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Abstract.

This paper describes a new kind of exotic options, lookback options with knock-out bound-
aries. These options are knock-out options whose pay-offs depend on the extrema of a
given securitie’s price over a certain period of time. Closed form expressions for the price
of seven kinds of lookback options with knock-out boundaries are obtained in this article.
The numerical studies has also been presented.
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1 Introduction

Many kinds of exotic options, such as Asian options, knock-out options and lookback
options, have been studied in mathematical finance. The pricing problems of a new kind
of options, lookback options with knock-out boundaries, have been introduced in this
article. Lookback options with knock-out boundaries are contingent claims which have
both features of lookback options and knock-out options at the same time.

Lookback options are contingent claims which were studied by Conze and Viswanathan
(1991) and Goldman, Sosin and Gatto (1979). The pay-off of lookback options depends on
the maximum and/or minimum of a given securitie’s price over a certain period of time.
The advantageous point of lookback options is that holders of options can lock in the most
favorable profit during the life of options. Knock-out options are contingent claims which
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become worthless at the occasion that the price of underlying asset touches the certain
boundaries. The pricing problems of knock-out options have already been considered in
early 1970s by Merton (1973). Pricing problems of double knock-out options have been
considered in Kunitomo and Tkeda (1994) and Ikeda (2000), for example. An advantageous
point of knock-out options is that they are cheaper than ordinary options. There is an
advantageous point for lookback options with knock-out boundaries. Althogh lookback
options are usually very expensive, it is possible to make the price of lookback options
much cheaper by equipping the knock-out features. The analytic formulas for the price
of float strike double knock-out lookback options are obtained in this article. The pricing
formulas for other kinds of lookback options with knock-out boundaries can be found in

Muroi (2004).

2 Lookback Options with knock-out boundaries

The pricing problems for lookback options with double knock-out boundaries are discussed
in this section. This is considered in the Black-Scholes economy with the probability space,
(§2, F, P). There are two kinds of securities in this market, the risk securities and the
risk-free securities. The risk-free security earns interest continuously compounded at the
constant rate, 7(> 0), with a dollar invested at time 0 accumulating to B(t) by time ¢.
The risk-neutral probability measure, ), has to be equiped to calculate the rational value
of contingent calims. On the risk-neutral probability measure, ), the price process of risk

assets is assumed to follow the SDE,

dS, = S{rdt+ odW;) (2.1)
Sg = 8.

In order to define the price of lookback options with double knock-out boundaries, fol-

lowing variables are introduced:

L= infoggt S,-, LT = inftgrgT Sr, L(T) = min{LT, L}
M= SUPp<r<t Sry, Mr = SUD¢<r<T Spy M(T) = ma}?{MTa M} .

Float strike double knock-out lookback options are defined.

Definition 2.1 Float strike double knock-out lookback options with the maturity date,
T, are options which have a cashflow at the maturity date, T, if the price of underlying
assets touch neither the lower boundary, |, nor the upper boundary, m, during the life
of options. If the lower or upper boundary is breached by the price process of underlying
assets, options expire worthless. The cashflow for call options at the maturity date equals
St — L(T) and the cashflow for put options at the maturity date is given by M(T) — Sy.
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In this section, the pricing problems of options with knock-out boundaries are consid-
ered under the conditions,
Si=z, I<L, M<m. (2.2)

The price of float strike double knock-out lookback call options at time ¢ is denoted by
Crpr(t). It is possible to derive the option premiums by using the expectation operator,
E[], which is a conditional expectaions with the measure, ¢}, conditioned by (2.2). The
price of options is given by

Crr(t) = Ele™ (St — LT 1j<cLy Mp<m)]
e " { E[SrlcryMp<m}) — LQIL < Ly, My < m]
—E[LrlgcLr<iMr<m}l} » (2.3)
where 7 = T —t. The probability that the price process of underlying assets reach neither

the lower level, p, nor the upper level, ¢ (p < s < ¢), which is denote by F(p, g). The
closed form formula of this probability is given by

& o, g F =G log((e) + (1= )7

- n—z—:oo(p ) {(ID( O’\/7_‘ )__ CP( 0_\/,; )}
2y IOg(P:;‘;l) + (7' —_ g;_),r N ].Og(:r:;:_l) + (7" - —)7‘

- 5 E e T e =

(2.4)

where ®(-) is a distribution function for standard normal random variables. The first

term in (2.3) is represented by D:

