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Spaces of holomorphic maps
between complex projective spaces

and group actions

電気通信大学 山口耕平 (Kohhei Yamaguchi)
University of Electro-Communications

1 Introduction.
The main purpose of this note is to announce the recent results con-

cerning the topology of spaces of maps between complex projective spaces
and related group actions on them.

First recal several notations used in this note. Let $j$ : $S^{2}=\mathbb{C}\mathrm{P}^{1}arrow$

$\mathbb{C}\mathrm{P}^{m}$ be the inclusion map given by $j([x : y])=[x$ : $y$ : 0: $\cdots$ : 0$]$ . If
$1\leq m\leq n$ and $f$ : $\mathbb{C}\mathrm{P}^{m}arrow$ CPn is a continuous map, the homotopy class
of $f\circ$ $j\in\pi_{2}(\mathbb{C}\mathrm{P}^{n})=\mathbb{Z}$ is called the degree of $f$ . Let $\mathrm{M}\mathrm{a}\mathrm{p}_{d}(\mathbb{C}\mathrm{P}^{m},\mathbb{C}\mathrm{P}^{n})$

be the space consisting of all continuous maps $f$ : $\mathbb{C}\mathrm{P}^{m}arrow \mathbb{C}\mathrm{P}^{n}$ of de-
gree $d$ , and Mapa(CPm, $CPn$) $\subset \mathrm{M}\mathrm{a}\mathrm{p}\mathrm{a}(\mathrm{C}\mathrm{P}\mathrm{m}, \mathbb{C}\mathrm{P}^{n})$ the subspace of all
based continuous maps $f$ : $\mathbb{C}\mathrm{P}^{m}arrow \mathbb{C}\mathrm{P}^{n}$ of degree $d$ . We also de
note by $\mathrm{H}\mathrm{o}1_{\mathrm{d}}(\mathbb{C}\mathrm{P}^{m}, \mathbb{C}\mathrm{P}^{n})\subset \mathrm{M}\mathrm{a}\mathrm{p}\mathrm{a}(\mathrm{C}\mathrm{P}\mathrm{m}, \mathbb{C}\mathrm{P}^{n})$ (resp. $\mathrm{H}\mathrm{o}1_{d}^{*}(\mathbb{C}\mathrm{P}^{m},\mathbb{C}\mathrm{P}^{n})\subset$

$\mathrm{M}\mathrm{a}\mathrm{p}_{d}^{*}(\mathbb{C}\mathrm{P}^{m},\mathbb{C}\mathrm{P}^{n}))$ the corresponding subspace consisting of all holomor-
phic maps (resp. based holomorphic maps). If $m>n$ , there is no $\mathrm{h}\mathrm{o}\mathrm{l}\mathrm{t}\succ$

morphic map $\mathbb{C}\mathrm{P}^{m}arrow \mathbb{C}\mathrm{P}^{n}$ except constant maps, and if $f$ : $\mathbb{C}\mathrm{P}^{m}arrow \mathbb{C}\mathrm{P}^{n}$

is a non-constant holomorphic map, $\deg f=d\geq 1$ . So we shall only
consider the case $1\leq m\leq n$ with $d\geq 1$ .

The origin of our work derives from the work of G. Segal [17], in which
he describes that the Atiyah-Jones type result (cf. [1]) holds for the
inclusion map $\mathrm{H}\mathrm{o}1(\mathbb{C}\mathrm{P}^{1},\mathrm{C}\mathrm{P}\mathrm{n})arrow \mathrm{M}\mathrm{a}\mathrm{p}(\mathbb{C}\mathrm{P}^{1}, \mathbb{C}\mathrm{P}^{n})$ . For understanding his
result intuitively, recall the case $m=n=1$ .
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Let $C_{d}^{\infty}(\mathbb{C}\mathrm{P}^{1},\mathbb{C}\mathrm{P}^{1})$ denote the space of all smooth maps $f$ : $\mathbb{C}\mathrm{P}^{1}arrow \mathbb{C}\mathrm{P}^{1}$

of degree $d$ and consider the energy functional $E$ : $C_{d}^{\infty}(\mathbb{C}\mathrm{P}^{1}, \mathbb{C}\mathrm{P}^{1})arrow \mathbb{R}$

defined by

$E(f)= \frac{1}{2}\int_{\mathbb{C}\mathrm{P}^{1}}||df||^{2}dvol$ for $f\in C_{d}^{\infty}(\mathbb{C}\mathrm{P}^{1},\mathbb{C}\mathrm{P}^{1})$ .

