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Abstract

This paper shows that reachability is undecidable
for confluent monadic and semi-constructor TRSs,
and joinability and confluence are undecidable for
monadic and semi-constructor TRSs. Here, aTRS
is monadic if the height of the right-hand side of
each rewrite rule is at most 1, and semi-constructor
if all defined symbols appearing in the right hand
side of each rewrite rule occur only in its ground
subterms.

1Introduction
In this paper, we consider the reachability problem
for confluent monadic and semi-constructor TRSs
posed by our previous paper [4]. Here, aTRS is
monadic if the height of the right-hand side of each
rewrite rule is at most 1, and $\mathrm{s}\mathrm{e}\mathrm{m}\mathrm{i}rightarrow \mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}\mathrm{r}\mathrm{u}\mathrm{c}\mathrm{t}\mathrm{o}\mathrm{r}$ if all
defined symbols appearing in the right-hand side
of each rewrite rule occur only in its ground sub
terms. We give anegative answer to this problem.
This undecidability result is compared with the de
cidability results of joinability and unification for
the same class $[4, 3]$ .

Moreover, we show that joinability and con-
fluence are undecidable for monadic and semi-
constructor TRSs.

2Preliminaries
We assume that the reader is familiar with standard
definitions of rewrite systems [1] and we just recall
here the main notations used in this paper.

Let $F$ be afinite set of operation symbols graded
by an arity function $\mathrm{a}\ulcorner:F$ $arrow \mathrm{N}(=\{0,1_{3}2, \cdots \})$ ,
$F_{\mathrm{f}b}=\{f \in F |\mathrm{a}\mathrm{r}(/) =\tau \mathrm{a}\}$ . We use $x_{\mathrm{s}}y$ as variables,
$f$ as an operation symbol, $r_{\mathrm{I}}s_{5}\mathrm{f}$ as terms, Let $\mathrm{V}(s)$

be the set of variables occurring in $s$ . The height
of aterm is defined as follows: height(a) $=0$ if $\mathrm{f}\mathrm{i}$ is
avariable or aconstant and height$(f(t_{1}, \ldots, t_{\mathrm{n}}))$ $=$

$1+ \max${ $\mathrm{h}\mathrm{e}\mathrm{j}\mathrm{g}\mathrm{h}\mathrm{t}(\mathrm{f}_{1})_{\mathrm{f}}$

$\ldots$ , height(tn)} if $n>0$ . The

root symbol of aterm is defined as root $=\mathrm{n}$ if $a$

is avariable and root$(f(t_{1;}.. ., t_{\mathrm{n}}))=f$ .

Aposition in aterm is expressed by asequence of
positive integers, and positions are partially ordered
by the prefix ordering $\leq$ . Let $D(s$ } be the set of
positions of $\mathrm{s}$ . For aset of positions $W$ , let ${\rm Min}(\mathrm{t}V)$

be the set of its minimal positions(w.r.t. $\leq$ ).

Let $\mathrm{i}\mathrm{i}|\mathrm{p}$ be the subterm of $s$ at position $p$ . For a
sequence $(F1, \cdots \mathrm{i}\mathrm{p}_{n})$ of pairwise parallel positions
and $\mathrm{t}\mathrm{e}$ rms $t_{17}\cdots 7$ $t_{R}$ , we use $s[\mathrm{f}_{1}, \cdots 3 t_{r\iota}]_{[\mathrm{p}_{1},\ldots,\mathrm{p}_{n}]}$ to
denote the term obtained from $\mathrm{B}$ by replacing each
subterm $\mathrm{B}|\mathrm{p}_{i}$ by $\mathrm{f}_{i}(1 \leq i\leq n)$ . For aset of function
symbols $F_{5}$ let $\not\subset \mathrm{J}\mathrm{F}(\#)$ $=\mathrm{b}$ $\in \mathrm{D}(s)|$ root{sll,)\in
$F\}$ . For astring of unary function symbols $u$ $=$

$\mathrm{a}\mathrm{s}$$\mathrm{f}1_{2}\cdots \mathrm{f}1_{k}$ and aterm $t$ , let $u(\mathrm{f})$ be an abbreviation
for $\mathrm{r}\mathrm{r}_{1}(\mathrm{n}_{2}(\cdots \mathrm{n}_{k}(t)))$ .

A reuJTite rule $C\mathrm{E}arrow\beta$ is adirected equation over
terms, A $TRSR$ is aset of rewrite rules. Let $\mapsto \mathrm{b}\mathrm{e}$

the inverse of $-_{\mathrm{J}}rightarrow=arrow \mathrm{u}arrow$ , and $1=arrow^{*}\cdotarrow^{*}$ .
$t$ is reachable from $s$ if $s$ $arrow^{*}t$ . $r$ is confluent on
TRS $R$ if for every {

$\Xi-_{\mathrm{f}R}^{*}r$ $arrow^{*}Rt$ , $\mathrm{B}1t$ . ATRS
$R$ is confluent if every $r$ is confluent on R. Let
$\gamma:s_{1}+arrow \mathrm{p}_{1}\mathrm{s}_{2}\cdot*$

$\cdot \mathrm{P}\#-\mapsto 1s_{\mathrm{n}}$ be arewrite sequence. This
sequence is abbreviated to 7: $\mathrm{B}1\prec-arrow^{*}s_{\mathrm{n}}$ . Let $|\gamma|$ be
the number of steps of $\wedge[\cdot 7$ is called pinvariant if
$q>\mathrm{p}$ for any redex position $q$ of 7, and we write

$\mathrm{f}\mathrm{i}[:$

$s_{1}\mapsto^{*}s_{\mathrm{J}1}\mathrm{p}-\mathrm{i}\mathrm{n}\mathrm{v}$ .