D = Ele ””STl{i<LT,MT<m}]

a " o
= YETU(D(dy) — B(dan)) — (=)= (B(dan) — Bldan))} , (2:5)
n=——oc rm
where dyp, don, d3n and dg, are given by

d — log(ﬂn-%-l) + (T + g;-)T d2 — log(ﬂr;;t—_l) + (T + Z;.)T

1n 0_\/'7—_' 3 n 0_\/7—_ )

log(Zo) + (r + %) log(sommrr) + (r + )7

dap = Og(m%) +r+ 5T d 8\ g2t

o/T ) Ban = o\/T

The second and third terms in (2.3) are derived as

L
—LQ[L < LT, Mgy < m} - E[LT1{5<LT<L,MT<m}] = ~—lF(l,m) - /g F(y,m)dy . (26)
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The first term in (2.6) was already calculated in (2.4) and a remained task is to obatain the
explicit formula for the second term in (2.6). In order to derive the explicit representation
of this term, the function, G(-), is introduced as

The function, G(-), is given by

G2 = 3 {Gia) - B} - 3 {32 - GL()} . (2.7)

=00 n=—00

In order to derive the explicit representation formula for lookback options with knock-out
boundaries, the following assumption has to be imposed.

Assumption 2.1 For any integer, k, the relation, % =1+ ¢ , is not satisfied.

Even if Assumtion 2.1 is not satisfied, it is possible to obtained the formula for G(-) and
this is discussed later in Appendix. Under Assumption 2.1, the explicit representations
for GL(-), G2(2), G2(z) and G?(2) are given by

1 = M (B ek movTal g £y — pmovTakok
G(z2) o +1)a}l{(m)e }ole O(fs) ®(gy) —

—e7 @21 4 g /Tal) — B(gl + oy/Tal)}]
m z ,,-_52.1- [0 ~o/Ta? —oVTQ
G2) = g (D)l Tyt oV s f2) — e vFesta(gl) -
—e” @ 2(B(f2 + o /Tal) ~ B(g2 + ov/TAR))] (n#£0)

Gi(z) = (zul)cb(k’g(%) J;i;; ‘72/2)7)

3(2) = M (M By - edovRad g £3) . rvTalal g g8) —

G = Grrmar(d) e TRV Ra(fY) — et a )
R )

Gi(s) = e (D) (D)o Tirpat o Febtip(pt) — e Viaista(gh) -

2(2) = (2n +2)al ‘= (

e (£ - 0/Fad) ~ B(gh — ov/Fed))] (n# -1
GLie) = (o= (D pREE L2l

log(zgnH) + (r —o%/2)r g = log(p,,ﬂ) + (r—a?/2)7

fi=
n O’ﬁ P Jdn 0_\/_ 3

ol = 1—-n(%-1) . log(B2 ) + (r — o2/2)7
n 2n+1 ’ n cr\/— !
, _ log(®m5— 2Ny + (r — 02/2)r iy 1-n(% 1)

In o\/T » On T 2n ’
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log(20) + (r = 0%/2)r 5 log(5rm) + (r = 0*/2)7

3 _
fn - Oﬁ Jg’n, 0\/_’}_ ,
oo LrmEDE - gl £ (r— o/

" 2n+]. ’ n 0—\/_7? b
g = log(grwwer) + (r = 0%/2)7 a_ Lt DE -1

* oT 1 Un 2 .

These calculations lead to the explicit representation of G(-) and it is given by
o o
= Y (G - Gi(2)} ~ X {Gal2) — Ga(2)} - (2.8)
=00 n=—00

The following theorem is obtained.

Theorem 2.1 If the price of underlying assets touch neither the lower boundary, I, nor
the upper boundary, m, during the time interval, [0,t], the closed form formula for the
time t price of float strike double knock-out lookback call options with the maturity date,
T, is given by

Crr(t) = D —e " (IF(I,m) + G(L)) .

The closed form analytic formulas of D is given by (2.5), F(-,-) is given by (2.4) and
G(-)is given by (2.7).

It has not been derived the pricing formulas for lookback options with knock-out bound-
aries in case that Assumption 2.1 is not satisfied. The following assumption is imposed.

Assumption 2.2 For some integer, k, the relation, % =1+ %, 18 satisfied.

Under assumption 2.2, the terms, which needs corrections in G(-), are GL(-),GE(),G2 11 ()
and G*,_,(-). They are given by

Git) = ~mOVTLa(s) - gh(al) + 6(D) — olab)
Gie) = -T2V gza(5E) - () + 4D — dlaD)

Gik—l(z) = 7;:;/;( 93) {f3k‘ 1®(f31¢ )= gik—l@(gik—l) + ¢(f—3—lc~1) - ¢(9ik—1)}

Gfkq(z) = mgz;/—(x) {f4k 1(I)(f4k )~ gikwl@(gik—l)'*'gb(fik—l) '¢(Qik~1)}-

where ¢(.) is a density function for the Normal random variables. It is also possible to
obtain the pricing formulas for other kind of lookback options with knock-out boundaries
and it is discussed in Muroi (2004). The numerical results are also shown in that paper.
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