The critical point of $E$ is cffied a hamonic map and it is known that
the space of all harmonic maps is just $\mathrm{H}\mathrm{o}1_{d}(\mathbb{C}\mathrm{P}^{1}, \mathbb{C}\mathrm{P}^{1})$ in this case. If
we believe that Morse theoretical principle would hold for this case,
$\mathrm{H}\mathrm{o}1_{d}(\mathbb{C}\mathrm{P}^{1},\mathbb{C}\mathrm{P}^{1})\subset C_{d}^{\infty}\simeq \mathrm{M}\mathrm{a}\mathrm{p}_{d}(\mathbb{C}\mathrm{P}^{1},\mathbb{C}\mathrm{P}^{1})$ is a deformation retract. This
is clearly false, but Segal showed that it was true if ” $darrow\infty"$ . More
precisely, he proved the following important result:

Theorem 1.1 (G. Segal, [17]). The inclusion maps

$\{$

$i_{d}$ : $\mathrm{H}\mathrm{o}1_{d}^{*}(\mathbb{C}\mathrm{P}^{1},\mathbb{C}\mathrm{P}^{n})arrow$ Map; $(\mathbb{C}\mathrm{P}^{1},\mathbb{C}\mathrm{P}^{n})=\Omega_{d}^{2}\mathbb{C}\mathrm{P}^{n}\simeq\Omega^{2}S^{2n+1}$

$j_{d}$ : $\mathrm{H}\mathrm{o}1_{d}(\mathbb{C}\mathrm{P}^{1}, \mathbb{C}\mathrm{P}^{n})arrow \mathrm{M}\mathrm{a}\mathrm{p}_{d}(\mathbb{C}\mathrm{P}^{1},\mathbb{C}\mathrm{P}^{n})$

are homotopy equivalences up to dimension $(2n-1)d$ . $\square$

Remark A map $f$ : $Xarrow Y$ is called a homotopy equivalence (resp. $a$

homology equivalence) up to dimension $D$ if the induced homomorphism
$f_{*}$ : $7\mathrm{r}\mathrm{k}(\mathrm{X})$ $arrow\pi_{k}(Y)$ (resp. $f_{*}$ : $H_{k}(X,\mathbb{Z})arrow H_{k}(Y,\mathbb{Z})$) is bijective when
$k<D$ and surjective when $k=D$ . Similarly, a map $f$ : $Xarrow Y$ is
called a homotopy equivalence (resp. a homology equivalence) through
dimension $D$ if the induced homomorphism $f_{*}$ : $\pi_{k}(X)$ $arrow\pi_{k}(Y)$ (resp.
$f_{*}:$ $H_{k}$ ($X$, Z) $arrow \mathrm{H}\mathrm{k}\{\mathrm{Y},\mathrm{Z}$ )) is bijective whenever $k\leq D$ .

In [17], Segal also expected that a similar Atiyah-Jones type result
would hold for the inclusion $\mathrm{H}\mathrm{o}1(\mathbb{C}\mathrm{P}^{m}, \mathbb{C}\mathrm{P}^{n})arrow \mathrm{M}\mathrm{a}\mathrm{p}(\mathbb{C}\mathrm{P}^{m}, \mathbb{C}\mathrm{P}^{n})$ even if
$2\leq m\leq n$ , and we would like to investigate this problem. Recently we
obtain the following result:

Theorem 1.2 ([12], [22]). If $2\leq m\leq n_{f}$ the inclusion maps

$\{$

$i_{d}$ : $\mathrm{H}\mathrm{o}1_{d}^{*}(\mathbb{C}\mathrm{P}^{m},\mathbb{C}\mathrm{P}^{n})arrow \mathrm{M}\mathrm{a}\mathrm{p}_{d}^{*}(\mathbb{C}\mathrm{P}^{m},\mathbb{C}\mathrm{P}^{n})$

$j_{d}$ : $\mathrm{H}\mathrm{o}1_{d}(\mathbb{C}\mathrm{P}^{m},\mathbb{C}\mathrm{P}^{n})arrow \mathrm{M}\mathrm{a}\mathrm{p}_{d}(\mathbb{C}\mathrm{P}^{m},\mathbb{C}\mathrm{P}^{n})$

are homotopy equivalences through dimension $D(d;m, n)$ , where $\lfloor x\rfloor$ de-
notes the integer part of a number $x$ and the number $D(d;m,n)$ is given

by $D(d;m,n)=(2n-2m+1)$ $( \lfloor\frac{d+1}{2}\rfloor+1)-1$ .
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2 The case d $=1$ .
Because the spaces $\mathrm{H}\mathrm{o}1_{d}(\mathbb{C}\mathrm{P}^{m}, \mathbb{C}\mathrm{P}^{n})$ and $\mathrm{M}\mathrm{a}\mathrm{p}_{d}(\mathbb{C}\mathrm{P}^{m}, \mathbb{C}\mathrm{P}^{n})$ are easily

understood when $d=1$ , in this section we review the case $d=1$ .
First, we recall the interesting result due to S. Sasao [16].
Define the map $s_{m,n}’$ : $U_{n+1}arrow \mathrm{M}\mathrm{a}\mathrm{p}_{1}(\mathbb{C}\mathrm{P}^{m}, \mathbb{C}\mathrm{P}^{n})$ by the usual matrix

multiplication

$s_{m,\mathrm{n}}’(A)([x_{0} : \cdots : x_{m}])=[x_{0}$ : $\cdots$ : $x_{m}$ : 0: $\cdots$ : 0$]$ .A

for $([x_{0} : \cdots : x_{m}],A)\in \mathbb{C}\mathrm{P}^{m}\mathrm{x}$ $U_{n+1}$ .
If $\Delta_{k}\subset U_{k}$ denotes the center of $U_{k}$ , because the subgroup $\Delta_{m+1}\mathrm{x}$

