+ s)I'(n—s+1) A i (L=r)" (A —ar)™dr

When z = 1 we see by Vandermonde’s formula that

|F(=n,2m;2m +n + 1;€%)|?
(n+1)n T (=n)s(n + 1 = $)n—s(2m)sy°
Cm+n+1), 0 (=2n),2m+n+ 1),_,s!

- (2m). (”) (2”‘3) (2 - ),

=VOm+n+1),2m+n+ ), \s n
where y = 2(1 — cost).
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3. On Formula 2

From the following relation
d
aF(a+1,b;c;2) = aF(a,b;c; z) + z—&;F(a, b; c; 2)
we have

d ,
-d—tF(—n, 2m; 2m +n + 1; ")
d .
= a—F(—n,2m; 2m 4 n + 1; 2) ie®
2
= {F(-n+1,2m;2m+n + 1;€%) — F(—n,2m;2m +n+ 1;€*)}(—n)i
and we see that

d )
EZ[F(~n, 2m; 2m + n + 1; )2

d ) )
= {EF(-—n, om; 2m +n + 1; e} F(—n,2m;2m + n + 1;e7%)
+F(—n,2m;2m +n + 1; e“){aF(——n, 2m;2m +n + 1;e7")}
= [{F(—n +1,2m;2m + n + ;%) — F(—n,2m;2m + n + 1;e%)}
(=n)i F(—n,2m;2m +n + L;e7%)
F(—=n,2m;2m +n + 1;€%)
{F(-n+1,2m;2m+n+ L;e7%) = F(—n,2m;2m +n+ 1, e““)}m]

Il

[F(—n +1,2m;2m + n+ 1; ) F(—n,2m; 2m +n + 1;e7%)(-n)i
4+ F(-n,2m;2m+n+ ;) F(-n+1,2m;2m+n + 1; e—“)mﬁ)]
2%[(~—in)F(—n +1,2m:2m 4+ n + 1;e")

F(—n,2m;2m +n+1; e‘“)]
= 2(—z'n)'i{ — I(-n,2m;2m +n + L;t)R(-n + 1,2m; 2m + n + 1;t)
+ R(=n,2m;2m+n+ ;) (—n + 1,2m; 2m + n + 1;t)}
= 2n{I(——n +1,2m;2m +n + 1;t)R(—n,2m; 2m + n + 1;t)
— R(—n+1,2m;2m+n+1;t)I(—-n,2m;2m+n+l;t)}. 9)

Let us denote the derivative of |F(—n,2m;2m tn+ 1;e%)|? by 2d(t). We
obtain

dit) = n{I(—n +1,2m;2m +n+ 1;t)R(—n,2m;2m +n + 1;t)



~R(=n+1,2m;2m + n + 1;t)I(—n, 2m; 2m + n + 1;t) }.(10)
We will show Formula 2. We have

d(t)
= R[(~in)F(-n+1,2m;2m +n + ;") F(—n,2m;2m + n + 1;e7*)].
(11)

We see that

F(—n+1,2m;2m + n + 1; ) F(—n,2m;2m + n + 1;e7%)
(sl (2m)x(—n + 1)1:6”“}{2@ (2m)j("n)je_ijt}
=0 2m+n+¢)m =0 (2m + n + 1);5!
—n)je” }
Zm +n +1);4!

{ =

—n+1 n 2m =N je_i(j‘l)t
E mi(nt s ¢ (ml(n) \
(
(

it

2m +mn+ 1);1! =0 (2m + n + 1);5!
2m)a(—n + 1), {5 (2m);(=n);e—*0—2"
2m +n + 1)52!

