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Ando-Hiai inequality and Furuta inequality
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1. FLBHIZ. X 67 TRLEEHZE LB BETT. 4, B il Hilbert space LD
positive operators & L¥4", {EH L A > 0 (resp. A > 0) T A I positive (resp. positive invertible)
operator ¥R THD L LTREET., FTTIAFREXOEENLHEDEL X 5 [8,[9].

Furuta inequality: IfA> B >0, P (1+7)g=p+r
then for each r > 0, \ p=4q
() AP > (AR praf)} \\\\\
Q
d R
an .&\\
(F) (B:4PB%)% > B 1|y
holds for p and g such that p > 0
and ¢ > 1 with 0 1 1
(1+r)jg2p+r. -r Figure 1

CHERDL T F— e N Y TREXDWREBR L L OT, BHHABBLFIATHET. £
TEXONEHIIZOZ L ERARIIRTLOTT.

Loéwner-Heinz inequality:
(LH) A>B>0 = A*>B® forany acl0, 1.

L LBB BRI B (F) 2AR - 28 [17) I £ » CHA SR ERR RO SECE L THE
T T 2T 5 DI a-power mean (or generalized geometric operator mean) & FE{ZIL TV 3 EH
REHTRO LI CEAbNET [2,113].

Ate B=A¥(A"1BA™1)%A} for 0<a<1.
a-power mean 2 3 & TAFAXERIKRO L I CRT I LR E T
(F) A>B>0 = A"'ﬁ%B?SAfor p>21 and r>0.

ERB/REHEAVEIRERZ 52 20 TR LI (F) 2RO L 3 ICEET 3 2 LASHE I L E satellite
inequality & FRURE L7z [13].

(SF) A2B20 = A7y BPSB<A for p>1 and 720,
Prr



2. IASFREROEREGIFER. AEBLLE (13 OEHLEBEL X ) BN S
¢, (F) Xit (SF) OAKIE Theorem 2 1252 5 (C) ThBHZ LRbMY % L. TR lemma
E5ZTHEEELLS.

Lemma 1. IfA>B >0 andp >0, then

Ao BP<]

7w
holds forn=1,2,... and p 2 0.
Proof. We prove this by induction. Since A1 § s BP < B § . B? = I, we have the case

n = 1. If this holds for n, that is, A™" §_»_ BP < T or (ABBPA%)7#% < A™, then it implies
(AT BPA%)#% < A by (LH), then

—rp=1 . 2 -1 z —_n
A f ooy BP=A"H(AT Y ATBPAT)AE
2 n . S n n —_ —
< ATH((ARBPAR) TR an ATBRAT)A T=A"fa BPSIL

THERVDI LT (C) WAL S KBLRET.

Theorem 2. IfA> B >0, then
(C) AT fors BP<I
holds for allr > 0 and p > 0.
Proof. Thecase 0 <r <1, A" ﬁ;{;—,— BP < BT ﬂ;ﬁ% B? = [, is assured by (LH).
If r = n + ¢ for positive integer n and 0 < € < 1, then
(AZBPAR )T < A°
by Lemma 1 and (LH). Hence we have

ATH . BP=A(¥Oy ., BP
2 FrnTe
—_— —e n p n ___g
AR oy ATB ARA
A F((ATBPAR) 7 | ni ATBPARIATE
ptn+te

ATF(ATBPAT) R AT = A" fa BP <L

tA

i

Theorem 2 274 % F%EX (F) or (SF) OARB 2R TRRELBREET. ERIOEED
5 (F) or {SF) ~TK D lemma H LWBEICBZETE £

Lemma 3. For A, B>0, i A" ﬁ# B? < I holds forr >0 andp > 0,
then A™T ﬁ%_r BP<B for p>1.
P ka

Proof. We here use well-known formulas on f,;

Afa B=Bfio A and Ales B=Ata (Als B).
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Thus we have
AT bﬁ; B? = B? ﬁﬁ{% A"":Bpﬁr;_l (B? ﬂ#’r«? A""y< BP ﬁp_;;l I=B<A
Corollary 4.(Furuta Inequality) If A> B >0, then
() A“’"ﬁ%E B?<B<A

holds for all? >0 andp > 1.

3. hAF 4 MFE. ZhE TR~ b Theorem 2 (LB 5 (C) #H 4T v 2B A> B
DS b LT T &% L [3),[15],[16). 235 4v 7 EFOERIRN L > KEXZbDTT.

A>B <= logA>logB, A, B>0.