$U_{n-m}\subset U_{n+1}$ is fixed by the map $s_{m,n}’$ , it induces the map

$s_{m,n}$ : $\mathrm{P}W_{n+1,m+1}arrow \mathrm{M}\mathrm{a}\mathrm{P}1(\mathrm{C}\mathrm{P}\mathrm{m},\mathrm{C}\mathrm{P}\mathrm{w})$,

where $\mathrm{P}W_{n+1_{7}m+1}=U_{n+1}/(\Delta_{m+1}\mathrm{x} U_{\mathrm{n}-m})$ denotes the complex projective
Stiefel manifold of orthogonal $(m+1)$ -frames in $\mathbb{C}^{n+1}$ . Then Sasao showed
the following interesting result.

Theorem 2.1 (S. Sasao, [16]). If $1\leq m\leq n_{f}$ the map $s_{m,n}$ : $\mathrm{P}W_{n+1,m+1}arrow$

$\mathrm{M}\mathrm{a}\mathrm{p}_{1}(\mathbb{C}\mathrm{P}^{m}, \mathbb{C}\mathrm{P}^{n})$ is a homotopy equivalence up to dimension $(4n-4m+$
$1$ . $\square$

Similarly, define the map $s_{m,n}’$ : $U_{n}arrow \mathrm{M}\mathrm{a}\mathrm{p}_{1}^{*}(\mathbb{C}\mathrm{P}^{m},\mathbb{C}\mathrm{P}^{n})$ by the matrix
multiplication

$s_{m,n}’(A)([x_{0}$ : $\cdots$ : $x_{m}])=[x_{0}$ : $\cdots$ : $x_{m}$ : 0: $\cdots$ : 0$]$ $\cdot\ovalbox{\tt\small REJECT} {}^{t}\mathrm{o}_{\mathrm{n}}\mathrm{l}0_{n}A\ovalbox{\tt\small REJECT}$

for $([x_{0} : \cdots : x_{m}], A)$ $\in \mathbb{C}\mathrm{P}^{m}\mathrm{x}$ $U_{n}$ , where $0_{n}=(0$ , $\cdots$ ,0$)$ 6 $\mathbb{C}^{n}$ . Since
the subgroup $U_{n-m}\subset U_{n}$ is fixed under this map, it also induces the map

$\overline{s}_{m,n}$ : $W_{n_{1}m}arrow \mathrm{M}\mathrm{a}\mathrm{p}_{1}^{*}(\mathbb{C}\mathrm{P}^{m}, \mathbb{C}\mathrm{P}^{n})$,

where $W_{n,m}=U_{n}/U_{n-m}$ denotes the complex Stiefel manifold of $orthogorightarrow$

$nal$ $m$ -frames in $\mathbb{C}^{n}$ . Then we also obtain:

Theorem 2.2. If $1\leq m\leq n$, the map $\overline{s}_{m,n}$ : $W_{n,m}arrow \mathrm{M}\mathrm{a}\mathrm{p}_{1}^{*}(\mathbb{C}\mathrm{P}^{m},\mathbb{C}\mathrm{P}^{n})$

is a homotopy equivalence up to dimension 4n $-4m+1$ .
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Proof. An easy diagram chasing shows that there is a commutative
diagram of fibrations

$\overline{s}_{m,n}\downarrow W_{n,m}$

$arrow$
$\mathrm{P}W_{n+}s_{m,n}\iota^{1,m+1}$

$arrow \mathbb{C}\mathrm{P}^{n}||$

$\mathrm{M}\mathrm{a}\mathrm{p}_{1}^{*}(\mathbb{C}\mathrm{P}^{m}, \mathrm{C}\mathrm{P}\mathrm{n})\mathrm{r}^{\mathrm{C}}\mathrm{M}\mathrm{a}\mathrm{p}_{1}(\mathbb{C}\mathrm{P}^{m}, \mathbb{C}\mathrm{P}^{n})arrow ev\mathbb{C}\mathrm{P}^{n}$

Then the assertion follows ffom the Five Lemma and the homotopy exact
sequences of fibrations. $\square$

Now we can easily understand the reason why the two spaces $\mathrm{P}W_{n+1,m+1}$

and $W_{n}$ , $m$ approximate $\mathrm{M}\mathrm{a}\mathrm{p}_{1}(\mathbb{C}\mathrm{P}^{m}, \mathbb{C}\mathrm{P}^{n})$ and $\mathrm{M}\mathrm{a}\mathrm{p}_{1}^{*}(\mathbb{C}\mathrm{P}^{m_{?}}\mathbb{C}\mathrm{P}^{n})$ up to ho-
motopy equivalence as above. This can be explained by the following
result.

Theorem 2.3 ([10]). Let $1\leq m\leq n$ and d $\geq 1$ be integers.

