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1. INTRODUCTION

For a non-cooperative game Nash [5] proposes a concept of equilibrium which is well-known
presently .as the Nash equilibrium point (NEP): For simplicity we consider a t';m“person game.
Let M, (x, y)be the expected payoff of player i(=1, 2) when player 1 and 2 follow mixed
strategies x and y respectively. The pair of strategies (x', y') for both players is a NEP if and
only if the following relations hold.

Mi(x*, y*)=ijM1(x, y‘) ' .y
Mz(x" y*')zm;XMz(acaa Y) @)

The NEP is commonly used in the area of micro economics, but has the following problems !

(P 1) Many non-cooperabive games havg two or more NEPs. In such a case the NEP can not become
a guiding principle for a player to select his desirable strategy.

(P 2) In many game experiments it is reported tﬁat even if the game has a unigque NEP, many
players do not use their Nash equilibrium strategy. Fox_"example, Minas et al. [3] reports
that forty three percent of all subjects have used the pure strategy “cooperation” in the

prisoner’s dilemma game in which {(defection, defection) is a unique NEP.

For the purpose of resolving the first problem (P 1), many investigations have been

performed in two directions *

(a) The purification of equilibria : Selten [6] defines a subgame-perfect Nash equilibrium for a
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dynamic game with complete information. Harsanyi [1] defines a Bayééian Nash equilibrium
for a static game with incomplete information. Furthermore a perfect Bayesian equilibrium is
defined for a dynamic game with incomplete information.

(b) The selection of a desirable equilibrium : Selten and Harsanyi [2] try to structure a general
theory with resﬁect to the selection of a unique NEP in a non-cooperative game by introducing
five concepts ( 1) the payoff dominance ( 2 )-the risk dominance (38) traﬁing procedure (4)

isomorphism and (5 ) subgame consistency.

For the purpose of resolving the second problem (P 2), Nakai [4] proposes a subjective game.

Considering subjective distributions on some motives, he explains the variety of strategies selected

by pldyers..

In this paper we propose a method of indicating a desirable strategy for a player by combining a
subjective game with the payoff and risk dominances. We call this method by thé SEMD method
( the selection of an equilibrium by motive distributions ). This method weeds out the less desirable
NEP$ by two criteria, the payoff dominance and the risk dominance, cailculates‘probabih',ties of

realization for all possible NEPs based on the subjective motive distributions, and finally asserts
that it is desiranle for a player to select the strategy indicated by the NEP having the maximum

probability of realization. This method is not perfect, that is, it may ocgur that it can not select a
unique NEP strictly, but this method is quite useful for many cases. We give some numerical
examples for the explanation of the SEDM method. In one of them we can gee that taking into
account motive distributions, a point not being a NEP of the original game may be gelected as a
desirable point. Therefore we can explain the variety of selections of players. Thus we can somewhat

resolve the above two problems (P 1) and (P 2) by the SEMD method.

2. THE "SEMD” METHOD

We consider a two-person non-cooperative finite game
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player 2
ﬁl e ﬂn

(041 (all,bll) cen (Qlu,b]n)

G : playerl (3)

am (Clml,bml) (amn,bmu)

where ay(bs) denotes the payoff of player 1 ( 2 ), given that player 1 and 2 use pure strategies
oyand S, l'ésﬁ)ectively (i=1,m ;j=1--,n). We consider that each player selects his strategy

under one of ! motives mymaz,---,m . We can give some examples of motives as follows

mi  maximization of his own payoff ( selfish motive )

mz : maximization of the social payoff ( the sum of both player’s payoff) ( coexistent motive )

ms  minimization of the opponent’s payoff

ma maximization of the winning probability

ms - maximization of the probability of not losing

ms - maximization of the difference between his own payoff and the opponent’s payoff

Let a;(b;) be the payoff of player 1 (2) when player 1 and 2 select flle pure strategies «, and g,

respectively and when player 1 (2) follow the motive m_, for example,

— Z —
a; =0ay , ay =a, +by
3 4 +
a4y = by : 4y = sgn(ai] "bﬁ) (4)
5 + 6
o =1-sgulb, -a,) : af =a, ~b,

where the symbol “sgn” denotes a sign function

‘ 1 x>0
sgn x=10 x=0 (5)
-1 x<0

and x* isthe positive partof x, thatis, x* =max{x,0}.

