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1 Classical Tsallis relative entropy

Definition 1 RTEH NS Sy(X) % Tsallis entropy & 5.

~3 " p(a)? Ing p(2),
77 L plz) = P(X = x) 1T random variable X @ probability distribution ThhEL
-1
) = >0,9g2
Ing () 7 v >0, 920
E95.
ZDEE
lim 5,(X) = Zp () log p(x

T&H 5. 175 Shannon entropy IHUKT 5.

Definition 2 A = {a1,a2,...,as}, B ={b1,b2, ..., ba} & 2720 probability distribution &
T5. 12l a; > 0,b;>0 ERETS. “@P’é{ﬁtfﬁ;&éhé D,(A|B) % Tsallis relative

entropy ZV> 5. —
n
S alb

1-g

¥

D,(A|B) = Zaj mq =

2L Olngoo=0 LEHTD.
IDEE ‘

lim Dy(A|B) = =D, (A]|B) = Z%mb
<% 5. 472 bH Kullback-Leibler information (2T 5.

Proposition 1 Tsallis relative entropy DHE] IEDIEY THD.
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(1)(Nonnegativity): D,(A|B) =20
(2)(Symmetry):

Dg(an‘(l)s- . '7a7r(n)’b7r(1)7' ‘e ab'n’(n)) = Dq(ah ceey “n[bh N 9L

(8) (Possibility of extension):
D,,(a1,...,an,Olbl,...,bn,O) = Dy(ay,...,anlbi,. .., bn).

(4) (Pseudoadditivity):
D (AD x A®BM x BD)

==L
AD x A = (Ve o € 4D, o € 4D},

2 2 2 .
BW x B® = (PP e BO,HP € BO}.
(5)(Joint convexity): 0 <A< 1, ¢20 &35, A® = {al"}, BO = (), (i=1,2) &

5t LTWASHL Y 3L

D,(AAD + (1 = NJAPPBY + (1 - \)B?)
< AD(ADBM) + (1 — A)Dg(AP|BP).
(6)(Strong additivity):
DQ(G’l""1a‘f.-l)ai|aa’iz7ai+‘l" tbls . 1—17b117bzsz1+17-~*~,bn)

= Dq(al,,,.‘,an]bh . n)+b1_q qD (141 (Zzzl z )

a;

=70 a; = @, +(L52,bi = bi; + by, .

Proof.
(1): ~Ing(x) 1% convex function TH DD TR ETHS.

$ b np
Dy(AlB) = —- Zaj Ing ;l!— > - lnq(Zaj(—l:J—) =0.
=1 J = §

(2), (3) BU* (4): LA
(5): [3] P generalized log-sum inequality & ¥ {EE®D o, ;’)’, >0(=12..,n),¢2>0ICx
LTRDARFRAL Y 2.

Zaz ing(25) < <§: o) m(%“ b, )
i=1 ay
“huEFvIuE L.
(6): ¢ >0z LT function Ly # KDL SIZEET .
v

Ly(x,y) = ——rlnq



FREROETEEATS.
a;, = a;{1 = 8), ai, = a;s, by, =bi{l —¢), b;, = bit.
ok '

Lo(#12, y12) = walg(z1,11) + z1Lg(w2, y2) + (g — 1) Ly(@1, Y1) Lo(72, 32)-
ZhERAVREL . q.e.d.
Remark 1 WAHEY 7D,

(1) Proposition 1 @ (1) £V S;(A) <lngn
(2) Proposition 1 ® (4) &Y
84(AW x AP) = S,(AD) + 8,(AP) + (1 = )S,(AD) S, (AD).
(8) Proposition 1 @ (5) &Y
S,(0AD £ (1 = N AD) 2 AS(AD) + (1 — 1S, (AP).

(4) Proposition 1 @ (6) £9

Sq(a'l: vy e, By By s Qi Ly e e s a’n)
= Sq(al, e O], Oy BTy ceyGn) -f—aqu(azl . Gig )
Q; G4
A, B % 20 finite alphabet sets &35, W= {Wy},(i=1,...,nj=1,. ) A5

& B~ transition probability matrix &%, T72bH Y Wi =1,i= 1 2 ,n Th
5. Elm A= {a(m LB = b} & AlckiT B 2 >DORED probability distribution &7
%, k% BizBit 3 probability distribution WA = {a ouf)} WB= {bf,-out)} HROLED

CERSND.
n n
ont) in t 3
ag = E (LEW)W-,@, bgou ) = E bgm)Wji.
i=1 i=1

Proposition 2 fEE® g > 0 [k LTKRAMKD M.
Dy(WAIW B) < Dy(A|B).

