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Mathematics is a collection of proofs.'This is true no mat-
ter what standpoint one assumes about mathematics - platon-
ism, anti-platonism, intuitionism, nominalism, ete. Therefore,
in investigating "mathematics”, a fruitful method is to formal-
ize the proofs of mathematics and investigate the structure of
these proofs. This is what proof theory is concerned with.

(¥r14 [34], INTRODUCTION @ E#i)
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One of us [27] introduced CF A(=Cut-Free Analysis) to re-
place? the essentially epistemological consistency problem
(for U A=Usual Analysis=Z5) - which is open only if the meta-
mathematical methods are restricted - by the mathematical
normal form problem (or ’fundamental conjecture’) - which
was open whatever (valid) methods were allowed. The strategy
behind this step was this.

As we should put it now, since say CF A 0 = 1 is derivable
in PRA, Con(UA) - - - follows, still in PRA, from CF(0 = 1)(:¢>
UAFO=1— CFAF 0= 1, namely cut eliminability of proofs
of 0 = 1in Z;). So there was a chance that a proof by the
light of nature’ of CF'(A) for all A or even of CF(0 = 1) would
somehow lead us to the discovery of metamathematical relavant
methods3, besides providing the intrinsically interesting fact that
CF(A) is true for all A. ---

The hope* was that the methods used would be incomnpa-
rable with those of A in the way in which Gentzen’s use of
go-induction applied to quantifier-free predicates is in incompa-
rable with first order arithmetic.

It is fair to say that this hope was justified® for certain sub-
systems of U.A [33]. But all known proofs of VA[CF'(A)] for the
whole of A use methods whose (natural) formulation simply
includes the whole of U.A. More precisely, this applies to model
theoretic proofs; proofs via so-called normalization [14]°make
full use of impredicative comprehension principles In short, the
hope mentioned has not been fulfilled for the whole of UA.
(Kreisel-Takeuti[17] p. 36) |
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