(1) If $d=1$ , there are homotopy equivalences

$\{$

$\mathrm{H}\mathrm{o}1_{1}^{*}(\mathbb{C}\mathrm{P}^{m}, \mathbb{C}\mathrm{P}^{\mathrm{n}})\simeq \mathrm{W}_{n,m}$

$\mathrm{H}\mathrm{o}1_{1}(\mathbb{C}\mathrm{P}^{m}, \mathbb{C}\mathrm{P}^{n})\simeq \mathrm{P}\mathrm{V}_{n+1,m+1}$

(2) The inclusion maps

$\{$

$i_{1}$ : $\mathrm{H}\mathrm{o}\mathrm{I}_{1}^{*}(\mathbb{C}\mathrm{P}^{m}, \mathbb{C}\mathrm{P}^{\mathrm{n}})arrow$ Map: $(\mathbb{C}\mathrm{P}^{m}, \mathbb{C}\mathrm{P}^{n})$

$j_{1}$ : $\mathrm{H}\mathrm{o}1_{1}(\mathbb{C}\mathrm{P}^{m}, \mathbb{C}\mathrm{P}^{n})arrow \mathrm{M}\mathrm{a}\mathrm{p}_{1}(\mathbb{C}\mathrm{P}^{m}, \mathbb{C}\mathrm{P}^{n})$

are homotopy equivalence uP to dimension $4n-4m+1$ .

Sketch proof We shall only give the proof of the existence of the homo-
topy equivalence $\mathrm{H}\mathrm{o}1_{1}^{*}(\mathbb{C}\mathrm{P}^{m},\mathbb{C}\mathrm{P}^{n})\simeq \mathrm{W}_{n,m}$.

We take $\mathrm{e}_{j}=[1$ : 0 : 0 : $\cdots$ : 0$]$
$\in \mathbb{C}\mathrm{P}^{j}$ as the basepoint of $\mathbb{C}\mathrm{P}^{j}$ .

An element $f\in \mathrm{H}\mathrm{o}1_{d}^{*}(\mathbb{C}\mathrm{P}^{m},\mathbb{C}\mathrm{P}^{n})$ is a holomorphic map $\mathbb{C}\mathrm{P}^{m}arrow \mathbb{C}\mathrm{P}^{n}$

satisfying the condition $f(\mathrm{e}_{m})=\mathrm{e}_{n}$ . Such a map can be identified with
the $(n+1)$-tuple $f=(/0, f_{1}, \cdots, f_{n})$ of homogeneous polynomials of the
degree $d$ in $\mathbb{C}[z_{0}, ’\cdot \cdot, z_{m}]$ such that,

(i) $f_{0},f_{1}$ , $\cdots$ , $f_{n}$ have no common root except $0_{m+1}\in \mathbb{C}^{m+1}$ ,

(ii) the coefficient of $(z_{0})^{d}$ in $f_{0}$ is 1, and these in the other polynomials
are 0.
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If $d=1$ , we can write

$f$ $=(f_{0},f_{1}, \cdots, f_{n})=(z_{0}+\sum_{k=1}^{m}b_{k}z_{k}, \sum_{k=1}^{m}a_{k,1}z_{k}, \cdots 7 \sum_{k=1}^{m}a_{k,n}z_{k})$

$=$ $(z_{0}, z_{1}, \cdots, z_{m})$ . $\ovalbox{\tt\small REJECT} 1{}^{t}\mathrm{b}0_{n}A\ovalbox{\tt\small REJECT}$ ,

where $\mathrm{b}=$ $(\mathrm{b}, \cdots,b_{m})\in \mathbb{C}^{m}$ , $A=(a_{i,j}):(m\mathrm{x}n)$-matrix.
First, we note that the polynomials $f_{0}$ , $f_{1}$ , $\cdots$ , $f_{n}$ have no common

root except $0_{m+1}$ if and only if rank $A=m$. Next, we also remark that
the space of all $(m\mathrm{x} n)$ matrices of rank $m$ is homeomorphic to the
homogenous space $\mathrm{G}\mathrm{L}_{n}(\mathbb{C})/\mathrm{G}\mathrm{L}_{n-m}(\mathbb{C})$ . Via this identification, we define
a map $\gamma$ : $\mathrm{H}\mathrm{o}1_{1}^{*}(\mathbb{C}\mathrm{P}^{m},\mathbb{C}\mathrm{P}^{n})arrow \mathbb{C}^{m}\mathrm{x}$ $(\mathrm{G}\mathrm{L}_{n}(\mathbb{C})/\mathrm{G}\mathrm{L}_{n-m}(\mathbb{C}))$ by

$\gamma(f)=\gamma(f_{0}$ : $f_{1}$ :... : $f_{n})=(\mathrm{b}, A)$ .