We consider a certain player P (1 or 2 )) and assume that the player P thinks that player 1
follows a motive distribution A={4,,A) and that player 2 follows a motive distribution
g = (01,---,9,,> where A,(6,) is a probability that the player P thinks that player 1{ 2 ) follows the

motive m,. We define a subjective game of the player P by the bimatrix
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G;(A, 6)———[(5,.], &j')]lsism, lsjsn} (6

' ! ~
where d, =Y Aa; and b= 25’;[7; .
s=1
That is to say, the player P feels sure that he faces to his subje.ctive game G, (A, 5) .

Selten and Harsanyi (2] introduce concepts of the payoff dominanee and the risk dominance.

DEFINITION 1. A NEP (x', y')payoff dominates strictly another NEP (%, §) if and only if
M (<, )= M(% §) for i=1,2 ' )

which denotes that the NEP guaranteeing more expected payoffs to both players is desirable.

DEFINITION 2. A NDP ( , y') risk dominates strictly another NEP (%, §) if and only if
(e, y)-mnls 5, 57)-a6(, 5)
(901, )} i U3

which denotes that the product of losses for players’ deviations from the NEP ( y*) is larger

&)

than the corresponding product from the NEP (:EJ y ) . The inequality (8) means that both players
consider that the NEP (JE, )7) is more risky than the NEP (x', y') .

Next we propose the SEMD method indicating a desirable equilibrium to the player . We put
K={(i Jisisl, 1=j=I i,j:ioteges) (9)

For any (i, )EK let G be the subjeotwe game when player 1 and T follow motives m, and ; m,

respectively. Furthermore let §; be the set of NEPs of the subjective game G;. We put
S= U S,. (10)

For any subjective game G, let ,SN’# be the set of NEPs which are not payoff and risk dominated by
other NEPs of the game G, . For a pair (x, y) of strategies of both players in the gamé G, we
introduce the following function:

yf{”EU“_I i (xy)€ES,

‘otherwise,

(11)

where ”f,} n is the number of elements of the set S’ij .’
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Let A (8) be the motive distribution of player 1 (2 ) which the player P thinks. We consider that

Whel‘l there are two or more NEPs, each NEP occurs with equal probability. Then the realization

probability of NEP (x, \ y) for the player P is given by
plx, y)= (i,%‘a’}vﬁjly (x, y). (12)

Therefore we consider that the player P should aim at the realization of the NEP (xf, y') having

the maximum realization probability, that is,
Pl ¥')= max plx v). (13)

Summarizing the above discussion, we obtain the SEMD method as follows :

The SEMD method
Step 1: We obtain all NEPs of all subjective games G, (i,j=1-,1).
Step 2 : For each G, we weed out a NEP which 1s payoff dominated by another NEP of
G

Step 3 For each G, we weed out a NEP which is risk doﬁinated by another NEP of G, .
( Note that the payoff dominance takes priority over the risk dominance.)

Step 4 : For each of the remained NEPs, we calculate its realization probability based on
motive distributions A and 6 eof both players which are subjective thought of
the player P.

