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1 Introduction

We revisit the parabolic problem for the Allen-Cahn equation

we = Dut = (f(u) — eg(z,1)) in Q x (0, +00)
(P*) % ~0 on 82 x (0, +00)
u(z,0) = ug(x) in Q,

where ¢ is a small parameter and f a bistable nonlinearity. More precisely
we assume that f is smooth and has exactly three zeros a_ < a < a4 such

fllas) <0, f(a) >0,

and that

/; F(u)du = 0.



A typical example is the cubic nonlinearity f(u) = u(1-u?). We suppose that
the perturbation term g(z,t) is a smooth function, defined on 2 x [0, +o0)
satisfying
dg
5 =
and we consider rather general initial data uy € C?(Q). The constant Cy will
stand for the following quantity:

0 on 09, (1.3)

Co = {Juollco@y + Vuollcoy + [[Auollco)- (1.4)
Furthermore we define the ”initial interface” 'y by
o= {x € Q, u(z) = a},

and suppose that I'g is a smooth hypersurface without boundary such that,
n being the Euclidian unit normal vector exterior to [y,

Iocc and Vuy(z) -n(z)#0 ifzely, (1.5)

u>a in Qf, w<a in Q, (1.6)

where ()7 denotes the region enclosed by I'y and Qf the region enclosed
between 02 and I'y. It is standard that Problem (P¢) has a unique smooth
solution u®. Ase — 0, studies of de Mottoni and Schatzman [10] and [11] and
X. Chen [5] and [6] show the following: in the very early stage, the diffusion
term is negligible compared with the reaction term e7?(f(u) — eg(z,t)) so
that, rescaling time by 7 = t/e? leads to the ordinary differential equation
u, = f(u). Hence, f being bistable, an interface is formed between the
regions {u ~ a_} and {u = a;}. Once such an interface is developed, the
diffusion term becomes large near the interface, and comes to balance with
the reaction term so that the interface starts to propagate, in a much slower
time scale. To study such interfacial behavior, it is useful to consider the
singular limit of (P°) as € — 0. Then the limit solution @(z,¢) will be a
step function taking the value o, on one side of the interface, and a_ on the
other side. This sharp interface, which we will denote by I';, obeys a certain
law of motion. It is well known that I'; evolves by the mean curvature flow:

(P Vo=—(N-1)k+colay —a_)g(z,t) onT,
Ivi =T,

t=0

where V,, is the normal velocity on T, x the mean curvature at each point
of Pt7

co= [\/if:r(W(s) - W(aw))l/zds] —1, (1.7)
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Wis) = — / " fr)dr.

It is standard that Problem (P°) possesses locally in time a unique smooth
solution I' = [y (Te x {t}).

Next we set Qp := {2 X (0,T) and for each t € (0,T), we define ) as
the region enclosed by the hypersurface I'y and ()} as the region enclosed
between 95 and I';. Then we define a function (x,t) by

Ot
iz, t) = {oz+ ?n " fort € (0,T). (1.8)

a- inQy

As € — 0, the solution u® of Problem (P*) converges to that of Problem
(PY9). The aim of the present note is to present an optimal estimate on the
width of the transition layer, namely to show that it is of order €. To that
purpose we use new pairs of upper and lower solutions both for the generation
and the propagation of interface stages.

We will state our main results in the next section. For the complete proofs
we refer to [1] where we study the more general case of the Allen-Cahn type
equation u; = Au + £~ 2(f(u) — eg(z, t,u)), where the perturbation function
g also depends on the unknown function wu.

The singular limit of Allen-Cahn equations has been studied in a large
number of articles: Let us mention for instance the results of Bronsard and
Kohn [4] in the case of spherical symmetry, the articles of de Mottoni and
Schatzman [10, 11] and those of Xinfu Chen [5, 6]. These results prove
convergence to the limit interface equation in a classical framework; that is,
under the assumption that the limit problem has a classical solution I'; for
0 <t <T. As for the case where I'; is a viscosity or a weak solution of the
limit interface equation, we refer to the work of Barles, Soner and Souganidis
[2], Evans, Soner and Souganidis [8], Ilmanen [9] and Barles and Souganidis

3].