The set $I\mathrm{J}_{\mathrm{f}R}$ of defined symbols for aTRS $RR$ is
defined as $D_{R}=$ root(n) $1\not\subset \mathrm{E}$ $arrow\beta$ $\in R\}$ . A term $s$

is semi-constructor if for every subterm $t$ of $\mathrm{B}_{\mathrm{f}}t$ has
no variable or root(t) is not adefined symbol.

Definition 1Arule $\mathrm{f}\mathrm{B}$ $arrow$ $\beta$ is monadic if
height(\beta ) $\leq$ $1_{\mathrm{f}}$

$s\epsilon mi$-constructor if $\beta$ is semi-
constructor. ATRS $R$ is monadic if every rule in
$R$ is monadic, semi-constructor if every rule in $R$ is
semi-constructor.
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3Undecidability of joinabil-
ity for monadic and $\mathrm{s}\mathrm{e}\mathrm{m}\mathrm{j}_{\mathrm{m}}$

constructor TRSs
We have shown that joinability is undecidable for
linear semi-constructor TRSs [4]. In this section,
we show that joirrabiiity for monadic and semi-
constructor TRSs is undecidable by areduction
bom the Post’s Correspondence Problem (PCP).
Let $F$ $=\{\{u_{\mathrm{i}},v_{i}\rangle\in\Sigma’ \mathrm{x} \mathrm{E}^{*}|1\leq \mathrm{t}^{\mathrm{P}}\leq n\}$ be an
instance of the PCP. The corresponding TRS $R_{F}$

is constructed as follows. Let $F$ $=F_{0}\cup F_{1}\cup F_{2}$

where FO $=\{0_{t}\mathrm{c}, \mathrm{d}, }$ , $F_{1}=\{\mathrm{e}\cdot|1\leq i\leq n\}(=$

E) $\mathrm{U}\mathrm{E}$ , $F_{2}=\{\mathrm{f}, \mathrm{g}\}$ .
$R_{P}$ $=$ $\{0 arrow \mathrm{e}_{\mathrm{i}}(0\}]$ $1\leq i\leq n\}$ $\mathrm{U}$ $\{[\mathrm{I}arrow \mathrm{f}(\mathrm{c}_{\mathrm{J}}\mathrm{d})\}$

$\cup$ $\{b arrow \mathrm{n}(\mathrm{b}), b -\mathrm{n}(\mathrm{f}\mathrm{f}) |b \in\{\mathrm{c}, \mathrm{d}\}_{\mathrm{I}}a\in\Sigma\}$

$\cup$ $\{\mathrm{f}(\tau, \mathrm{f}\mathrm{i}:)-\neq \mathrm{g}(\mathrm{x}, x)\}$

$\cup$ { $\mathrm{e}_{i}(\mathrm{g}(u_{\mathrm{i}}(\mathrm{f}1\mathrm{i}),lU_{i}(y)))$ -r $\mathrm{g}(\mathrm{i}\mathrm{r},y)$ I $1\leq i\leq n$}
$R_{P}$ is monadic. Here, $D_{R\mathrm{p}}=\{0, \mathrm{c}, \mathrm{d}, \mathrm{f}\}\cup E$ , so $R_{P}$

is semi-constructor.

Lemma 2
$0arrow^{*}R\mathrm{p}0\mathrm{g}(\,\mathrm{E})\mathrm{i}\mathrm{f}\mathrm{f}arrow_{\mathrm{I}\mathrm{t}_{\mathrm{P}}}^{*}\in$

PCP $P$ has
$\mathrm{a}_{\mathrm{f}}\mathrm{s}\mathrm{o}1\mathrm{u}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$

.
Proof. $\mathrm{g}$ ($, $) iff there
exists $i_{1}\cdots i_{\mathrm{m}}$ $\{1, \cdots, n\}^{*}$ such
that 0 $-r\mathrm{n}+1$

$\mathrm{e}_{\mathrm{i}_{\mathrm{m}}}\cdots$
$\mathrm{e}_{i_{1}}(\mathrm{f}(\mathrm{c},\mathrm{d}))$ $-+$

$\epsilon_{\mathrm{f}_{\mathrm{m}}}\cdots$
$\mathrm{e}_{i_{1}}(\mathrm{f}(u_{\mathrm{i}_{1}}\cdots u_{\mathrm{i}_{\mathrm{m}}}(\mathrm{f}\mathrm{f})_{\}}\mathrm{B}Ai_{1}\ldots \mathrm{t}\mathrm{l}\mathrm{i}_{\mathrm{m}}())$

$\epsilon_{\dot{\mathrm{r}}_{\mathrm{r}_{1}}}\cdot \mathrm{e}_{i_{1}}(\mathrm{g}(\mathrm{u}_{\mathrm{i}_{1}}\cdots \mathrm{u}_{\dot{\mathrm{s}}_{\mathrm{m}}}(,u_{\mathrm{i}_{1}}\cdots u_{i_{\mathrm{m}}}(*|)))\mathrm{g}(mathrm{i}\mathrm{f}\mathrm{f}u_{\dot{\mathrm{w}}_{1}}\cdots u_{i_{\mathrm{m}}}=\mathrm{t}1_{\mathrm{i}_{1}}\cdot\cdot \mathrm{U}_{\mathrm{i}_{\mathrm{m}}}.$
$\mathrm{r}arrow r\mathrm{n}\square$

Since $\mathrm{g}(\_{1}$ $ $)$ is normal form, the following theorem
holds.

Theorem 3Both joinability and reachability for
monadic and semi-constructor TRSs are undecid-
able.

4Undecidability of reachabil-
ity for confluent monadic
and semi-constructor TRSs

We give astronger result for reachability, that
is, reachability for confluent monadic and semi-
constructor TRSs is undecidable. Note that join-
ability is decidable for the same class $[4, 3]$ , Let
$\hat{F}=F\cup$ $\{1\}$ .