Step 5 : The player P should sélect the strategy indicated by the NEP haﬁng the maximum

realization prob abilitﬁr.
3. NUMERICAL EXAMPLES

In this section we show two numerical examples. Example 1 explains the application of the SEMD
method for selecting one of three NEPs. Example 2 shows that-even though the original gamé hasa
unique NEP, the selected equilibrium point may vary according to motive distributions of both

players.
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EXAMPLE 1.  We consider a nonzero-sum game defined by Figure 1.

player 2

161 ﬁz

a :

G ¢ player 1 1 2’»1 2,3

% 4,1 1,0

Fig.l The game in Example 1
This game G has three NEPg, A=(<1, 0>, (O, 1)) , Bm(((), 1), (1, O)) , and

C =(<1/3, 2/3),‘ {1/3, 2/3)) at which the pairs Iof expected payoff of both players are give.n by
(2,: 3), (4, 1’) and (2, 1) respectively. None of them are payoff dominated by another one. We
shall compére these NEPs from the viewpoint of risk dominance. Table 1 shows the pairs of
expected payoff for strategies selected by both players. For example, if player 1 and. 2 select
strategies (13, 2/3) and (1, 0) respectively, the expected payoffs of zlayer 1 and 2 are 10/3 and 1

respectively.
Table 1 The pairs of gxpected payoff
player2
(1, 0) (1/3, 2/3) (0, 1)
player
{1 0) 2,1 2, 7/3 2,8 4
(3, 2/3) 10/3, 1 2,1 C 43,1
(0, 1) 4,1 B 2, 1/3 1,0

From Table 1 we know that the NEPs A and B risk dominate the NEP C and that there is no risk
dominance relation between A and B. Then Nash equilibrium points can not be yet limited to a
unique one. As criteria for selecting a strategy we consider two motives, m, (selfish motive) and

m, (coexistent motive), which are defined in the previous section. Because G, =G, the subjective

game G,, hastwo realizable NEPs A and B, this is, Sy =14, B} .

player 2
By B,
-
9 2,3 2, B
G, ‘' player 1 :
@, 4,5 1,1

Fig.2 The subjective game G,
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The subjective game G, is given by Figure 2 and has three NEPs A, B and
=((2/3, 1/3), (13, 2/3)). The NEP D is payoff dominated by B. Moreover the NEP B risk
dominates A. Thus G, has a unique realizable NEP B=(<O, B, O)),that is, S, ={B}.

player 2

ﬁ1 ﬁ’z

. |

Gy t player 1 i ke
% 51 | 1,0

Iig.3  The subjective gamei G,

Similarly the subjective game G, 1is given by Figure 3 and has three NEPs A, B and

= ((1/3, 2/3>, <2/3, 1/3}). The NEP E is payoff déminagtedrby A, but there is no payoff dominance
relation betWeen A and B. Moreover the NEP A risk dominates B. Thus G, has a unique
realizable NEP A=‘(<1, 0), (O, 1>), that is, 521 ={A}.

player 2
B, /3?
2 3,3 5.5

G, *+  player 1

% 5,5 1,1

Fig.4  The subjective game G,

The subjective game G,, 1is given by Figure 4 and has three NEPs A, B and
z(<2/3, 1/3), (2/3, 1/3)). The NEP F is payoff dominated by A and B, but there is no payoff
dominance relation between A and Bl. Moreover the NEP F is risk dominated by A and B. Thus
G,, has two realizable NEPSA and‘Bj thatis, §,={4, B}.
Now we consider a certain player P ( 1 or 2 ) and let (A,.1~/"~) ((6, 1—6)) be the motive

distribution of player 1(2) that the player P thinks. That is to say, A (&) is a probability that the
player P thinks that player 1 ( 2) follows the motive m,. Then we can obtain the realization

probability of each NEP as follows -
L . ! (14)
p(A)*——)»ﬁ»!—(l A)0+= (1 A)(l~6)=5(1+9»7x) .

p(B)=%A6+k(l~6)+%(1—l)(1—0)aé—(l—ﬁntA) (18)
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Then if A {:} 8, then p(4) {:} »(B).

Therefore if ;)l;yer 1 is more selfich than 2, then the player P should aim to the NEP B. If the player

P is player 1(2), he should select the pure strategy a,(f,). Thus considering subjective games we

could limit many equilibrium points to a unique one.
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