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1. PRELIMINARIES

Let N, be the set of all absolute normalized norms ||-|| on C2, that is, [|(z, w)| =
(|2, lw))|| and ||(1,0)]| = |(0,1)]| = 1, and ¥ the family of the convex (continuous)
functions on the unit interval [0, 1] with

(1) $(0) =9(1) =1 and max{l-tt}<¢E) <1 (0<t<1)

By (Bonsall and Duncan 3], see also [16]), If, for some |- || € Na, a convex function
1) is defined by
Py =ll1-4n) (0<t<1), 1)

then the function v is convex (continuous) and satisfies (1) and conversely, if, for
any ¥ € ¥, a norm || - || is define by

(2, )y = OZH‘””’/’(lz]]gglwg) if (2,w) # (0,0),
o 0 if (z,w) = (0,0),

(2)

then || - ||y is an absolute normalized norm on C? and satisfies (4). The {,-norms
| - || are typical such examples and for any | - || € N, we have

oo <l 1< - Hi (3)

([3]). By (4) the convex functions corresponding to the £,-norms are given by

'%bp(t) = (4)

{1 -t + 37 if 1 <p< oo,
max{1 - £,t} if p = co.

Let X and Y be Banach spaces and let ¢ € ¥. The 1-direct sum X @y Y of
X and Y is the direct sum X &Y equipped with the norm

Iz, Yl = =, Tyl v, (5)

where the ||(-, -)lly term in the right hand side is an element of N, with the
corresponding convex function 1. The following monotone properties were proved.



Proposition 1 ([3]). Let X,Y Banach spaces and ¢ € ¥. And let (2,y), (2,w)
€ X &, Y. The following hold:

() llll < l|2]} and |ly]| < il implies {|(z, 9l < [|(z, wlly-

(ii) llo]| < ll2]| and ||yl < ljwl] implies, {|(z, Y)lly < {2, w)lly-

Proposition 2 ([17]). Let X, Y Banach spaces and 1 € ¥. And let (z,9), (z,w)
€ X @y Y. The following hold:

(i) llzl < || and [ly|| < fjwl}, or,[lz]| < llzll and [iy]| < || implies [|(z, y)ll» <
I Wl

(ii) For t € (0,1), ¥(t) > ¥oo(t) holds.

Proposition 3 ([10]). Let X,Y Banach spaces and ¢ € ¥. And let (z,y), (2, w)
€ X @y Y. The following hold:

(i) Let |zl < |zl and {y| = fwl. Wz, w)lly = [I(z,9)lly if and only if
1€z, w)lly = [l

(i) Let | = [lz|l and llg] < Jwl. [(zw)lly = [(z:9)]s if and only if
Iz, w)lly = 1]

Let Y be a Banach space and P a projection on Y. P is called an L(M)-
projection if z = || Pz} -+ ||(idy — P)z|l(max{|z|, || (idy — P)z||}) for all z € Y,
respectively. Let X+ C X** be annihilater of X, ie. Xt = {we X
w(z) = 0,Vz € X}. A closed subspace X C Y is called an L(M)-summand on
Y if X is the range of an L{M)-projection on Y. It is said that X is an L(M)-
embedded Banach space if there exists a closed subspace X C X** such that
X = X @1 X, (X** = X* & X1).(CEf [8].) For some % € ¥, we shall introduce
(¢*)-embedded Banach space if there exists a closed subspace X, C X* such
that X™ = X @y Xs(X™ = X* @y X ).

Let {z,} is a sequence of a Banach space X, it is said that {z,} spans an
asymptotically isometric copy of Z1 if there exists a nonincreasing sequence {8} C
[0,1) tending to 0 such that

2(1 — dp)lem| < | Zanwnli < Z!anl

for every {o,} € £1. In this case we will denote Zn ~(asy) /1.

The abstract measure topology (7,) is defined by considering the class of con-
vergent sequences.(Cf. [8].) Namely, if {z,,} is a sequence in a Banach space X,
we say that {z,} tends to 0 in the abstract measure topology (ry — limy z, = 0)
if {x,} is norm bounded and every subsequence {2y, } contains a subsequence
{a:nw} such that Tn,, ~(asy) ¢ or Tn,, — 0. A sequence {z,} tends to x in 7, if
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(1u — limp(z, — %) = 0) and a subset A C X is 7,-closed if it is 7, -sequentially
closed.

Pfizner[13] proved the following theorem.

Theorem A.([13]) Let X be an L-embedded Banach space (X** = X &1 X,).
Let P be the natural projection on X** with range X, and consider C C X which
is closed, bounded and convez. Then the following two assertions are equivalent:

(’l,) P(CZU(X**,X*)C) = C.
{it) C is closed for the abstract measure {opology.

By Thoerem A, Japén Pineda[14] proved the following theorems.

Theorem B.([14]) Let X be an L-embedded Banach space. If C' is a conver,
bounded, closed for the abstract measure topology, subset of X which is diametral,
then C' is weakly compact.