$R_{P}^{\mathrm{A}}=R_{P}$ $\cup$ {$\rightarrow 1} $\mathrm{u}$ $\{n(1)arrow 1|\mathrm{n} \in \mathrm{E}\}$

$\cup$ $\{\epsilon_{\mathrm{i}}(\mathrm{g}(1_{7}tt_{i}(y)))arrow \mathrm{g}(1_{1}y)$,
$\mathrm{e}_{i}(\mathrm{g}(u_{i}(\mathrm{i}\mathrm{r})_{\mathrm{B}}1))arrow \mathrm{g}(x, 1)$ ,
$\mathrm{q}(\mathrm{g}(1,1))arrow \mathrm{g}(1_{\mathrm{f}}1)|1\leq\dot{\mathrm{B}}\leq n\}$

$R_{P}$ is monadic. Here, $D_{\dot{R}_{P}}=L\mathrm{l}Rp$
$\mathrm{u}$ {$}U $\Sigma$ , so $\hat{I\mathrm{t}}_{P}$

is semi-constructor. First, we show the confluence
of $\hat{R}_{P}$ .

4.1 Confluence of $\mathrm{f}\hat{\mathrm{l}}\mathrm{p}$

To show the confluence of $R^{\mathrm{A}}p$ , we need some defi-
nitions and lemmata.

Definition 4The set of $\mathrm{E}$ -strings is defined as fol-
lows.. 1, $\mathrm{c}_{;}\mathrm{d}$ and $are E-strings.. $\mathrm{n}(\mathrm{f})$ is a-string if $t$ is a-string and $f\mathrm{n}$ $\in \mathrm{E}$ .

Lemma 5For any $\Sigma$-string $s$ , the following prop-
erties hold.

(1) For any 7: $\mathrm{s}$
$b*^{*}t$ , $t$ is aE-string.

(2) $s$ $arrow*1$ .

Proof.

(1) By induction on $|71$ .
(2) By induction on the structure of $\mathrm{s}$ . Cl

Corolary 6Every -string is confluent.

Lemma 7Let 7: $u(s)arrow^{*}t$ where $u\in\Sigma^{+}$ . Then,
if root(s) $\not\in$ $\{1_{1}\mathrm{c}, \mathrm{d}_{1} }$

$\cup\Sigma$ and $\mathrm{t}\mathrm{l}\langle \mathrm{s}$ ) $|\mathrm{p}1$ $=s$ then 7is
$\mathrm{p}$-invariant.
Proof. By induction on $|\mathrm{P}\gamma\xi$ . $\square$

Definition 8The set of $E$-strings is defined as fol-
lows.

$\mathrm{r}$ $0_{1}\mathrm{f}(t_{1}, t_{2})$ and $\mathrm{g}(t_{11}\mathrm{f}_{2})$ are $E$-strings if $t_{11}\mathrm{f}\mathrm{g}$ are
E-strings.

$\mathrm{r}$ $\mathrm{e}_{\mathrm{i}}(i)$ is an $E$-string if $t$ is an $E\mathrm{i}$-string and $i$ @
{1, $\cdots \mathrm{r}^{\mathrm{f}\mathrm{f}\mathrm{i}\}}$ .

Lemma 9For any $E$-string $s_{1}$ the following prop
erties hold,

(1) For any 7: $s$
$rightarrow^{*}t$ , $t$ is an E-string.

(2) $s-^{1}$ $\mathrm{g}(1_{1}1)$ .

Proof.

(1) By induction on $17|$ .

(2) By induction on the structure of $s$ . Basis :
For any&strings $s_{1},$

$s_{2_{\mathrm{J}}}\mathrm{f}(s_{1}, s\mathrm{z})$ $arrow^{*}\mathrm{f}(1_{\dagger}1)$ $arrow$

$\mathrm{g}(1,1)$ and g$( 1, \mathrm{B}a)arrow^{*}\mathrm{g}(1_{\mathrm{I}}1)$ by Le mma $5(2\}_{1}$

and $0arrow \mathrm{f}(\mathrm{c}_{1}\mathrm{d})$ $arrow^{*}\mathrm{g}(1_{1}1)$ . Thus, $s-^{*}\mathrm{g}(1_{1}1)$

if $s=\mathrm{f}(s_{1}, s_{2})_{\mathrm{J}}\mathrm{g}(s_{1}, s_{2})$ or 0, Induction step
:Let $\mathrm{B}$

$=\mathrm{e}_{\mathrm{f}}(s’)$ for some $i\in\{1, \cdots, n\}$ . By
the induction hypothisis, $s’arrow*\mathrm{g}(1,1)$ . Thus,
$\mathrm{q}.(\mathrm{B}’)arrow^{*}\mathrm{g}\{1,1)$ . $\square$

Corollary 10 Every $E$-string is confluent.
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The follow ing lemma is used as acomponent of
the proof of Lemma 12.

Lemma 11 For any $i\in\{1, \cdots, \tau l\}$ and terms
$r_{1},r_{2}$ , the following properties hold.

(1) If $s\mapsto \mathrm{E}\mathrm{e}_{\mathrm{i}}(\mathrm{g}(r_{1},r_{2}))\mathrm{E}-\mathrm{i}\mathrm{n}\mathrm{v}arrow^{*}t$ then there exist
terms $t_{1_{f}}t_{2}$ such that $t$ $arrow^{*}\mathrm{g}(t_{1_{\mathrm{f}}}t_{2}\}$ .

(2) If $\mathrm{g}(s_{13}s_{2})\mapsto*\mathrm{e}_{\mathrm{i}}(\mathrm{g}(r_{1}, r_{2}))arrow^{*}\mathrm{g}$( $\mathrm{f}_{1;}$ Z2) and
$\mathrm{g}(r_{1}, r_{2})$ is confluent then $\mathrm{g}(s_{1}, \mathrm{s}\mathrm{g})$ $\downarrow \mathrm{g}(t_{1},\mathrm{f}_{2})$ .

Proof.