Next define a map $\beta^{f}$ : $\mathbb{C}^{m}\mathrm{x}$ $\mathrm{G}\mathrm{L}_{n}(\mathbb{C})arrow \mathrm{H}\mathrm{o}1_{1}^{*}(\mathbb{C}\mathrm{P}^{m}, \mathbb{C}\mathrm{P}^{n})$ by matrix
multiplication

$\beta’(\mathrm{b}, B)([x_{0}$ : $x_{1}$ :. , . : $x_{m}])=[x_{0}$ : $x_{1}$ : $\cdots$ : $x_{m}$ : 0 : $\cdot$ . , : 0$]$ . $\ovalbox{\tt\small REJECT} 1{}^{t}\tilde{\mathrm{b}}$
$0_{n}B\ovalbox{\tt\small REJECT}$

for $([x_{0} : x_{1} : \ldots : x_{m}], \mathrm{b}, B)\in \mathbb{C}\mathrm{P}^{m}\mathrm{x}\mathbb{C}^{m}\mathrm{x}$ $\mathrm{G}\mathrm{L}_{n}(\mathbb{C})$ , where $\overline{\mathrm{b}}=$

$(\mathrm{b},0_{n-m})\in \mathbb{C}^{n}$ . Since $\beta’$ maps the subspace $\{0_{m}\}\mathrm{x}$ $\mathrm{G}\mathrm{L}_{n-m}(\mathbb{C})\subset$

$\mathbb{C}^{m}\mathrm{x}$ $\mathrm{G}\mathrm{L}_{n}(\mathbb{C})$ to the basepoint, it induces a map

$\beta$ : $\mathbb{C}^{m}\mathrm{x}$ $(\mathrm{G}\mathrm{L}_{\mathrm{n}}(\mathbb{C})/\mathrm{G}\mathrm{L}_{n-m}(\mathbb{C}))arrow \mathrm{H}\mathrm{o}1_{1}^{*}(\mathbb{C}\mathrm{P}^{m},\mathbb{C}\mathrm{P}^{n})$ .

Simple computation shows that $\beta\circ\gamma=\mathrm{i}\mathrm{d},\gamma 0\beta=\mathrm{i}\mathrm{d}$ , and $\gamma$ is a homeomor-
phism. Hence, $\mathrm{H}\mathrm{o}1_{1}^{*}(\mathbb{C}\mathrm{P}^{m},\mathbb{C}\mathrm{P}^{n})\cong \mathbb{C}^{m}\mathrm{x}$ $(\mathrm{G}\mathrm{L}_{n}(\mathbb{C}),/\mathrm{G}\mathrm{L}_{n-m})\simeq \mathrm{W}_{n,m}$ . $\square$

Corollary 2.4 ([10]). T&ere ane homotopy equivalence

$\{$

$\mathrm{H}\mathrm{o}1_{1}^{*}(\mathbb{C}\mathrm{P}^{n}, \mathbb{C}\mathrm{P}^{n})\simeq U_{n}$,
$\mathrm{H}\mathrm{o}1_{1}(\mathbb{C}\mathrm{P}^{n}, \mathbb{C}\mathrm{P}^{n})\simeq \mathrm{P}(\mathit{3}U_{n+1})=SU_{n+1}/\Delta_{n+1}$.

$\square$
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3 The space $\mathrm{H}\mathrm{o}1(\mathbb{C}\mathrm{P}^{m}, \mathbb{C}\mathrm{P}^{n})$ .
Recently, J. Mostovoy [12] obtained the remarkable important result

concerning the topology of $\mathrm{H}\mathrm{o}1(\mathbb{C}\mathrm{P}^{m},\mathbb{C}\mathrm{P}^{n})$ . In this section we recall his
result, and for this purpose, we study the restriction fibration sequence

$F_{d}(m,n)arrow \mathrm{M}\mathrm{a}\mathrm{p}_{d}^{*}(\mathbb{C}\mathrm{P}^{m},\mathbb{C}\mathrm{P}^{n})rarrow \mathrm{M}\mathrm{a}\mathrm{p}_{d}^{*}(\mathbb{C}\mathrm{P}^{m-1},\mathbb{C}\mathrm{P}^{n})$ ,

where the map $r$ is defined by the restriction $r(f)$ $=f|\mathbb{C}\mathrm{P}^{m-1}$ , $F_{d}(m,n)$

denotes the fiber of $r$ defined by

$F_{d}(m,n)=r^{-1}(\psi_{d}^{m-1,\mathrm{n}})=\{f\in \mathrm{M}\mathrm{a}\mathrm{p}_{d}^{*}(\mathbb{C}\mathrm{P}^{m},\mathbb{C}\mathrm{P}^{n}) : f|\mathbb{C}\mathrm{P}^{m-1}=\psi_{d}^{m-1,n}\}$ ,

and $\psi_{d}^{m,n}\in \mathrm{M}\mathrm{a}\mathrm{p}_{d}^{*}(\mathbb{C}\mathrm{P}^{m},\mathbb{C}\mathrm{P}^{n})$ is the holomorphic map defined by

$\psi_{d}^{m,n}([x_{0}$ :.. . : $x_{m}])=[(x_{0})^{d}$ :... : $(x_{m})^{d}$ : 0 :.. . : 0$]$

for $[x_{0}$ : $\cdots$ : $x_{m}]\in \mathbb{C}\mathrm{P}^{m}$ .
We choose it as the basepoint of $\mathrm{M}\mathrm{a}\mathrm{p}_{d}^{*}(\mathbb{C}\mathrm{P}^{m}, \mathbb{C}\mathrm{P}^{n})$ . We remark that

there is a homotopy equivalence $F_{d}(m,n)\simeq\Omega^{2m}\mathbb{C}\mathrm{P}^{n}([16])$ .
Let $Fd(m,n)\subset \mathrm{H}\mathrm{o}1_{d}^{*}(\mathbb{C}\mathrm{P}^{m},\mathbb{C}\mathrm{P}^{n})$ be the subspace defined by $H_{d}(m,n)=$