§=0 @m+n+Dﬁ!}

(2m)n—1(—n + Dnot (2m);(~n);e~i=n+Dy
@it D= 0 A5 G v D

(12)
From the above we obtain

R{i F(-n+1,2m;2m + n + 1;e*)F(—n,2m;2m + n + 1;e7*)}
g (2m);(=n); Sin(jt)}
=07 @2m +n + 1),

{

2m)(—n + 1) n (2m);j(—n);sin(y — 1)t
E)(Jr)_{z()() (J )}
(

(

=0 (9m 4 n + 1),5!
2m)a(-n+1 (2m);(—n);sin(j — 2)t
)a( )2 s, ))m+)n+1(§ﬂ' )t )

) .(2m)n_1(—n + 1).,,_1 n (Zm)j(—n)j sin(j —-n -+ 1)t
rEE ) s i

Summing the terms up with respect to the same sine functions in the above
we obtain

R{i F(-n+1,2m;2m + n + L;e*)F(-n,2m;2m + n + 1;¢7*)}
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- (g it L) @m)en(=
k=0 (2m-|—n+1)kk' (2m +7n + ka(
o (2m)(—n+ 1k (2m)kr2(—n)ks2
+ (= (2m+n+1)kk' (2m +n + )gsa(k +2)!
N { g 2m)k(—n + 1)k (2m)r+3(=n)k+a
¥=0 (2m 4+ n + 1)xk! 2m 4 n + 1)kqa(k + 3)!

n k+1
+

} sin 2t

} sin 3t

N {Z (=n+ 1k 2m)kin-s(=n)kin-3 )
k=0 9m+n+ 1)ik! (2m + 1+ Vggn-3(k +n — 3)!
+sin(n — 3)t
n { 2 (2m)k(=n+ 1) (2m)k4n—2(=1)k+n—2 }
k=0 2m +n + 1)ek! 2m + 1+ Lggn—z(k + 71— 2)!

-sin(n — 2)t
1 (2m) (_n + 1) (Zm)lﬂ—n l(_n)k+n 1
+ (T 2m+n+ 1)k! 2m +n+ 1),C+n_ (k+n—1)! i)
-sin(n — 1)t
(2m)n(=n)n

sinnt

(2m+n+ 1)nn'
{ -2 2m)ji(=n+ i (2m);(—n);
i=0 (2m+n+ 1);(G+ 1) 2m +n+1);5!
3 { (2m jv2(=n+ e (2m);(=n);
{

}sint

in 2t
2m+n+ ekl @m+n+ 1),g|}sm2

(2m)jra(-n+1)j43  (2m);(=n b sin 3
@2m+n+ 1) +3)!2m+n+ 1 ,]'

- {Z? (2m) 4n-3(=7 + 1)j4n-3 }
=0 (2m+n+ 1)j+n—3(j +n—3)!( 2m+n+ 1 JJ!
-sin(n — 3)t
— {Zl (2m)j+n—2(—n + 1)j+n—2 }
=0 2m+n+1)jin-2(f + 71— 2)!( 2m + n+ 1)311
-sin(n — 2)t
—_ (Qm)"—l(_n + 1)11.—-1
@m +n+ 1)p-1(n— 1)

After all we obtain
d(t)

_ nea (2m)jn(=n+1)m  (2m);(—n);
N n[{()}:o (2m +Tn +1),(5 +:)1 (2m+n+ l)jj!)

sin(n — 1)t.

k+l)'}s1nt ,

(14)
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n1 @mlk(=n+ 1)k @Cm)ini(=n)kn -
o (2m+n+ l)kkk! 2m+n :— 11)k+1(’;c++ 1)!) } sint

n-3 (2m)ji2(—n +1)je2  (2m);(—n);
(EJ'= (2m+-f- n+ 1)k! 2 (2m+n+ 1),~j!)

(
{
_ (2"’2 (2m)g(—n + )i (2m)k+a(—7)k+2 )} <in 2t
{
(

F=0 (m +n + 1)kk! (2m +n + iga(k + 2)!
(st (2m)js3(—n+1)js _ (2m);(=n); )
=0 2m+n+1)43( + 3)! @m + n + 1);5!

3 (2m)g(—n + 1) (2m)k+3(—n)k+3 )} sin 3t
0 (2m+n+ 1)gk! 2m 4+ n + 1)k4s(k + 3)!