Proof. generalized log-sum inequality (1) &M L TR & &5.

m (out)
DWAWB) = -3 a1, f(m)
=1 aj
m n (in)
i S b W
= —Zza'(;n)wﬁlnq——l——(—m-»—
j=11i=1 Zz—l i W
m n b(m)W
S ) Wi e
j=ii=1
n (in)
— {in) J
= =2 a ey
=1 2
= D,(A[B)

q.e.d.

2117



218

2 Quantum Tsallis relative entropy

Definition 3 p,0 % 220 density operators £ 35. 0<¢<1 HLT RTEREND
Dy(plo) % quantum Tsallis relative eniropy PR

1~ Triplcl~9]

Dy(plo) = 1-g
¥ 7~ Umegaki [14] & & = T quantum relative entropy REROEIICEBRENTND Z LT
5. _
U{ple) = Trlp(log p — loga)].
Dyplo) # 0 < ¢ < 2 KWHHRLTERT D & Handv. b 0<g< LT
21T

s q
Dy 4{plo), 1 < < LTI Dylplo) BEESND LT3,
Proposition 3 kD (1), (2) ALY LD
(1) Dy(plo) < U(plo) < Da—g(ple) for 0< g < 1.

(2) Da—glplo) < U(plo) < Dylplo) for 1 <g < 2.

Proof. £FED 2> 0,t >0 XX LT

— gt zt—1
<logz <

RV SIODTEED a,b,t >0 KH L TRORERNZED.

1— aq—tpt a atb™t —1

o(— ) Salogy Sal—5— )- (2)
p=S NP, o= 1iQ; EARY FAGRETHE Y, Pi= 3, Q5 =1 ERbROTH
REE5.

14t~
Tr[vp at P _ pllog p — log o)]
1+t -t
= ZTr P{E—Z——2 _ p(logp — log)}Q;]

i

Z( Attt — ;/\i — Aslog As + N log i )Tr[PiQ;] > 0

B ORERT (2) DEROREXMLELND. LERoT
Trip(logp —logo)] < %Tr[pl+ta,_t ~ 4.

ERMORERLFEZRICLTEORS. LERST 1-g=t(>0) &BiJiL Proposition 5
(1) 2185, £t g—1=1#(>0) & Bi}L Proposition 5 ® (2) £H5. q.e.d.

p, o strictly positive operators {25 L C relative operator entropy S(plo) #* Fujii-Kamei [4]
WKLo TRO LI ITERS N,

S(plo) = p* log(p™2ap™ /)12,



Z I T p,o B commutative D& X
Ulplo) = ~T7[S(plo)]

ThHILIHLATH S, —F Hiai-Petz [8] ICL » TROBURH Y AT & AR I,
Ulplo) < =Tr[S(plo)].

% 7= Yanagi-Furuichi-Kuriyama [15] 2 X > T 0 < ¢ < 1 2% L T Tsallis relative operator
entropy Ty(plo) BRD LI IZER S, -

p1/2(p—1/20_p—1/2)1—qp1/2 -p
1-g¢ '

Ty(plo) =
DL ERPBEY L.
i Ty(plo) = S(elo).
*7- p,o 2% commutative D& FRBLY IS LIIHOHLTH S,
Dy(plo) = —Tr[Ty(plo)l-
E BITHDER Y 3L,
lim Dy (plo) = U(slo).

Theorem 1 p,o % strictly positive density operators &35, ZDEE 0<g<1ITHL
THBEL Y 322,
Dy(plo) < ~Tr(Ty(plo)]

Proof. a-power mean i, KD LI IZERIND.
AfoB = AVHATVEBATY 2 A2,
(8] © Theorem 3.4 L VEED a € [0,1] KX LT
TrleAtaeB] < Trie(—=4+eB),
A=logp, B=logo LB LREHL.
Tr(pao] < Tr[el"g"lmﬂ"g"a].

= = Golden-Thompson inequality & ¥ fEE ¢ Hermitian operators A, B {25 LT TrieAtB] <
TrledeP] BEY IODTRBBLND.
T,r{elogp‘_"+logzr°‘] < T,r[elogp"“eloga-“] - T,r[pl—ao.a]‘
Lo T . '
t,r{pl/Z(p—l/QO_p——l/Z)o:pl/2} < T’!‘[pl_ada}.
IITa=1—g LBFEI. qg.ed.

Corollary 1 (Hiai-Petz [8]) p,0 % strictly positive density operators &1 B L EWMA

Y ro.
Trip(log p — logo)] < Trplog(p'/*a™*p'/%)].