$F_{d}(m,n)\cap \mathrm{H}\mathrm{o}1_{d}^{*}(\mathbb{C}\mathrm{P}^{m},\mathbb{C}\mathrm{P}^{n})$ . We investigate the homotopy types of the
subspaces $H_{d}(m,n)$ , $\mathrm{H}\mathrm{o}1_{d}^{*}(\mathbb{C}\mathrm{P}^{m},\mathbb{C}\mathrm{P}^{n})$ and $\mathrm{H}\mathrm{o}1_{d}(\mathbb{C}\mathrm{P}^{m},\mathbb{C}\mathrm{P}^{n})$ with the cor-
responding inclusion maps

$\{$

$i_{d}’$ : $H_{d}(m, n)arrow F_{d}(m,n)$ , $i_{d}$ : $\mathrm{H}\mathrm{o}1_{d}^{*}(\mathbb{C}\mathrm{P}^{m},\mathbb{C}\mathrm{P}^{n})arrow \mathrm{M}\mathrm{a}\mathrm{p}_{d}^{*}(\mathbb{C}\mathrm{P}^{m},\mathbb{C}\mathrm{P}^{n})$

$j_{d}$ : $\mathrm{H}\mathrm{o}1_{d}(\mathbb{C}\mathrm{P}^{m},\mathbb{C}\mathrm{P}^{n})arrow \mathrm{M}\mathrm{a}\mathrm{p}_{d}(\mathbb{C}\mathrm{P}^{m},\mathbb{C}\mathrm{P}^{n})$ .

Theorem 3.1 (J. Mostovoy, [13]). If $2\leq m\leq n_{f}$ the inclusion maps

$\{$

$i_{d}’$ : $H_{d}(m, n)arrow F_{d}(m, n)$ , $i_{d}$ : $\mathrm{H}\mathrm{o}1_{d}^{*}(\mathbb{C}\mathrm{P}^{m}, \mathbb{C}\mathrm{P}^{n})arrow \mathrm{M}\mathrm{a}\mathrm{p}_{d}^{*}(\mathbb{C}\mathrm{P}^{m},$
$\mathbb{C}\mathrm{P}^{n}\rangle$

:lt : $\mathrm{H}o1_{d}(\mathrm{C}\mathrm{P}^{n},\mathbb{C}\mathrm{P}^{n})$ $arrow \mathrm{M}\mathrm{a}\mathrm{p}_{d}$ (CP$m$ , $\mathbb{C}\mathrm{P}^{n}$)

are homotopy equivalences through dimension $D(djm,n)$ when $m<n$ ,
and homology equivalences through dimension $D(d;m,n)$ when $m=n$ .

$\square$

Since $\lim_{darrow\infty}D(d;m, n)$ $=\infty$ , we may regard $H_{d}(m,n)$ and $\mathrm{H}\mathrm{o}1(\mathbb{C}\mathrm{P}^{m},\mathbb{C}\mathrm{P}^{n})$

as finite dimensional homotopy (or homology) models for the infinite di-
mensional spaces $\Omega^{2m}\mathbb{C}\mathrm{P}^{n}$ and $\mathrm{M}\mathrm{a}\mathrm{p}(\mathbb{C}\mathrm{P}^{m}, \mathbb{C}\mathrm{P}^{n})$, respectively. We know
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that the Atiyah-Jones type Theorem holds for several other cases, and
the homotopy stability is usually satisfied for these cases (cf. [2], [3], [5],
[6], [9], [19] $)$ . So one may expect that the homotopy stability may hold
even if $m=n$. We consider the case $m=n$ in the next section.

4 The case m $=n$.
In this section we consider the space $\mathrm{H}\mathrm{o}1(\mathbb{C}\mathrm{P}^{m}, \mathbb{C}\mathrm{P}^{n})$ when $m=n$.

Prom now on, we write $F_{d}(n)=F_{d}(n, n)$ and $H_{d}(n)=H_{d}(n, n)$ .
First, recall the following two results.