+ {(z2 (@m)jpn-3(=n+ Djins  (2m);(—n); )
=0 @2m A1+ 1)4n 30 +n—3) 2m +n+1),5!
- (23 (2m)e(=n + )k (2m)g4n—-3(—N)k+n-3 )}
k=0 2m +n+ 1)k! @m 4+ n + Dgpn_s(k +n—3)!
-sin(n — 3)¢
1 (2m)j4n-2(—71 + 1)j4n—2 (2m);(=n);
B Gmin s DG n - D @m T n T D)
@m)s(=n+ 1)k Cm)eina(=N)ktn-2 ))
(2m+n+ 1)kk! 2m +n + Dgin_2(k +n — 2)!
-sin(n — 2)t
(2m)n_1(—n + 1)ny
* {Gman T Do o
(21 (2m)g(—n + 1), (2M)k4n-1(—71)k+n-1 )}
F=0 2m+n+ 1)ek! Cm + 1+ Dign-1(k +n — 1)!
-sin(n — 1)t
(2m)n(=n)n

T Gt sinnt}. (15)

2
k=0

|
~—~
g

From the above we obtain the following form,

dt) = n{81 sint 4+ Bysin2t + B3sin3t + - -+ + Bp_zsin(n — 2)t

Bp_1sin(n — 1)t + By sin nt}. (16)
We will determine the coefficients Bg, kK = 1, --,n. In fact we have
2 n\"/¢)n n

(2m+n+1),n! (2m+n+1),’
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And we have
(2m)n—1(_n + 1)n-1
(2m +n+1)p_1(n— 1)
1 2m)(—n + 1) (2m) kn—-1(=n)ktn-1
#=02m+n + 1)ek! 2m + 1+ Diynoa(k +n—1)!
_ (2m)p_1(=n+ 1)n_y (2m)p-1(=n)n-1
- {; ;

Bn—l =

m+n+Dei(n—1) @Cm+n+1)p_(n—1)
_em)(=n+ 1) (@m)a(-n)
@2m+n+ 1)U (2m+n+ 1),nl
_ no1f_ (2M)n (2m)n-1(=n)
= (=1 {(Zm +n+ 1 Cm4n+1)a }
(2m)  (m)a(n—1)
2m+n+1)2m+n+1)
— (__1)n—-2{ (2m)n—l(n - 1) (2m) (2m)ﬂ(n — 1) }
Cm+n+1l)py (Cm+n+l)2m+n+1),
_ (_1)1'1—2 1 (2m)k+"—1(2m)k
k=0 (2m +n 4+ Dgpn-1(Zm +n 4+ 1)
(n—1lnl(n-1)
n+k— D1 —k)(n—k)!
For B,_r, 7 =2,-++,n— 1 we have
et @m)jnr(=n 4 Djinr (2m);(=n);
Bor = Xz (2m+n+ 1)j4nr(j+n—1) (2m+n + 1);5!
Cer @m)i(=n+ D 2m)ksn—r(=N)ktnr
#=0om + n+ 1)kk! (2m +n + Vggnr(k +n —7)!
(2m)ktn—r(—1)¥""(n - 1)!
2m +n+ Vginr(k +n —r)(r — k — 1)!
(2m)k(—1)kn!
@m + 1+ 1)xkl(n — k)|
1 (2m)e(=1)*(n - 1)!
=002m +n+ Dikl(n — k — 1)
(2m)p4n—r(=1)*+"""n!
(2m +n + Dgyn—r(k +n—r)l(r — k)!
2m).(=1)"(n — 1)! (2m)n(—1)"n!

— . 19
2m+n+1),ri(n—r— 1)1 (2m+n + 1),n! (19)

_ r—1
- Ek:()

And we see that
By = (-1)"TEZ4



(2m)k4n—r(2m)g(n — 1)In!
2m+n+ Drgn—rCm+n+ Dk +n—r)l(r—1-k)kl(n—k - 1)!