(1) Let $\mathrm{t}$ $=\mathrm{e}_{\mathrm{i}}(\mathrm{g}(t_{1}’,t_{2}’))$ . If $r_{1}$ is a-string then
$\mathrm{f}_{1}’arrow^{*}$ 1 by Lemma 5. Otherwise, $r_{1}$

$\neq$

$1$ . Thus, $r_{1}=\mathrm{u}_{\mathrm{i}}(\mathrm{r}_{1}’)$ for some term $r_{1}’$ by
$\epsilon_{i}(\mathrm{g}(r_{1}, r_{2}))arrow Es$ . By Lemma 7, $t_{1}’=u_{\mathrm{i}}(t_{1}’)$ ,
where $r_{1}’arrow^{*}t_{1}’$ . Similarly, $t_{2}’arrow^{*}1$ or $t_{2}’=$

$\mathrm{t}^{1}\mathrm{i}(\mathrm{f}_{2}’)$ for some term $\mathrm{f}_{2}’$ . Thus, $\mathrm{f}$ $arrow^{*}\mathrm{g}(\mathrm{f}\mathrm{l}_{\mathrm{J}}t_{2})_{\mathrm{f}}$

where $t_{1}\in\{1_{\mathrm{I}}t_{1}’’\}$ and $\not\in i\mathrm{E}$ $\in\{1_{\mathrm{I}}t_{2}’\}$ .

(2) By the definition of $R_{F},$
$\mathrm{q}(\mathrm{g}(r_{1,2}r))\mathrm{E}-\mathrm{i}\mathrm{n}\mathrm{v}arrow^{*}$

$\mathrm{e}_{i}(\mathrm{g}(s_{1}’, s_{2}’))arrow \mathrm{g}(s_{1}’, s_{2}’)\Xi-\mathrm{i}\mathrm{n}\mathrm{v}arrow*\mathrm{g}(s_{1}, s_{2})$ and
$\mathrm{e}_{\mathrm{i}}(\mathrm{g}(r_{1},r_{2}\})-^{\mathrm{r}}\mathrm{e}_{i}(\mathrm{g}(t_{1}’,t_{2}’)\}\mathrm{E}-\mathrm{i}\mathrm{n}\mathrm{v}arrow \mathrm{g}(t_{1}’,t_{2}’)arrow^{*}\mathrm{E}-\mathrm{i}\mathrm{n}\mathrm{v}$

$\mathrm{g}(t_{1},t_{2})$ . Thus, $s_{1}’\mathrm{r}-^{1\mathrm{L}}r1arrow^{*}t_{1}’$, $\mathrm{B}_{1}’arrow^{*}s_{1}$ and
$\mathrm{f}_{1}’arrow^{*}t_{1}$ . First, we show that $\mathrm{B}11$ $\mathrm{r}_{1}$ .

Case of $s_{1}’=\mathrm{f}_{1}’=1$ : $\mathrm{O}\mathrm{b}\mathrm{v}\mathrm{i}\iota$}$\mathrm{u}\mathrm{s}1\mathrm{y}_{1}s_{1}’=s1=$

$t_{1}’=t_{1}=1$ .
Case of $\mathrm{s}_{1}’=1$ and $t_{1}’=u_{\mathrm{i}}(\mathrm{f}_{1}’)$ : Obviously,
$s_{1}’=s_{1}=1$ . By Lemma 5, $t_{1}$ is a-string and
$t_{1}arrow^{*}1$ .
Case of $s_{1}’=u_{i}\langle s_{1}’$) and $t_{1}’=1$ : Similar to the
previous one.
Case of $s_{1}’=u_{\mathrm{t}}(s_{1}’)$ and $\mathrm{f}_{1}^{\mathrm{f}}=\mathrm{u}_{\mathrm{f}}(t_{1}’)$ : By
confluence of $\mathrm{g}(r_{1}, r_{2})$ , $r_{1}$ is confluent. Thus,
$u_{\mathrm{i}}(s_{1})\downarrow u_{i}(t_{1})$ . If $\mathrm{s}_{1}$ is a-string then $s_{1}1t1$

by Corollary 6. Otherwise, $s_{1}1$ $\mathrm{t}_{1}$ by Lemma 7.
Similarly, $S2$ $1t\mathrm{g}$ . $\mathrm{T}\mathrm{h}\mathrm{u}\mathrm{s}_{\mathrm{f}}\mathrm{g}(s1, s\mathrm{z})$ $\downarrow \mathrm{g}(\mathrm{f}_{1},\mathfrak{x}_{2})$ . $\square$

Now, we show the confluence of $R^{\mathrm{A}}\mathrm{p}$ .

Lemma 12 $R_{P}^{\mathrm{A}}$ is confluent.
Proof. We show that for any 7: $s\mathrm{i}-*rarrow^{*}t$ ,
$\mathrm{s}1$ ? by induction on height(r).

Basis :If $r\in\{\mathrm{c}_{1}\mathrm{d}_{\mathrm{P}}1\}$ then $s1t$ by Corollary 6,
else if $r=0$ then $\mathrm{B}$ $1\not\in$ by Corollary 10. Other wise,

$\mathrm{B}$ $=r$ $=t$ since $r$ is anormal form.
Induction step :If 7is $\Xi$-invariant then $\mathrm{B}[t$ by

the induction hypothesis. So, we consider that 7
has an $\Xi$-reduction, Let $\gamma_{\theta}$ : $rarrow^{*}s$ and $\gamma_{\mathrm{t}}$ : $r$

$arrow^{*}\mathrm{f}$ .
Without lost of generality, we asume that $7\mathrm{s}$ has
an $\mathrm{E}$ reduction and root(r)\in E $\cup\{\mathrm{f}\}\cup E$ .

Case of root(r) $\in\Sigma$ : $7B$ : $r$
$=\mathrm{n}(r1)arrow^{*}\mathrm{n}(1)\mathrm{E}-\mathrm{i}\mathrm{n}\mathrm{v}rightarrow$

$1=B$ holds for some $\mathrm{f}\mathrm{n}$ $\in\Sigma$ and $r_{1}$ . By Lemma 5,
$t$ $arrow*1$ .