2 The main results

Our results deal with the limiting behavior of the solution u® of Problem
(P%) as ¢ — 0. Our first main result, Theorem 2.1, describes the profile of
the solution after a very short initial period. It asserts that: given a virtually
arbitrary initial data ug, the solution u® quickly becomes close to a4, except
in a small neighborhood of the initial interface Iy, creating a steep transition
layer around Iy (generation of interface). The time needed to develop such a



transition layer, which we will denote by ¢, is of order €?|In¢|. The theorem
then states that the solution u° remains close to the step function @ on the
time interval (t°,T) (motion of interface). Moreover, as is clear from the
estimates in the theorem, the "thickness” of the transition layer is of order
€.

Theorem 2.1 (Generation and motion of interface). Letn € (0, min(a—
a_,ay —a)) be arbitrary and set

_ €?|lne]
o fa)

Then there exist positive constants e and C' such that, for all € € (0,¢,) and
forall = <t <T, we have

o —n,ar +n] if 1€ Neo(Ty)
w(z,t) € g lac —na_+n of z€Q \ Neo(Ty) (2.1)
las —myap +n] if xe QU \Ne(TY),

where N;(Ty) := {z € Q,dist(z,[';) < r} denotes the r-neighborhood of [';.

Corollary 2.2 (Convergence). Ase — 0, u¢ converges to i everywhere in

U0<t<T(Qti x {t}).

The next theorem is concerned with the relation between the actual in-
terface I'; := {r € Q,u*(z,t) = a} and the solution T; of Problem (P?°).

Theorem 2.3 (Error estimate). There ezists C > 0 such that
[y CNee(Ty) for 0<t<T. (2.2)
Corollary 2.4 (Convergence of interface). There exists C > 0 such that
dn(I';,Ty) <Ce for 0<t<T, (2.3)

where dy (A, B) = max{sup,c, d(a, B);supycp d(b, A)} denotes the Haus-
dorff distance between two compact sets A and B.

Note that the estimates (2.2) and (2.3) follow from Theorem 2.1 in the
range t* <t < T, but the range 0 < ¢t < t° has to be treated by a separate
argument. In fact, this is the time range in which a clear transition layer is
formed rapidly from an arbitrarily given initial data, therefore the behavior of
the solution is quite different from the one in the later time range t* <t < T,
where things move more slowly.
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The estimate (2.1) in Theorem 2.1 implies that, once a transition layer
is formed, its thickness remains of order € for the rest of the time. The
best estimate, so far, was of order ¢|Ine| (see [5]), except that Xinfu Chen
has recently obtained an order ¢ estimate for the case N = 1 by a different
method (private communication). Here, by “thickness of interface” we mean
the smallest r > 0 satisfying

{zeQ ulz,t)¢la. —n, a_ +nUjay —n, ay +n] } CN(T}).

Naturally this quantity depends on 7, but the estimate (2.1) asserts that it
always remains within O(g) regardless of the choice of 7 > 0.

Remark 2.5 (Optimality of the thickness estimate). The above O(e) estimate
is optimal, i.e., the interface cannot be thinner than this order. In fact,
rescaling time and space as 7 :=t/e?, y 1= x/e, we get

ur = Ayu+ f(u) —eg.

Thus, by the uniform boundedness of u and by standard parabolic estimates,
we have |V,u| < M for some constant M > 0, which implies

M
|Vou(z, t)] < =

From this bound it is clear that the thickness of interface cannot be smaller
than M~'(a; — a_)e, hence, by (2.1), it has to be exactly of order . U

Remark 2.6 (Optimality of the generation time). The estimate (2.1) also im-
plies that the generation of interface takes place within the time span of ¢*.
This estimate is optimal. In other words, a well-developed interface cannot
form much earlier, as the following proposition shows. U

Proposition 2.7. Denote by t¢ the smallest time such that (2.1) holds for
all t € [t€, T']. Then there exists a constant L > 0 such that

te> ute*(|lne| — L)
for all € € (0, ).