Theorem 4,1 ([21]). (1) if m $=n_{f}$ there are isomorphisms

$\{$

$\pi_{1}(\mathrm{H}\mathrm{o}1_{d}^{*}(\mathbb{C}\mathrm{P}^{n}, \mathbb{C}\mathrm{P}^{n}))=\pi_{1}$ (Hol:) $\cong \mathbb{Z}$

$\pi_{1}(\mathrm{H}\mathrm{o}1_{d}(\mathbb{C}\mathrm{P}^{n},\mathbb{C}\mathrm{P}^{n}))=\pi_{1}(\mathrm{H}\mathrm{o}1_{d})\cong \mathbb{Z}/(n+1)d^{n}$

(2) The inclusion maps induce isomorphisms

$\{$

$i_{d*}:$ $\pi_{1}(\mathrm{H}\mathrm{o}1_{d}^{*})arrow\pi_{1}(\mathrm{M}\mathrm{a}\mathrm{p}_{d}^{*})=\pi_{1}(\mathrm{M}\mathrm{a}\mathrm{p}_{d}^{*}(\mathbb{C}\mathrm{P}^{n}, \mathbb{C}\mathrm{P}^{n})))\underline{\simeq}$

$j_{d*}:$
$\pi_{1}(\mathrm{H}\mathrm{o}1_{d})arrow\pi_{1}(\mathrm{M}\mathrm{a}\mathrm{p}_{d})=\pi_{1}(\mathrm{M}\mathrm{a}\mathrm{p}_{d}(\mathbb{C}\mathrm{P}^{n},\mathbb{C}\mathrm{P}^{n}))\underline{\simeq}$ .

$\square$

Theorem 4.2 ([22]). ij n $\geq 1$ and d $\geq 0$ be integers, the inclusion
$\mathrm{i}_{d}’$ : $H_{d}(n)arrow F_{d}(n)\simeq\Omega^{2n}\mathbb{C}\mathrm{P}^{n}$ induces an isomorphism

$i_{d*}’:$ $\pi_{1}(H_{d}(n))arrow\pi_{1}(F_{d}(n))\cong\pi_{1}(\Omega^{2n}\mathbb{C}\mathrm{P}^{n})\cong\cong$ Z.

Sketch proof. If we use an easy diagram chasing and Theorem 4.1, we
can show that $\pi_{1}(H_{d}(n))\cong$ Z. Then the assertion follows ffom Theorem
3.1 and Hurewicz Theorem. $\square$

If we use the above two results and some group actions, we obtain the
following two results.

Theorem 4.3 ([22]). If $n\geq 2_{f}$ the inclusion $\mathrm{i}_{d}’$ : $H_{d}(n)arrow F_{d}(n)\simeq$

$\Omega^{2n}\mathbb{C}\mathrm{P}^{n}$ is a homotopy equivalence through dimension $D(d,n)$ , there we
take $D(d,n)=D(d;n, n)= \lfloor\frac{d+1}{2}\rfloor$ . $\square$
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Theorem 4.4 ([22]). If n $\geq 2$ , the inclusion maps

$\{$

$i_{d}$ : $\mathrm{H}\mathrm{o}1_{d}^{*}(\mathbb{C}\mathrm{P}^{n}, \mathbb{C}\mathrm{P}^{7t})rightarrow \mathrm{M}\mathrm{a}\mathrm{p}_{d}^{*}(\mathbb{C}\mathrm{P}^{n}, \mathbb{C}\mathrm{P}^{n})$

$j_{d}$ : $\mathrm{H}\mathrm{o}1_{d}(\mathbb{C}\mathrm{P}^{n}, \mathbb{C}\mathrm{P}^{n})arrow \mathrm{M}\mathrm{a}\mathrm{p}_{d}(\mathbb{C}\mathrm{P}^{n},\mathbb{C}\mathrm{P}^{n})$

are homotopy equivalences through dimension $D(d_{\}}n)= \lfloor\frac{d+1}{2}\rfloor$ . $\square$

Proof of Theorem 1.2. The assertion follows from Theorem 3.1 and
Theorem 4.4. $\square$

5 The orbit spaces.
Finally, in this section, we consider the right $\mathrm{P}\mathrm{G}\mathrm{L}_{n+1}(\mathbb{C})$ action on

$\mathrm{H}\mathrm{o}1_{d}(\mathbb{C}\mathrm{P}^{n},\mathbb{C}\mathrm{P}^{n})$ given by the matrix multiplication
$\mathrm{H}\mathrm{o}1_{d}(\mathbb{C}\mathrm{P}^{\mathrm{n}},\mathbb{C}\mathrm{P}^{n})$ $\mathrm{x}\mathrm{P}\mathrm{G}\mathrm{L}_{n+1}(\mathbb{C})arrow \mathrm{H}\mathrm{o}1_{d}(\mathbb{C}\mathrm{P}^{n},\mathbb{C}\mathrm{P}^{n})$ .

$([f_{0}$ :... : $f_{n}],A)$ $arrow$ $[\mathrm{f}\mathrm{o}$ :... : $f_{n}]$ $\cdot$ $A$

We denote by $X_{d}(n)$ the orbit space $X_{d}(n)=\mathrm{H}\mathrm{o}1_{d}(\mathbb{C}\mathrm{P}^{n}, \mathbb{C}\mathrm{P}^{n})/\mathrm{P}\mathrm{G}\mathrm{L}_{n+1}(\mathbb{C})$ .

Theorem 5.1 (R. Milgram, [11]). If $n=1$ , there is a homeomorphism
$X_{d}(1)\cong \mathrm{P}(\mathcal{F}_{d})$ , where $F_{d}$ denotes the space consisting of all $(d\mathrm{x}d)$ non-
singetlar Toeplitz matrices. $\square$

Then our main result of this section is as follows.