Case of root(r) $=\mathrm{f}$ : $7\mathrm{s}$ : $r=\mathrm{f}(r_{1}, r_{2})\mathrm{E}-\mathrm{i}\mathrm{n}\mathrm{v}-^{\mathrm{r}}$

$\mathrm{f}(r’, r’)-$
$\mathrm{g}(r’, r’)\epsilon-\mathrm{i}\mathrm{n}\mathrm{v}arrow^{*}\mathrm{g}(s1_{1}s2)$

$=\mathrm{s}$ holds for
some terms $r_{1;}r\mathrm{g}$ , $r_{7}’s1$ , $s\mathrm{g}$ . If $l\gamma_{\mathrm{t}}$ is $\mathrm{E}$-invariant then
$f$ $=\mathrm{f}(t_{1\mathrm{t}}t_{2})$ where $r_{1}arrow^{*}t_{1}$ and $r_{2}arrow^{*}t_{2}$ . In
this case, $s$ $arrow^{*}\mathrm{g}(r0, ro)$ $\mapsto^{*}t$ for some $r_{1)}$ by Fig-
ure 1(i). If $7^{\mathrm{p}}$ has an $\Xi$ reduction then $\gamma_{\mathrm{f}}$ : $r$ $=$

$\mathrm{f}(r_{1}, r_{2})-^{*}\mathrm{f}(r’, r’)E-\mathrm{i}\mathrm{n}\mathrm{v}arrow \mathrm{g}(\mathrm{r}’, r’)E-\mathrm{i}\mathrm{n}\mathrm{v}-^{*}\mathrm{g}(t_{1_{\mathrm{f}}}\mathrm{f}_{2})=$

$\mathrm{f}$ holds for some terms $r’tt;1,2$ . In this cffiee,
$s$ $arrow*\mathrm{g}(r_{\mathrm{D}}, r_{0})arrow^{*}\not\in$ for some $r_{\mathrm{f}\mathrm{J}}$ by Figure 1 (ii).

Case of root(r) $\in E$ : $7\theta$ : $r=\mathrm{e}_{\mathrm{i}}(r_{1})\mathrm{E}-\mathrm{i}\mathrm{n}\mathrm{v}arrow^{*}$

$\mathrm{e}_{\mathrm{i}}(\mathrm{g}(\mathrm{s}_{1\mathrm{J}}’s_{2}’))$ $arrow$ $\mathrm{g}(s_{1^{\mathrm{p}}}’\mathrm{s}_{2}’)$

$\epsilon-\mathrm{i}\mathrm{n}\mathrm{v}arrow^{*}$

$\mathrm{g}(_{\mathrm{B}_{1}}, s\mathrm{z})$ $=$ $\mathrm{B}$

holds for some terms $r_{1\mathrm{r}}s_{1:}’\mathrm{s}_{2}’$ , $s_{1}’$ , $s’21s1\mathrm{I}$ sg and $i\in$

{ 1, $\cdots$
I

$n$}. If $7\mathrm{r}$ is $\Xi$-invariant then $f$ $=\mathrm{e}_{\mathrm{i}}(t_{1})$ where
$r_{1}arrow^{*}t_{1}$ . By the induction hypothesis, there ex-

ists aterm $t’$ such that $\mathrm{e}_{i}(\mathrm{g}(s_{11}’\mathrm{s}_{2}’))arrow^{*}t’arrow^{*}\not\in E-\mathrm{i}\mathrm{n}\mathrm{v}$ .
$\Xi-\mathrm{i}\mathrm{n}\mathrm{v}$

By Lemma 11(1), $\mathrm{f}’arrow^{*}\mathrm{g}(t_{1}’, t_{2}’)$ for some $t_{1\}}’t_{2}’$ .

Here, $\mathrm{g}(\mathrm{s}_{1}’, s_{2}’)$ is confluent by the induction $\mathrm{h}\mathrm{y}\mathrm{p}\mathrm{o}\mathrm{t}\mathrm{h}_{\mathrm{m}}$

esis and $r_{1}-^{*}\mathrm{g}(s_{1}’, \mathrm{B}_{2}’)$ . Thus, $s$ $1\mathrm{g}(t_{1\dagger}’1_{2}’)$ by
Lemma 11(2). (See Figure $1(\mathrm{i}\mathrm{i}\mathrm{i}).$) If $7\iota$ has an E-

reduction then $7\iota$ : $r$
$=\mathrm{e}_{\dot{4}}(r1)arrow^{*}\mathrm{e}_{i}(\mathrm{g}(\mathrm{f}_{1}’,\mathrm{f}_{2}’))\epsilon-\mathrm{i}\mathrm{n}\mathrm{v}arrow$

$\mathrm{g}\{\mathrm{f}_{1}’$ , $\mathrm{f}_{2}’$ ) $\epsilon-\mathrm{i}\mathrm{n}\mathrm{v}arrow^{*}\mathrm{g}\{t_{1}$ , $t_{2}$ ) $=t$ holds for some terms
$t_{1}’,t_{2}’,$

$\mathrm{f}_{1;}’t_{2}’,\mathrm{f}_{1},t_{2}.,\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{r}\mathrm{e}\mathrm{e}\mathrm{x}\mathrm{i}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{s}\mathrm{a}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{m}s’\mathrm{s}\mathrm{u}\mathrm{c}\mathrm{h}\mathrm{h}\mathrm{t}\mathrm{h}\mathrm{a}\mathrm{t}sarrow^{*}\mathrm{s}’arrow^{*}\mathrm{e}_{\dot{\mathrm{t}}}(\mathrm{g}(t_{1},t_{2}’))\mathrm{a}\mathrm{s}\mathrm{s}\mathrm{h}\mathrm{o}\mathrm{w}\mathrm{n}\mathrm{i}\mathrm{n}\mathrm{F}\mathrm{i}\mathrm{g}\mathrm{u}\mathrm{r}\mathrm{e}1(\mathrm{i}\mathrm{i}\mathrm{i})$