3 Generation of interface

The result below shows that within a very short time interval of order *|In¢]|
an interface is formed in a neighborhood of [y = {z € Q,uo(x) = a}. In the
sequel, 7o will stand for the following quantity:

no = min(a — a_, a4 — a).



Theorem 3.1. Let n € (0,m) be arbitrary and set
e?|lne|
fla)
Then there exist positive constants ey and My such that, for all ¢ € (0, e0),

(i) for allz € 9,

t, = (3.1)

a- —n <u(z,t) <ap+p; (3.2)
(i) for all z € Q such that lug(z) — a| > Moe, we have that

if uo(r) >a+ Mee then uw(z,t.)>ay,—n, (3.3)
if uo(z) <a— Moe then u(x,t.)<a_ +n. (3.4)

As we will see below, the above theorem is proved by constructing a
suitable pair of sub and super-solutions.

3.1 The perturbed bistable ordinary differential equa-
tion
We first consider a slightly perturbed nonlinearity,
Jo(u) = f(u) + 90,

where 4 is any constant. For |§] small enough, this function is still bistable,
and more precisely it has the following properties.

Lemma 3.2. For |§] < & small enough,

(1) fs has exactly three zero, namely a_(8), a(6) and a,(8) and we can
find a positive constant C such that

|- (6) — o[ +|a(d) — al + |4 (6) — ay| < Cl4]. (3.5)

(i) We have that

fs s strictly positive in (—o0, - (6)) U (a(d), ay(d)),

fs s strictly negative in  (a_(d),a(d)) U (a4 (8), +00). (3.6)

(iii) Set
p(8) := f5(a(d)) = f'(a(5)),
then we can find a positive constant, which we denote again by C, such
that
1(6) — i < . (3.7)
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In order to construct a pair of sub and super-solutions for Problem (P*¢)
we define Y(7,€;8) as the solution of the ordinary differential equation

{YT(T,&;(S) = f5(Y(r,§:6)) for 7>0 (3.8)

Y(0,§;6) =¢,

for § € (—0y,8) and & € (—2Cp,2Cq). In [1], we present several useful
estimates on the growth of Y and its derivatives.

3.2 Construction of sub and super-solutions

We set ; ;
e = _ 2 .
w (z,t) = Y(;Q-,uo(z) + er(£eq, —6—5) :tasg),

where the constant G is defined by

G=sup |g(z, 1),
(x.t)€0ix[0,T)

and the function r(4,7) is given by
r(8,7) = Ce(e*D™ — 1).

Lemma 3.3. There exist positive constants € and Cg such that for all € €
(0,€0), (wy,w?) is a pair of sub and super-solutions for Problem (PF).

Proof. We define the operator

Lu=uy — Au — i(f(u) —eg(z,t)). (3.9)

g2

Then

bt = L6 + gt 0] + Y[Can(e0)eH COVZ - dup — 1700

By the definition of G the first term is positive, and one can show that, for
a positive constant Cs independent of €, there holds

Luf > Y [Con(eG)eMEIME" — |aug] — Cy(eH €D/ 1) Vg ]

> Y [(Con(eG) — C5(|Vuo P)erEDYE — | Aug] + Cs|Vuol’].



In view of (3.7), this inequality implies that, for € € (0,¢), with gy small
enough, and for Cy large enough,

C
Lw! > [M—Q—S - C5Cy* ~ Co] >0,
which completes the proof of the lemma. O

Hence the comparison principle can be applied to deduce that
w, <u' <wlin Qx[0,7], (3.10)

which in turn yields the result of Theorem 3.1.