218
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Proposition 4 p,o % density operators &%, 0 < g <1 IZHLTRD (1) ~ (4) N5
3D,

(1) (Nonnegativity): D¢(plo) = 0.
(2) (Pseudoadditivity):
Dy{p1 ® palo1 ® 02) = Dy(p1]o1) + Dy(p2loa) + (g — 1)Dq(p1l01) Dy(p2]02).

(8)(Joint convexity):

DY 2ol Y Njoy) €3 AiDglpslos).
i 7 j

(4)(Invariance): unitary transformation U (25 LT
Dg(UpU”|[UcU*) = Dy{plo).

Proof. FED £ >0,y>0,0<g< 1 iZHLT
T — xiyt 9

—~(x—-y)2>0
1-4¢

flgz,y)=
B IO THREES.
Dy{plo) = Trlp — o).

p,o B density operators THHDT (1) BELND.

(2): EREOHETHELND.

(3): Lieb’s theorem X 0 fEE D operator Z LAEE®D 0 < ¢ < 11Cxf LT functional f(4, B) =
Tr|Z*A*ZB'™| X positive operators A, B 122V jointly concave TH 2.

(4): Stone-Weierstrass approximation theorem 2H W5 LHLHTHD. g.e.d.

Theorem 2 {TE® trace-presearving completely positive linear map & LEED density
operators p,o & 0 < g < 1 IZH L TRMPALY SLD.

De(2(p)|2(0)) < Dylplo)-

Proof. [9] & RARICTIUT LW,

F 4 composite system AB 12381 T partial trace Trp {28 LT Dy(plo) ® monotonicity
BIHT 5. pAB oAB % composite system AB (23317 % density operators &3 %. [10] &
Y ¥ & S 7% unitary operators U; & probability p; BSTFEET 5.

1 *
P ® o= > I @U)p B U;)",
j

7272 L n X system B OWKTE, I IE system B @ identity operator, p# = Trp[pAZ],04 =
Trplo?B] T 5. Tsallis relative entropy @ joint convexity & unitary invarinace & ¥ k™
BERXEE5.

Dy )

S " piD (I @ Uy)p B @ U |1 © U)o P (1 @ Uj)")
J

ijDq(PABlUAB)

= Dy(r*Pl"P).

IA

i
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1 1
Dy(p" ® ~|o* ® =) = Dy(p*|o?),
LOREBD.
Dy(Trp[p?B)|TralcP]) < Dy(p?2|0*B). (3)

[11] & 9 {EFE D trace presearving completely positive linear map ® |1 total system AB L
@ unitary operator UAB L subsystem B £ projection(pure state) PB ToOEDEIIIR
nand.

B(p?) = TralU*P (" @ PEYUAP)"].

L7etso T (3) & Dy{plo) @ unitary invariance ZHEMAND LRERFD.
Dy(®(p*)|8(c™)) |

DU(UAB(pA ® PB)(UAB)*!UAB(UA ® PB)(UA_B)*)
D,(p* ® PBlo* @ PB)

D(p"ct).

IN

q.e.d.

Corollary 2 (LB @ trace-presearving completely positive linear map © & EED density
operator p & 0 < g < 1T LTIRBAL Y L.
Hy(2(p)) = Hq(p),
=L ]
TriX9 -1
Hy(X) = —1-q

13 quantum Tsallis entropy TH 5.

3 Generalized Tsallis relative entropy

Definition 4 F& D positive operators A, B EfEEDEHK ¢ € [0,1) IR/ LT D4(Al|B) &

K 5 I TERT B, e r
D,A)B) = A f[q 3

Lieb’s concavity theorem & ¥ JA3EEY 32D,

Dy MAN Y AiBs) < 3 AiDalA4ilIBs), 4)
i j i

ERL N> 006 =1) T2

Theorem 3 {E5 ® positive operators Ay, Az, B1, B2 LEED 0<g< 1iHLTRD
subadditivity B 0 31D,

Dy(A1 + A2l|B1 + Bz) € Dg(As]|Br) + Dy(A2l|B2).- (5)

e

Proof. [EEDEK o, B, {EE® positive operators A, B 1Z5%f LTHRDBEY S22 LITHER
T 5.
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Dy(aAl|BB) = aD,(A]|B) — aln, g-Tr[Aqu‘q}.

(4) & D {EED positive operators Xi, X3,11,Y2 & FED A, (M + A2 =1) IKHLTKE
B5. ,
Dy(M X1 + M Xo{ Y1 + 2aY¥a) < A Dg(X1][Y1) + A2 Dg(Xa||Y2).
TIT A =M Bi= Y i=1,2) B

A . B
Dy(A; + As||Bi + By) < ,\IDq(/\—iuf) +AaDy(

Ay Ag

25D

LERoT (5) LY RERABLNS. ged.