Theorem C.([14]) Let X be the dual of an M-embedded space E. Then the
abstract measure topology 7, s finer than the o(X, E) topology on bounded subsets
of X.

Theorem D.([14]) Let X be the dual of an M-embedded space E. Then the
following are equivalent:
(i) X has the o(X, X*)-FPP.
" (i) X has the o(X, E)-FPP.

By introducing the concept of 9*-embedded Banach space F, we obtained a
generalization of Theorem C.

Theorem 1. Let X be the dual of an Y -embedded Banach space E with
P > tYeo. If C is a o(X, E)-compact subset of X which is diametral, then C is
weekly compact.

By the Theorem 1, we obtain a generaization of Theorem D.

Theorem 2. Let X be the dual of an ¥*-embedded Banach space E with
P > Yoo. The following are equivalent:
(i) X has the o(X,X*)-FPP.
(ii) X has the (X, E)-FPP.



Banach space X has Schur propety if every weakly convergent sequence of X
converges strongly.

Using a Dominguez’s generalization of the Garcia-Falset coefficient R(X),
M(X)([6]) is defined by

M(X):sup{ﬁl-(ai:%:azo},

where
R(a, X) = sup {lm nflz, + 2]} ,

where the supremum s taken over all a > 0, = with ||lzf < a and weakly nuil
sequences {z,} of the unit ball of X such that its double limit of {||Tn — Tm || }nm
erists and limlim ||z, — 2| < 1.

n w

The following theorem is known.

Theorem E (cf. [1]). Let X be a Banch space. If M(X) > 1, then X has weak
fiexd point property.

The following two lemma have important roles for proving Theorems5.

Lemma 1. Let {:cn I {y(k)} of a Banach space X be nonzero double sequences
with limg,_se0 i|x§, )H > 0, limp o0 §|y7(1k> | > 0 for each k. The following are equiv-
alent.

() lim lminf o) + ) = i lim (o] + ).

2% y(k)
(i) lim liminf —& ”k)
koo meo |12 |yl

Lemma 2. Let {z(k)} {y(k)} of a Banach space X be nonzero double sequences
with limy, e |§:rn || >0, limpe0 Hyr(zk) | > 0 for each k . The following are equiv-
alent.

() lim liminf |zt + y{B)|| = hm hm (Hx“‘ I+ @),

k—oo n—
(ii) For every a > 0, the following holds:
lim liminf |z + ay®| = hm hm (||x(k)|[ + allg$E))-
(oo

k—roo N

(iii) For some a > 0, the following holds:

lim hmmf [z (k) +ay(k)1| = hm hm (H:z B+ ally““)H)-

k=00 T
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In [9], Property M was introduced to be a necessary and sufficicient condition
of that K(X), the Banach space of all linear compact operator of a Banach space
X, is M-ideal in L(X), the Banach space of all continuous linear operator.

X has property M if lim inf ||z, — z|| = liminf ||z, — y|| for every weakly null
sequence {z,} and z,y € X with |z]| = [|y/|({9]). In Lemma 2.1 of [9], he showed
that X has property M if and only if liminf ||z, — 2| < liminf ||z, — || for every
weakly null sequence {z,} and z,y € X with |z|| < {ly|-

We gives another characterization of Propety M by using a norm of ¢-direct
sum X @&y X.

Theorem 3. Let X be a Banach space. The following are equivalent.

{(1)X has Property M;

(2)For every weakly null sequence {z,} of Bx, there exists ¥y € ¥ such that
lim inf, |z, — = = ||(liminf, ||z, |z]){ls for every z € Bx.

By Theorem 3, we can prove the following propostion included in [5] without
proof.

Propostion 4.([5]) Let X be a Banach space with Property M and {z,} a
sequence converging weakly to . Then

lim inf ||z, || < lim inf im inf |z, — Zp || + ([|2]| V iim inf ||z, — 2 — lim inf |2z, — z|}).
K m n n n
We recall that
R(1, X) = sup{liminf |z, — z|| : ¢ € Bx,%pn € By, z, converges weakly 0,

liminf , liminfy, ||z, — 2m| < 1}

Theorem 4. Let X be a Banach space. If X has property M, then R(1,X) <
3, ie M(X)>5>1

We shall prove the following theorem by Propostion 2 , Lemma 1 and Lemma 2.
Theorem 5. Let 9 £ 1. M(X@®,Y) > 1ifand only if M(X) > 1and M(Y) > 1
By Theorem 5 and Theorem F, we obtain weak fixed point property for X @, Y.

Theorem 6. Let ¢ # ¢1. If M(X) > 1 and M(Y) > 1,then X @y Y has weak
fixed point property.



Theorem 3 and Theorem 4 provide the following corollary.

Corollary 1.([5]) Let X and Y be Banach spaces and ¢ € V. If X and Y have
Property M and o # +1, then X @y Y has weak fized point property for nonezp-
nasive mappings.
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