4 Motion of interface

We consider below Problem (P¢) with an e-dependent initial function w5
which converges to ax in QF as ¢ — 0. The precise hypotheses on ug will
clearly appear in Corollary 4.3.

In this section we sketch the proof of the following convergence result.

Theorem 4.1. Let I'y = 9Qy be a given smooth interface in Q. Let [ :=
Uo<i<r (T x {t}) be the smooth solution of the free boundary problem (P°) on
(0,T). Then there exists a family of continuous functions {uf Yoce<e,, with
€o small enough, such that the solution u® of Problem (P*) with initial data
ug satisfies:

{ ay forallxeQf

. _
hr%u(x,t)— a.  forallz e Q.

£E—>

The idea is to construct sub and super-solutions u_ and u} for Problem
(P*¢) which are such that

uy <uf <ut onQr,

and such that, for all t € (0,7,

_ a, in QF
s (6,02 (1) — {a* o
- t

as € — 0. As a consequence the same property will hold as well for u.
To begin with we present mathematical tools which are essential for the
construction of sub and super-solutions.
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4.1 A modified signed distance function

Let u® be the solution of (Pf). We recall that I'f := {z € Q u*(z,t) = a}
is the interface at time ¢ and call I := J,5o([ % {t}) the interface. Let
I' = Up<i<r(Tt x {t}) be the unique solution of the limit geometric motion

Problem (PY) and let d be the signed distance function to I' defined by:

Jo.t) = dist(z,T;) for z € Qf (41)
’ — dist(z,Ty) forz e, '

where dist(z,I';) is the distance from z to the hypersurface I'y in €2. We
remark that d = 0 on I' and that |[Vd| = 1 in a neighborhood of T. Rather
than working with the signed distance function, we define a cut-off signed
distance function d as follows. Let t € [0, T for some T' > 0. Let dy a positive
number such that d(-, ) is smooth in the tubular neighborhood of T

{(,t) € Qr, ld(z,1)| < 3do}

and that
dist(T;, 0Q) > 3d, for all t € [0, 7). (4.2)
We define d as a smooth modification of d such that dd > 0 and:
d=d if |d| < do
do < |d| < 2do  if do < |d < 2do
|d| = 2d, if |d| > 2do.

Note that |Vd| = 1 in {(z,t) € Qr, ld(z,t)| < do} and that, in view of (4.2),
Vd = 0 in a neighborhood of 8. Furthermore, since the moving interface I
satisfies Problem (P?), an alternative equation for I is given by

dy = Ad — co(ay — a_)g(z,t) onTy. (4.3)

4.2 Construction of sub and super-solutions

First we define Uy(z) as the unique solution of the stationary problem

{ Uo" + f(U) =0 4)
Up(~00) = o, Up(0) =a, Up(+00) = ay,
and U)(z,t,2) as the unique solution of the problem
{ Urez + ' (Uo(2)U1 = g(z,t) = Y0(z, t)U0'(2), (15)
Uy(z,t,0) =0, Uy(z,t,-) € L*(R)
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where
"0(2,t) = colay — a-)g(x, t). (4.6)

We look for a pair of sub and super-solutions uZ for (P*) of the form

wo) = U (DRI g (o g LBDEPOY 4 ) )

where ¢
A(t) = e

p(t) = —A(t) + e+ K
q(t) = g A(t) + e*yLe.
We prove below the following result.

Lemma 4.2. There ezist positive constants 3 and o such that for any K > 1,
we can find positive constants €9, L, and 5 such that, if € € (0,e0), (uZ,ul)
is a pair of sub and super-solutions for Problem (P*).

We postpone the proof of Lemma 4.2 and remark that Theorem 4.1 di-
rectly follows from the above lemma. More precisely, since for ¢ € (0, T),

lim «

E—

+
t(p 1) = { ay forallz e (48)

€ a_ forallz e Qy,
we have the following result.