Theorem 4 {E£E® positive operators A, B LALE® 0 < ¢ < 1 I L TRORERSRY
3D,
Tr[A] — (Tr[A)4(Tr(B]))'

D,(41/B) > = L

Proof, Holder’ inequality & ¥ Tr[|X|*] < oo, Tr[|Y[f] < 0o &Hi/=EE D bounded
linear operators X,Y & 1/s+1/t =1 2@ TEED 1 <5< 00,1 <t <0 R L ClRAS
D 3D,

|TrIX Y] < Tr{|X {9/ TrilY |'T".
T CX=AY =B s=1/qt=1/(1—-¢q) B
Tr{A?B* 9] < (Tr[A)Y(Tr{B)' 7
PBEONERICES. qe.d.

4 Tsallis relative operator entropy

Hilbert space H £ bounded linear operator T & fEE® z € H iCx LT (Tz,x) 2
itz 3 & & positive LV T >0 LEbd, £ T invertible 73D positive TH D
strictly positive &\ T > 0 &#Fb7. Tsallis relative operator entropy i£K™ & 21
ha.

Definition 5 ([5]) A>0,B>0 & 0 <A< L IAHLT

A1/2(A—1/ZBA-1/2)AA1/2 — A
A

% A & B OE® Tsallis relative operator entropy & EXRTSH.

Ty(A|B) OEAHMEE L 5] T5Z RT3, I I Tl Tsallis relative operator entropy
% B\ T Shannon type @ operator inequality & Z M3 inequality %52 5.

0%
L&
E#&

Th(A|B) =

Theorem 5 {A;, As,...,Ax} & {B1,Bs,...,Bn} % Hilbert space H Lo strictly positive
n n
operator 5725 2 ODHT ZAJ- = ZB,- =TI 2 TETE ZOLERBEY LD,

j=1 J=1

" T ABTA)TY T
0> ZTA(AJEBJ) > (ZJ—I J 3A J) .
j=1
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HEERIC H7- W RD Lemma ZHSEL T5.
Lemmal t >0 #FEETBHEERD A0 < X< 1) BT 5 inequality HSEL YD LD,

-1
<t—1.

Proof. ¢ =1 DLEFALE. tF£1 LT 5. FQA)=A(t-1) —tP+ 1 ERL. ZDEE
F(A)=t—1-trogt 22 F (A) = —t*logt)? < 0. L7z#>T F(X) i concave function
ChB. F(0) = F(1) = 0 i biReas. qed.

Proof of Theorem 5. Lemma 1 X ¥

Al/Z(A—-l/‘ZBA-—l/?)AAI/Q — A _ g (A—I/ZBA~1/2)A - IA1/2
A A
< .A1/2(A—L/ZBA—1/2 . I)A1/2
= B-A4,

FELASOB>020<ALL LEB-T

n AV ATVB AT AR - A
Sy - YA BATVA 4
i=1

A

[
.IL

i
(]

<

M:

(Bj — Aj) =0.

e
o

B0 inequality LEEWTS. fla) = —z7>, G = AY? 130 X; = AYPB7TAY? k< ok
{2 & 9 Furuta [6] ® Proposition 3.1 %ﬁﬁﬁT% é:()l’\%{%é

N 172, A1/2 1 41/2\ 41/2\—A 1/2/ 11/2 o1 41/2y—x 41/2
~(3 A AR AT A T 2 —ZAJ' (457 B; A7) A
i=1 =1
Lo T
(Z AjB7TA)T < ZAW(A“WB AT A
Jj=1
W 2 FER %'.’5'-“67’,5‘5. g.e.d.
Theorem 5 @ corolary & L°C Furuta [6] IZ & - T# b7z Shannon inequalty & ZOWHE
O inequality @ operator FRICHS T2 L OB /LD,
Corollary 3 (Furuta [6]) {A41,42,...,4n} & {B1,Bs,...,B,} % Hilbert space H o

strictly positive operator 125725 2 2DFIT ZAf = ZB,- =1 &HETLTE. 208
Jj=1 Jj=1

EWMBEY L.