1 1
{n —k r—k
n—r—1 (2m)7‘(2m)"(n — 1)'
+ 1) 2m+n+1),2m+n+ ri(n —r —1)!
= (-
(2m)gsn—r(2m)gnl(n — )Y (n —r)
(2m + n+ Dggnr(Zm +n+ 1)e(k +n —r)l(r — k)kl(n — k)!
)n-—r—-l (2m)n(2m)1‘(n — 1)’
2m+n+1.2m+n+1)rli(n—r—1)
= (-1)""'To
2m)gsn—r(2m)k(n — Vinl(n —r)
2m +n+ Disn—r(Cm +n+ 1)i(k +n —r)l(r — k)k!(n — k)!

and in particular

_ym-1
Bl - k=0

+ (-1

(20)

(2m)k+1(2m)g(n — 1)In! (21)
2m+n+ 1)e12m+n+ Dk + DI(n —k = D)kl(n — k)

4. On Formula 3

By Theorem 1 it follows

|F(=n,2m;2m +n + 1;¢%)|?
(n+1)n n (=n)s(n+ 1= 8)ns(2m)sy’
2m+n+1), =0 (=2n),Cm+n+1),_.s!

- (2m)s () (") et s,

=0Om+n+1).Cm+n+ 1), \s n
where y = 2(1 — cost). Therefore we see that

2(t)

= %|F(-n, 2m;2m +n + 1; )2

(’I’L + l)n n ("n)S(n +1- S)n—s<2m)33ys—12 sin ¢
(2m +n+1), = (—2n)s(2m + n + 1)p_ss!

= Yo 2m+n+ 1)(382:1 +n+1),_, (Z) <2nn_ S) (2(n — 5))lsy™!

2sint (22)
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and after all we obtain

d(t)
= TeGmiay 1)(383; Fn+ Doy (Z) (%n_ S) (2 — s))tsy™™
-sint. (23)

From the above we can write d(t) such as the following form,

d(t) = mnsin t[A0+A1(2$)2+A2(2$)4+ +An_2(2m)2(n—-2)
+An-1(20)%Y), (24)

where let £ = sin(t/2) and we see that

Anr = GmTn +(3)T:){2;;+jr n+ (Z _ i) (n +:;, ) 1) (@2 =D)L
(25)

5. On Formula 4
Substituting the following identity in the above (16) in place of sin(jt),

J+k

t
. ) — v J-1/_1\k
sin(jt) = cos 22k=0( 1) (j Tk-1

> (2sin %)2‘“'1, (26)

then we see that

d(t)

in2t sin 3t
= nsint[Bl+Bg SI, + B3 —; + ..
sint sint

sin(v.z —3)t LB, sin(v? —2)t
sint sint
sin(n — 1)t sinnt,
sint " sint j
= nsint{Bl

2+k i
+ Bs E,lczﬂ(—l)k(2 ke l> (2sin 5)2'“

+ Bn—3

+ Bn—l

3+k t
2 (_1\k Lok
+ B3Xi_o(—1) (3 ke 1) (2sin 2)



t 2k
5)

<

+ BnaTplp(—1)* ( +,’§ )(‘>sm

g k(PEE=LY Lt
+ Bn1X35( 1)( k_o (dsmo)

&

n—k—1 2

4

+ an:;g(—l)k( ntk )(2sin3)2’°}. (27)

Let z = sin(t/2). Then from the above we can write d(t) such as the following
form,

d(t) = mnsin t{Ao + A1 (22)% + A2(22)t + - - - 4 Ap_y(22)2"D
+An-1(22)2 1] (28)

Therefore we obtain

Anoy = Bp(—1)*" (2” - ’") § Bus(o1) (2n - 1)

r—1 T —2

2n —r —2
+ Bn——2(_1)n_r< r—3 )

2n—7—3
_1\n-r
v BT

ner (21— 2r + 2
+ Bn—r+2(_1) ( 1 )

£ Bana(-1) (2(n —-r)+ 1)

0
2n—r—k
= XIZ4Bn- ne=r : 2
o (T (29
From the above we see that the following conbinatorial equality holds.

An—r
_ (2m)p—rs1 n—1\ [ n+r— (2(T_ )l

(2m—|—n—|— Dn2m+n+ 1) \n—
— Zk ( )7‘+k+1 m)]+n k

2m+n+ 1),+n__k(2m + n+ 1);

(n = D)lnl(n — k) (2n—r-k)_ )

(n+7 =Kk =Nln-)"\r—k-
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