(C) BAAT 4y 7 BFOHEEIT L 2o TV 3L LORELLOEZ IR Lidd A>T
LS, AU E->TEZBNFEH T2 0T (18] FEIINUOTEE (x) DLIK
R L CRROER R 5L TVET [11). LrLELOEARZAFIREX(F) 2> THET. &
S TR b (F) T2 < Theorem 2 (C) 282 IE IV L 2RLET. LZLFHIIALEAL
T, BARERDZORROBETT

(%) nlgxéo(f—i- —71;1ogX)“ =X for any X >0.
(¥) & Theorem 2 2fE> Z & T (C) BAAT 4v 7 IEFORE ST L2-> T H I L DFHEREZRD
IPiExpZENTCEET

Theorem 5. For A, B>0, A> B ifand only if A7" §_o_ B < I holds for all ™ > 0 and
p20

Proof. Suppose A > B, then A; = I+ tlogA > I+ Llog B = By > 0 holds for sufficiently
large natural nummber n. Applying Theorem 2 to A; and By, we have

12 A7 §_ae B =(I+ %logA)_“’" b (I+ % log B)"™.

7
Since . .
I+ - logA)™™ — A™" and (I + - log B)"™ — BP (as n— 0)

and A, B are invertible, we have A™" ﬁ;.gr.? BP < I. The converse is easily seen because
(AEBPA%)5F < A" implies (AFBPA%)7+ < Aforallr > 0andp > 0. A>> B is the case r =0,

4. B - AEOBRLILIFEREOBR. STINFFERXLRE - BROEELOH
RIZONTHTVEEL X Y. B - BE [1)([12]) 28T log —majorization OFEREREBL,
Goldenn-Thompson type PSR EETCWET., TOFTERRLELIBRLIFAE THIEEEK
NESIEZLENTHET.

Ando-Hiai Theorem: Ando-Hiai had shown the following inequality:

(AH) For A, B>0,if Afla BLI, then A" §4 B" <1 holds for r>1.



IOMEERVDT & TRE - BAIERO (AHy) RLE LR (1.
(AHp)  A7'fs A"IBPA™R < = AT £ (A“2BPA™3Y" < T for p>1 and r > 1.

HHERZOAEXE (F) LoBE#EEZ—~oOFRERTELOTRLELE 10, 22 TREELOHR
B LB THERREEERE > TRO L S ITR L TH & 4 [14].

IfA> B >0 and A is invertible, then for each 1 <p and 0 < ¢ <1,

(GF) A™ Tﬂ 1—t4fr (A”EBPA 7)"<A1 —t

p-—tl ™

holds fort <r and 1 < s.

ZOFRER (GF) 0EEMiIt=1, r=s DL & (GF) = (AHg),t =0, s=1 DL & (GF) = (F)
ERBZETYT. LHLIIZTH, TOXI2—RETRER (AH) & (F) OBERIC2VTAHT
WEELXD.

Theorem 6. Under the assumption (AH), (F) is obtained.
Proof. If A > B > 0, then we have A~ 113 1 Bq<B‘“1ﬁ 1. B9 < 1. Put g = %, then
At ﬁ - B% < I'forr>1. By (AH), we can obtazn AT e BP < I. The final step is given by

lemma 3
XTHOBRIZOVWTHRIELNET.

Theorem 7. Under the assumption (F), (AH) is obtained.

Proof. If Ate B < Ifor 0 < a < 1, which is equivalent to (A"3BA~%)* < A~%. Let
Ay = A~!, C = A"¥BA~% and B, = C®. Then A; > B; > 0 and by the Furuta inequality, we
have A7" Bigr BY < Ay forr>0, p2 1. Let 7 = ¢ and p = 2<U=%) then 1 = o and

_ Lye(iza)
Aleﬁa Bl “ EAI;

that is,
Af i, cl+e(1—a) < AL
Af ﬂa CH—e(I—-a) = Af ﬁa Cc—l-i—e(l-—a)cv
= Af, C(C™%$_ CTHC > Ao C(A cHe
= A4, CAYARC1AHA O = Ay, ATEBTITeAE
So we have

At g, B < A4, BLI.

5. ¥l - BAOREO—RIL. BHCEHE - BEOEHEO-REEFATREXT. BRdHL
ARHHZ L OH/BERADT!
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Theorem 8. For a € (0, 1) fized,

A, B<I = A"} B*<I for r, s> 1.

T
T=a)jatar

Proof. If A, B < I for 0 < a < 1, which is equivalent to (A~3BA~1)% < A™%. Let
C=A"3BA % and 0<e< 1. ‘

A1+E ﬁ {14 B
Tl—_a)(ﬁﬁ

A (A% Hagrg A"TBAE)AR
A¥(Coe fagto C)A?
ACeA% = Al B< I

IA

So we have

1) AT B<Af§.,B<I for r21

or
—ayvar

On the other hand, 4 §o B = B §1-4) 4 < I is equivalent to (B~3AB~%)!=* < B~ Let
D=B"14B-},

Aﬁ Bl-i—e — Aﬂ Bl+e

per el

— 14€

= B gagup 4

=~ Bi(B Bg-maso B~tAB~%)Bi
14€(l-—a

o
[EETN FETI ="

< Bi(D-U-e)ey e D)B?

= BiIDU-YBi =B , A=Al B<L
So we have
(2) Aﬁn___agmBsSAﬁ,,BEI for 321.

Let Ay = 4", oy = Zl_"gﬁ’ then by (2)

Afa B <Aifa BSAlB<L

Since 7= == a";’s To7» We have the conclusion.

ay
a1)steay
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