Here, root(s’) $=\mathrm{g}$ by root(s) $=\mathrm{g}$ . By the induction
hypothesis and $T1$

$-\mathrm{b}^{*}\mathrm{g}(t_{1}’, t_{2}’)$ , $\mathrm{g}(t_{1}’,t_{2}’)$ is confluent.
Thus, $s’1t$ by Lemma ll(ii). (See Figure $1(\mathrm{i}\mathrm{v}).$ )
$\square$

4.2 Reachability for confluent
monadic and semi-constructor
TRSs

Lemma 13 For any $\gamma$ : $\mathrm{B}$

$arrow*\hat{R}\mathrm{p}\mathrm{f}$ , if $E$ has 1as its
subterm then so does $t$ .
Proof. Since for any $\alpha$ $arrow\beta$ $\in\hat{R}p$ , $\mathrm{V}(\alpha)=\mathrm{V}(\beta)$

and if rr has 1as its subterm then so does $\beta$ . $\square$

Lemma 14 $0arrow^{*}\mathrm{g}($ $
$\hat{\mathrm{f}R}\mathrm{p}$ ’ $ $)$ iff $0-_{R_{P}}^{*}\mathrm{g}(\mathrm{f}\mathrm{f}_{1}\mathrm{E})$ .

Proof. Only if part: Let 7 : $0arrow^{*}\mathrm{f}\mathrm{i}_{P}\mathrm{g}$ ($i, $). We

assume to the contrary that 7must have $R_{P}^{\mathrm{A}}\backslash R_{F}$

reduction i.e., 7 : $[\}arrow_{R\mathrm{p}}^{*}s-\mathrm{r}\mathrm{f}1_{P}\backslash R_{\mathrm{P}}tarrow^{*}\mathrm{g}fi_{P}(\,$

for some $s,t$ . By the definition of $R^{\mathrm{A}}\mathrm{p}$ , $t$ has 1as
its subterm. By Lemma IS, $\mathrm{g}(\_{1}$ $ $)$ has 1ffi its
subterm, acontradiction. If part :By $R_{F}\subseteq R_{F}^{\mathrm{A}}$ .
$\square$

By Lemmata 2, 12, and 14, the following theorem
holds.

Theorem 15 Reachability for confluent monadic
and semi-constructor TRSs is undecidable
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$P*/\backslash \Gamma’$. $\prime^{\prime\backslash \mathrm{r}_{\mathrm{Y}}}*\Gamma \mathrm{z}$

$\mathrm{f}_{1}$ $\Gamma’$ $\mathrm{h}$

11 $\mathrm{I}.\mathrm{H}..\mathrm{A}*\mathrm{I}.\mathrm{H}$

.
$[$

$1\mathrm{S}1\%\dot{\mathrm{r}}’|$ .H. $\mathrm{a}_{\dot{\mathrm{Y}}^{\dot{P}}};\backslash$

$\backslash \cdot*$ $-’\cdot$

to

$[\mathrm{i}\}$ $[\dot{\mathrm{I}}\mathrm{i}\}$

The proof is straightforward, so omitted.

Lemma 17 Let $s$
$-_{\dot{R}_{\mathrm{P}}\cup \mathrm{f}1}$

$t$ , ${\rm Min}(\mathrm{f}\mathrm{f}_{F’}(\mathrm{s}))$ $=$

$\{F1, \cdots ,\mathrm{p}_{\partial n}\}\}$ and ${\rm Min}(\mathrm{f}\mathrm{J}_{F’}(t))$ $=$ $\{\mathrm{f}\mathrm{f}\mathrm{i}, \cdot\iota \cdot 1 q_{\mathrm{n}}\}$.
Then, 15 $[2\dot, \cdots 1 2]_{\{\mathrm{p}_{1}}$ , $1\mathrm{p}_{\mathrm{m}}\}arrow H^{\mathrm{A}}p\mathrm{t}[2_{3}\cdots, 2]_{\zeta \mathrm{q}1\prime}$. $.$

} $q_{n}$ }
or $s[2, \cdots :^{2]_{\{\mathrm{p}_{1}}},\cdot\cdot,\mathrm{p}_{\mathrm{m}}]=\mathrm{t}[2, \cdots, 2]_{[\mathrm{f}11}$ , $\cdot$

$1\mathrm{q}_{n}$ }.

Proof. Let $\mathrm{B}$ $\underline{\mathrm{p}}\hat{E}\mathrm{p}\cup R$
$\mathrm{t}$ . If there ex-

ists $\mathrm{i}$

$\in$ $\{1, \cdots 1m\}$ such that $\mathrm{p}_{i}$
$\leq$ $p$ then

$\{\mathrm{P}1, \cdots,p_{\mathrm{m}}\}=\{q_{1}, \cdots, \mathrm{f}\mathrm{f}\mathrm{i}\}$ by Lemma 16(1).
$\mathrm{T}\mathrm{h}\mathrm{u}\mathrm{s}_{1}$ $s[2, \cdots \mathrm{J} 2]_{[\mathrm{p}1},\cdot$ .

’
$\mathrm{p}_{\mathrm{m}}$] $=t[2_{\mathrm{i}1}\ldots 2]_{\{\mathrm{f}\mathrm{f}\mathrm{i},\cdots \mathrm{q}_{\mathrm{n}}]}\mathrm{t}$ .