0> ZA§/2(1ogA;1/2B,-A;1/2)A}/2 > —log[3 4;B7 Ay,
i=1 F=1

Corollary 3 i [6] @ Corollary 2.4 D 145y ToH 5. RO section TIE—RIL &h e Tsallis
relative operator entropy #H L E&EL, TOHHZHD.
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5 Generalized Tsallis relative operator entropy
relative operator cntropy & rclated operator entropy & B HE 5.
Definition 6 A >0,B> 0 IZ# LT

S(A|B) = AY*(log A"V BATIP AM?

i3 A X B O® relative operator entropy &EHR SN D, ZiUZ Fujii and Kamei [4] (25>
THEANT. - A>0.B>0 & Xe R IEH LT, generalized relative operator entropy
7 Purnta [6] Ik > TRO XS CERENT,

S\(AIB) = AVA(ATVEBATY ) M log AT/PBATVA) AP,
A5\B = AV ATV IBATVAD 412,

597 S(A|B) = So(A|B), A% B = A, A5 B =B L7325 LITEETS.

Tsallis relative operator entropy 2RO L 51 —R{kT 5.
Definition 7 A>0,B>0, M p e R A0, ke ZIZHFLT
AzppiaB ~ Abjp -1 B

A
% generalized Tsallis relative operator entropy L T 5. FHIA£ 0 IZH LT
AB - AnB _ AMHATVIBATYA AR — 4
A A

j:}l':k»’\(A'B) =

To12(A|B) = = T\(A|B).

Sir(AIB), Spapra(AIB) & Tk, (A|B) ORIOBHRIZ DV TH~D
Proposition 5 A >0, € R, k=0.1,2,... ® & ZEKARD 7.
(1) Su—(rrnalAIB) € Thp1,-A(AIB) £ Su-ia(A]B).
(2) Sprin(AlB) < TririMAIB) € Sppprnn (A1B)
Proof. A>0,p R, k=0,1,2,... D& & {LHED t > 0 12 L TR inequalities 3%,

= (k+1)A u —kX

tp,~(k+l))\ Ing < < t/.t—k:\ l(}g t,

(DN _ gtk

R ogt < < g EFA 00,

Lo Tt & A"VPBATY? CREMAZTIIC AY? 2005 28Itk ) BEEOREAS.
q.e.d.
E=0 XX 1 o:LEROLITRD.
Corollary 4 A>0,B>0,ucR A>0 DL ZE
Su—‘ZA(A}B) < Tp-'l—«\(AiB) < S,,,_)‘(AIB)
f;t.,l,——)\(AlB) S S!,(A(B) _<. T-,I,A(AEB)
Surr(AlB) < T2 A(A1B) < 8,422(4]B).

IN A
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BRI n=02=1 B LREGS.
Corollary 5 A>0,B >0 2% LT

~2(AIB) < To2,-1(A|B) < 5_1(A[B)
To 1,-1(A|B) < Sp{A|B) < Tp,1,1(A|B)
S1{AlB) £ Tn,:z,l {A|B) < S2(A]|B).

INIA

S_s(A|B) < AB™'A— AB~'AB~'A < 5_{(A|B)
A-ABT'A<S(AIB)<B-A4
Si(A|B) < BA™ B — B < S3(4|B).

IN A

MBS LT S0y Skl A |B))s sumT_y Spergeenn(A41B)) & T s Tupr1,22(451B)) @
OB E RS 5. 1771 A; > 0,B) >0 1k Y0, Aj = Sory By = I 2T RS,
A>0,peR, k=0,1,2,.. CD"%&’*H%

S Suern(Ai1B1) < 3 Thpsr,-a(441B)) < s ~a(A51B;),

J=1 J=t j=1

Zs,,w(A rB)<ZT,LL+H (4,1B;) Z kA (451B5).

j=1 i=1
E=0 Xk 1 &B ERESRD.
Corollary 6 A>0,B>0, R A>0DEZ

7n

is —ax(Aj|Bj) £ qu.,?,—/\(AjiBj) < Z 8,-x(4;]B;)

J=1 Jj= J=1

ZT,..,L_A(AJIBJ) < ZS,,,(AJFBJ) < pr,l,A(AﬂBj)
j=1

j=1 J=1

3

IA

IN

Z S, (A;1B)) < ZTu,z,A(Alej) < ZS},,+2).(A3'|B;‘)-

j=1 Jj=1 Jj=1

BHZ p=0,A=1 &< & [6] ® Corollary & (3 iR E2TFD.
Corollary 7 Y."_ A; = Y1, B; = kW= 1 A; > 0,B; > 0 ILH LTRERD

Zs_ (4;|B;) <ZAB 145 - ZAB 1AB—1A

j=1

ZSAI(AJ‘[BJ) <I- ZAJ'BJ.‘IA Z S(A;1B;)
= = =

IA

IA

k4
ZSlAlB <ZBA-1B -I< Z (4;]B;)-
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