Corollary 4.3. The conclusion of Theorem 4.1 holds for any initial condition
ug which satisfies

U (2 k) 0 (2,0, 22 k) — o - 51
€ do(.ﬁl)) d()(.'[) 2=
< uf(x) < Up( . + K) + U, (z,0, e +K)+o+e%L

where do(z) = d(z,0).

Indeed, in this case, since u_ (z,0) < u§(z) < uf(z,0), the comparison
principle asserts that, for all (z,t) € Qr,

u (z,t) < uf(z,t) < ul(z,t).

Note that, for € small enough, such functions u§ exist because Uy is increasing
and U; is bounded.
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4.3 Proof of Lemma 4.2

First, using that Vd = 0 in a neighborhood of 0 and the fact that the
function g satisfies the homogeneous Neumann boundary condition (1.3),
out

one can show that 5 = 0 on 99 x [0, T}. Furthermore we prove in [1] that
14

Lu? o= (uf)e = B = () = egla.t.u?) 20

and a similar result for u_.

5 Proof of Theorem 2.1

Let n € (0,n9) be arbitrary. Choose 3 and ¢ such that Lemma 4.2 holds.
Moreover, we can assume that

o< g (5.1)

By the generation of interface Theorem 3.1, there exist positive constants
g5 and My such that (3.2), (3.3) and (3.4) hold with % instead of n. Since
Vuo - n # 0 everywhere on g and since Iy is a compact hypersurface, we
can find a positive constant M such that

if do(z)> Me then wup(x)>a+ My

- 5.2
if do(r) <—Me then up(z) <a—Me. (5:2)

We then fix K large enough so that
Us(~M + K) > a, — % and UM -K)<oa_+ 5;- (5.3)

For this value of K, we choose €9, L and 7 as in Lemma 4.2. Next, we prove
that

_ K) + ey (z, 0, 22)

. P K) — o —e*3L < u'(x,t.) (5.4)

and that

do(z) + K) + el (z,0, do(x) +K)+o+eFL.  (55)

€ <
U (£E$t5) S Uo( - -

We only present the proof of the inequality (5.4); the proof of the inequality
(5.5) is similar and omitted. To that purpose, we distinguish two cases.



159

First, assume that do(x) < Me. Since U is increasing and since |U;] is
bounded by a constant C , we have that

Uo(d‘)é”’) ~ K) +eUy (z,0, d“i‘t) ~K) -0 —eHL
SU(M—-K)+eC—0—€C
§a~+%+5Q~a~52C
< o
> oo 5

for e € (0,¢0), with £ small enough. Hence, in this case, (5.4) directly follows
from (3.2).
We now assume that do(r) > Me. We get
d do(x ~ Y
Uo( Oir) — K) +€U1(:r.,(), OEJ) - K) —o—eFL<a,+¢C -0 -£%C
c < U
—= a+ 27

for € € (0, &), with g9 small enough. Hence, in this case, (5.4) follows from
(3.3) and (5.2).
We remark that (5.4) and (5.5) can be written as

u; (z,0) < uf(z,t.) < ul(z,0),

where (u_,u) is the pair of sub and super-solutions of Problem (P?) for the

motion of interface defined in (4.7). Applying the comparison principle then
leads to

u; (z,t) <u(z,t+t.) <ul(z,t) for 0<t<T. (5.6)

Note that, in view of (4.8), this completes the proof of Corollary 2.2. Let
now C be a positive constant such that

Uo(C —e!T —K) > ay — g and Up(-C+ e+ K) <a_ + g (5.7)
One then easily checks, in view of (5.6) and (5.1), that, for &y small enough,
for t > 0, we have

if  d(z,t) Ce then w(z,t+t.)>aL—7n

5.8
—Ce then u(z,t+t.)<a_+n, (5.8)

and
u(z,t+t.) € [a- — 0, as + 1),

which completes the proof of Theorem 2.1.
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