Theorem 5.2 ([21]). (1) $\pi_{1}(X_{d}(n))\cong \mathbb{Z}/d^{n}$ .
(2) There is a fibration sequence (up to homotopy)

$(*)$
$SU_{n+1}arrow\overline{X_{d}(n)}arrow\overline{\mathrm{H}\mathrm{o}1}_{d}(\mathbb{C}\mathrm{P}^{n},\mathbb{C}\mathrm{P}^{n})$,

where $\tilde{Y}$ denotes the universal covering of a space $Y$ .
(3)$)$ If$\underline{n=}1$ , the fibration $(*)$ is trivial and there is a homotopy equiv-

alertce $X_{d}(1)\simeq S^{3}\mathrm{x}\overline{\mathrm{H}\mathrm{o}1}_{d}(\mathbb{C}\mathrm{P}^{1},\mathbb{C}\mathrm{P}^{1})$. $\square$

Corollary 5.3 (J. Havlicek, [8]; [21]). $\pi_{1}(X_{d}\langle 1),1\cong \mathbb{Z}/d$. $\square$

Acknowledgements. The author is indebted to Professors M. A.
Guest, A. Kozlowski and J. Mostovoy for numerous helpful conversations
concerning the topology of configuration spaces and valuable suggestions.
The author is partially supported by a grant bom the Ministry of Edu-
cation.



80

References
[1] M. F. Atiyah and J. D. S. Jones, Topological aspects of Yang-Mills

theory, Commun. Math. Phys. 59 (1978), 97-118.

[2] C. P. Boyer, J. C. Hurtubise, B. M. Mann and R. J. Milgram, The
topology of the space of rational maps into generalized flag manifolds,

Acta Math. 173 (1994), 61-101,

[3] M. A. Guest, Topology of the space of rational curves on a toric
variety, Acta Math. 174 (1995), 119-145.

[4] M. A. Guest, A. Kozlowski, M. Murayama, and K. Yamaguchi, The
homotopy type of spaces of rational functions, J. Math. Kyoto Univ.
35 (1995), 631-638.

[5] M. A. Guest, A. Kozlowski, and K. Yamaguchi, The topology of
spaces of coprime polynomials, Math. Z. 217 (1994), 435-446.

[6] M. A. Guest, A. Kozlowski and K. Yamaguchi, Spaces of polynomials
with roots of bounded multiplicity, Fund. Math. 116 (1999), 93-117.

[7] J. Harris, Algebraic Geometry, Springer-Verlag, 1993.

[8] J. W. Havlicek, The cohomology of holomorphic self maps of the
Riemann sphere, Math. Z. 218 (1995), 179-190.

[9] A. Kozlowski and K. Yamaguchi, Topology of complements of dis-
criminants and resultants, J. Math. Soc. Japan 52 (2000), 949-959.

[10] A. Kozlowski and K. Yamaguchi, Spaces of holomorphic maps be
tween complex projective spaces of degree one, Topology AppL 132
(2003), 139-145.

[11] R. Milgram, The structure of spaces of Toeplitz matrices, Topology
36 (1997), 1155-1192.

[12] J. Mostovoy, Spaces of rational loops on a real projective space,
Trans. Amer. Math. Soc. 353 (2001), 1959-1970



8I

[13] J. Mostovoy, Spaces of rational maps and the Stone-Weierstrass The
orem, preprint, arXiv:math. $\mathrm{A}\mathrm{T}/0307103$, (to appear in Topology).

[14] J. M. Mzller, On spaces of maps between complex projective spaces,
Proc. Amer. Math. Soc. 91 (1984), 471-476.

[15] Y. Ono and K. Yamaguchi, Group actions on spaces of rational func-
tions, PubL ${\rm Res}$ . Inst. Math. Sci. 39 (2003), 173-181.

[16] S. Sasao, The homotopy of $\mathrm{M}\mathrm{a}\mathrm{p}(\mathbb{C}\mathrm{P}^{m}, \mathbb{C}\mathrm{P}^{n})$, J. London Math. Soc.
8 (1974), 193-197.

[17] G. B. Segal, The topology of spaces of rational functions, Acta Math.
143 (1979), 39-72.

[18] V. A. Vassiliev, Complements of discriminants of smooth maps,
topology and applications, Amer. Math. Soc., Translations of Math.
Monographs 98, 1992 (revised edition 1994).

[19] K. Yamaguchi, Spaces of holomorphic maps with bounded multiplic-
ity, Quart. J. Math. 52 (2001), 249-259.

[20] K. Yamaguchi, Configuration space models for spaces of maps ffom a
Riemann surface to complex projective space, PubL ${\rm Res}$ . Inst. Math.
Sci. 39 (2003), 535-543.

[21] K. Yamaguchi, Fundamental groups of spaces of holom orphic maps
and group actions, J. Math. Kyoto Univ. 44 (2004), 479-492.

[22] K. Yamaguchi, Spaces of holomorphic self-maps of the complex $\mathrm{p}\mathrm{r}\triangleright$

jective spaces, preprint.