Otherwise, obviously $\mathrm{B}$

$arrow\hat{R}\mathrm{p}$

$t$ . Since every
function symbol in $F’$ does not occur in $R_{F_{1}}^{\mathrm{A}}$

$\mathrm{s}[2_{3}\cdots, 2]_{\zeta \mathrm{p}_{1}},\cdot$ .
’

$\mathrm{p}_{\mathrm{m}}$ } $arrow t\dot{R}_{P}[^{\mathrm{g}_{1}}\cdot\cdot\tau| 2]_{\zeta q1\prime}$ . , $q_{\mathrm{n}}$ }.
$\square$

$\{\mathrm{i}\mathrm{i}\mathrm{i}]$

(i)

Figure 1:

Lemma 18 $R^{\mathrm{A}}R_{F}\cup R$ is confluent iff $\mathrm{Q}arrow^{*}R_{\mathrm{F}}\mathrm{g}(\mathrm{f}\mathrm{f},$.
Proof. Oniy if part :By $\mathrm{h}(0)arrow\overline{R}\mathrm{p}\mathrm{h}(\mathrm{g}(\not\in, \not\in))arrow\hat{R}_{P}$

$\mathrm{Z}_{1}$ confluence ensures that $\mathrm{h}(0)1_{\mathrm{f}^{-}R\mathrm{p}\cup R}2$ . Since 2is
anormal form, $\mathrm{h}(0)-_{\dot{R}\mathrm{p}\cup R}^{*}2$ . Thus, there exists
ashortest sequence 7that satisfies 7: $\mathrm{h}(0)arrow^{*}\hat{\mathrm{f}}R_{\mathrm{F}}\cup R$

$\mathrm{h}(\mathrm{g}(\, )$ \rightarrow fi 2. Since 7is shortest, $\mathrm{h}(0)-^{\mathrm{E}}*--\mathrm{f}R_{P}\cup H\mathrm{i}\mathrm{n}\mathrm{v}$

$\mathrm{h}(\mathrm{g}(\_{1} )$ . Thus, there exists $\gamma’$ : $0-_{\overline{H}\mathrm{p}\cup R}^{*}\mathrm{g}($ , $ $)$ .
Obviously, every function symbol occuring in 7’ be-
longs to $\hat{F}$ . Thus, 0 $-_{\hat{H}\mathrm{p}}^{*}\mathrm{g}(\mathrm{f}\mathrm{f},$ . By Lemma 14,
$0arrow_{fR_{P}}^{*}\mathrm{g}(\#$ , $ $)$ .

If part: Let $\mathrm{B}$

$h-*rarrow^{\mathrm{r}_{-}}\mathrm{f}\dot{R}\mathrm{p}\cup R\mathrm{f}R\mathrm{p}\cup \mathrm{f}R^{\cdot}$ By Lemma 14,
$s[2_{1}\cdots 1 2]_{\{\mathrm{p}_{1,\prime}\mathrm{p}_{\mathrm{m}}\rangle}..arrow^{*}\hat{R}\mathrm{p}r[2_{\mathrm{a}}\cdots, 2]_{\mathrm{I}^{\circ}1,\mathrm{I}]}\ldots,Garrow^{*}fi_{P}$

$t[2_{1}\cdots \mathrm{J} 2]_{\{q1}$ , $\cdot$

$\mathrm{J}q_{n}$ ]; where ${\rm Min}(\mathcal{O}_{F’}(r))$ $=$

$\{0_{1}, \cdots, \mathit{0}_{\mathrm{f}}\}$ , ${\rm Min}(\not\in]_{F’\{s))}$ $=$ $\mathrm{f}\mathrm{i}\mathrm{J}_{1_{\mathrm{t}}}\cdots$ , $p_{\mathrm{m}}\}_{1}$ and
$\mathrm{M}_{\dot{\mathrm{l}}}\mathrm{n}(\iota \mathrm{D}_{F’}(\mathrm{f}))=\{q_{1\}}\cdots, q_{\mathrm{n}}\}$ . Since $\hat{R}_{P}$ is con-
fluent by Lemma $12_{\mathrm{I}}$ $s[2_{\mathrm{J}}\cdots$ , $\mathrm{z}1\{\mathrm{p}_{1},\cdot. ,\mathrm{p}_{\mathrm{m}}\}$ $1_{\overline{R}p}$

$\mathrm{f}[2, \cdots, 2]_{\zeta_{\mathrm{I}}t1},\cdot$ .
$\mathrm{t}\mathrm{q}_{n}$]. By 0 $arrow_{f}^{\neq}R\mathrm{p}$ $\mathrm{g}$( $\mathrm{f}\mathrm{f}_{1}$ ff) and

Lemma 15(2), $s-_{R\mathrm{p}\cup \mathrm{f}R}^{*}\mathrm{s}[2_{5}\cdots$ , 2$]$ [$\mathrm{p}_{1},\cdot 1\mathrm{p}_{\mathrm{m}}\}$ and
$\mathrm{f}j$

$arrow^{*}t[R\mathrm{p}\cup H2_{\mathrm{J}\mathrm{J}}\ldots 2]_{[q_{1},\cdots,q_{\mathrm{n}}\}}$ . Thus, $s1_{\dot{\mathrm{f}R}\mathrm{p}\cup \mathrm{f}R}t$ . $\square$

5Undecidability of conflu-
ence of monadic and semi-
constructor TRSs

We show that confluence of monadic and semi-
constructor TRSs is undecidable.

Lt $F’=F_{0}’\cup F_{1}’$ where $F_{0}’=\{2\}$ , $F_{1}’=\{\mathrm{h}\}$ .

$R=\{\mathrm{h}(x)arrow \mathrm{h}(0)_{\mathrm{J}}\mathrm{h}(\mathrm{g}(\, )arrow 2\}$

$R_{P}^{h}\cup R$ is monadic. Here, $D_{fl}=\{\mathrm{h}\}_{\mathrm{B}}$ so $\hat{R}p\cup$ $R$ is
semi-constructor.

By Lemmata 2and 18, the following theorem
holds.

Theorem 19 Confluence of monadic and semi-
constructor TRSs is undecidable.

6Confluence of flat TRSs

In [2], the undecidability of confluence of flat TRSs
has been claimed, but we found that the proof is
incorrect. In this section, we explain its flaw.

Lemma 16 For any $1\mathrm{s}$ with root(t) $\in F’$ , the fol-
loving properties hold.

(1) If $\mathrm{B}-_{\hat{\mathrm{f}},1_{P}\cup R}\not\in$ then root(t) $\in F’$ .

(2) If $0arrow_{fl_{P}}^{*}\mathrm{g}\{\_{7}$ $) then $s$ $-_{R_{P}\cup H}^{*}2$ .

Definition 20 [2] Arule $\mathrm{n}$ $arrow$ $\beta$ is flat if
height(a) $\leq 1$ and height( fl) $\leq 1$ .

In [2], first the undecidability of reachability has
been obtained by showing that $0arrow^{*}\mathrm{R}_{1}1$ iff there
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exists asolution for PCP for the following TRS $R_{1*}$ $|$

$R_{1}=R_{0}\cup$

$\{0arrow \mathrm{f}(q_{4}^{\{\mathrm{S}]}, q_{A;}^{[4]}q_{J\mathrm{i}\mathrm{J}}^{[5\}}dq_{B}^{\zeta 1\mathrm{B}]}, q_{E}^{[14]}, q_{A}^{\{\xi \mathrm{i}\}}, q_{B}^{[15]}, q_{B}^{[1\mathrm{B}]})_{1}$

$\mathrm{f}(_{\mathrm{I}E_{12\mathrm{p}}},\mathrm{i}\Gamma x_{1},y11_{5}y_{12;}x_{2}, y_{11\mathrm{t}}y_{12})arrow$

$\mathrm{g}(\mathrm{z}_{1},x_{2;}\pi_{1_{1}\mathrm{f}\mathrm{l}11}, y_{12_{\mathrm{J}}}x_{2}, y_{11}, y_{12})$ ,
$\mathrm{g}(x_{0_{1}}\mathrm{n}:0_{1}y_{17_{\mathrm{f}}}y_{17}, y_{1\mathrm{B}}, y1\mathrm{s}_{\mathrm{t}}y1\mathrm{f}3_{1}\# 10)arrow 1\}$

4] I. Mitsuhashi, M. Oyamaguchi, Y. Ohta, and
T. Yamada. The joinability and unification
problems for confluent semi-constructor TRSs.
In V. van Oostrom, editor, Proc. 15th $RTA_{?}$

pages $2\mathrm{S}5-300$ . LNCS 3091, 2004.

Here, $R_{\mathrm{G}}$ has many rules, so omitted (see
$[[2],\mathrm{p}.267])$ .

Next, the undecidability of confluence has been
obtained by showing the claim that $R_{1}\cup R_{2}$ is can
fluent iff $0-_{\mathrm{f}R_{1}}^{\mathrm{r}}1$ for the following TRS $R_{2}$ .

E2 $=$ $\{2 arrow 0_{\mathrm{I}}2 arrow 1\}$ $\cup\{carrow 0 |\mathrm{c} \in \mathrm{E}0\backslash \{0, 1\}\}$

$\cup$ $\{d(\pi)arrow 0_{\mathrm{I}}d(1)arrow 1 |d\in\overline{=}_{1}\}$

$\cup$ $\{\mathrm{f}(z_{1;}\cdots| z_{\mathrm{B}})arrow 1$ , $\mathrm{g}(z_{1}, \cdots, \mathrm{z}_{\mathrm{B}})arrow 1$ $|$

one of the $z_{\mathrm{i}}$ is 1,
the others are distinct variables}

Here, $—=\overline{=}0\mathrm{u}\underline{=}_{1}\mathrm{u}\{\mathrm{f}_{\mathrm{I}}\mathrm{g}\}$, which is aset of function
symbols occuring in $RR_{1}$ . $–\mathrm{Q}_{1}---_{1}-$ have many sym-
bols, so omitted (see $[[2],\mathrm{p}.2\mathrm{f}\mathrm{i}7]$ ). Note that $\underline{\mathrm{m}}0$ has
$q_{A}^{\zeta \mathrm{S}\}}$ , $q_{A}^{\zeta 4\}}$ , $q_{A\dot{\prime}}^{[5\}}q_{A:}^{\{\mathrm{B}]}q_{B}^{\zeta 13\}}$ , $q_{B;}^{\{14]}q_{B}^{[15]},$ $q_{B}^{[16]}$ .

However, the proof of the only-if part of the
claim is incorrect. The proof claims that if
0 $-_{R_{1}}^{\mathrm{r}}1$ does not hold then $R_{1}\cup$ $R_{2}$ is not con-
fluent because of the peak 0 $arrow \mathrm{f}\mathrm{f}\mathrm{i}$ 2 $arrow \mathrm{f}R_{\mathrm{B}}$ 1.
But, the claim overlooks that 0 $arrow R_{1}$

$\mathrm{f}(q_{A\}}^{\{\mathrm{S}]}q_{A;}^{[4\}}q_{A}^{\{5]}, q_{B3}^{\zeta 1\mathrm{B}]}q_{E\mathrm{I}}^{\{14\}}\mathrm{q}_{J\mathrm{t}:}^{[6\}}q_{E;}^{[15]}q_{E}^{[1\mathrm{S}\}})$
$arrow^{\mathrm{B}}H_{2}$

$\mathrm{f}(0_{\mathrm{f}}0, 0, 0_{3}\mathrm{f}1,0_{\mathrm{I}}0,0)$ $arrow R_{1}\mathrm{g}(0,0, 0_{1} [\}, 0, 0_{5}0_{\mathrm{J}}0)$ $arrow \mathrm{f}R_{1}$

$1$ . Thus, the undecidability of confluence of flat
TRSs has not been shown. Now, Jacquemard
claims that the proof can be corrected.
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