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Binary singly even self-dual code (2B L 7=
extremal problem

FALRFREBEERAETIER  SRBE3, (Akihiro MUNEMASA)
Graduate School of Information Sciences,
Tohoku University

20058 H4 H

1 A packing problem

EE, e T4 YERICEB LTI, packing problem & ZRD X 5 ZFIETH
%, Q, % velement set £ L. kA ZILEOBEETE, ZOLE, Q, D k-element
subset @ family B C (gi”) T, BDORR2 20D member 12E2 A HTRHB L9
BLDDHA X Bl DEARELZRD &,

ZOREERML Z L2 &> T, binary code D weight distribution IZHlfB%2 52 5
ZEWTED, C Z&/] weight 25 d D binary linear code & L., u,v % C ® weight
w DER B codeword £ T35, TDEE,

d
|supp(u) Nsupp(v)| < w— 5

BERY 2D, EBEZ I TRVETEE ut+v D weight Bd LD E>TLED
Do TH 5, Codeword & ZD support Z{—HT % Z & ic T, FREORIEDE
6 C D weight w D codeword DEED ERBBSNL I LILR S,

S0 EREB L HDOEETEIL linear programming bound T 3 (Del-
sarte [1))e B () T, Lc{0,1,....,k—1} IcHL T

B,BeB, B#B = |BNnB|elL

EWETET L, B i

k
max{ ¥ a; | (ao,a1,-..,0)Q 20, ag=1, ap_; = 0 (i ¢ L), a; > 0 (¥5)}
1=0
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TEpofIzoND, KL, QiF (k+1) x (k+ D) ITFITZDRIIE
v v J i v1—j
w=(0)-(2)ErEBE? eswen o

WMELT,. v=62,k=7,A=1DEEEHEZI LS, B TIDIE% binary self-dual
(62,31,12] code IWEAMLWVDTIDE I % v,k XA 2ERZ5DTH B, ZOHEA.
L=1{0,1} ADT

1Bl < max{l+a+b](1,0,0,0,0,0,4,6)Q >0, a >0, b >0}
L%%, Q ZHBLIEHEZETE

13a — 49b > —385,
—73a + 49b > —3465

b, MEEOTEZINL 1+a+b DEKREIX. (a,b) 772 HFR 130 —49b = —385,
—73a + 49b = —3465 DM (B W) It BT L BT LAbh B, ThkD,
|B| < 1891/21 (2)
Ehb, B <90 bbb
Z DEHEOKT . @Eﬂﬁ%ﬁ:; b, MU ERIERREZL b o bFEons e
WAARAYEBHoTDT, TIRELTEL, M, BY ARTRDLB L%
family B 1Z2V>Tld,

Q

{(A,B)| A€ (,\:1)’ BeB, AcC B}|

B2BOICEZ B LIk > TAER

LIOOE

BEOND, (k) =(62,7,1) L THiL Q) BESNEDTH S,

2 Binary self-dual codes

X, ZORE% binary self-dual code ~NGHT 57012, BELEEZT 5,
Binary [n, k] code C £ i3 F} @ k RITHIR7 PNVEFD I L THB, KL IC
TF, k20 TH 5, BETIE. TRTD code i binary &5 5, n i code DR



132

FEMEND, FF ORT P lw = (ug,us, ..., u,) 1L, BEEE j Cuy=1 %5

X3 BbDDES% u @ support £V, u D weight & 13 support DH A XD T &

TH 3, Code C DG codeword &ML, C @ minimum weight & i C @ nonzero

codeword @ weight DE/AMETH %, Minimum weight 2% d D [n, k] code % [n,k, d]

code £ HEL, y ZAEITLE T B L ZE, code C D weight enumerator Wp & id, y

DHEEAW =S Ayt THDH, T I TA; 1F weight ¢ D codeword DETH 5%,
Code C @ dual code C+ & i

Ct ={u € F}| (u,v) =0 for all v € C}

TEEINZLDTH S, ZIT (u,v) WBHEOABTH 2, C3 C=Ct 2HlT
& ¥ self-dual &FEIEN S, Self-dual code C %% doubly even & i, TXTD codewords
D weight =0 (mod 4) Z2HT L ETHH, 29 TlERE Fid singly even &
X s,

FIZ singly even self-dual code %9 2 DI R 2> DA Conway and Sloane
2] i k> TEHAZ N shadow DEEZTH B, C % singly even self-dual code &
L. Cy % weight = 0 (mod 4) &7 % codewords 2>5 7% % subcode LT 5, ZD
EE, Cy & C ITBWT codimension 1 D subcode 2725, C @ shadow S & &
CINC 23T, Ho»IT |Cl =19 TH B, 7. Cy D cosets Cy, Cy, C3 DIFELEL
TCH=CoUCLUCLUC; L C=CUCand S=CUC; 2%, TOBEFD
A, 2D CIZEENS coset 2 Cy T 2D, n=2 (mod 4) DFAIT, S
IIEEH weight ORZ FVDIEENE L R2ERBL LT T520THD, EBE. S
KEENDENT VD weight Id mod 4 TZICARATHE I EBRSN T3,
DT LiFd o LY, weight enumerator DRXRDARP S HD>3, C % self-dual code
&E4 5 &, C D weight enumerator Wy 13

n/8]
Wo =3 a;(L+ ") (1 - "))

=0
EVIATBILETSE, TDLEE S D weight enumerator i

[n/8]
W = Z a; (__1)3'21;/2—63'yn/2—4j(1 _ y4)2j
§=0
ERD, Ws IKHRNBHD y DXL mod 4 T n/2 ITARAITH S I Litbi 3,
FE & n @ self-dual code C @ minimum weight d 1%

d<

{4[n/24] +4 n#22 (mod 24),
An/24)+6 n=22 (mod 24).
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AL (4, 5) . LOTRERTESIHILT 2 L &, extremal &v2 9, Extremal
self-dual code Z FEZ IRVTCITRTIRET 2 L I DX, BAZMNTHE9, ZD
MREREE n ICXoTEHGEPIOELLAED B2 TRL. HIET %S extremal code
DEBBRESEDL S,

S13 C Dcoset THEH0o, BEEEME LUIC LEBLZDIYT, TN SDE
%5 200DR7 VD Hamming FEEED C ERUL, dMETHD I LRZEKT 3,
L7zdso T

B, < A(n,d,r)

k3, 2T, Aln,d,w) IR I n, weight w T Hamming distance 2372 < & %
d BE T\ 3 X 9 72 binary vector DEEDY A XORKETH S, L2 L A(n,d,r)
Zon,d,r BNZ VR, FRREHIZEERRVT, RETHDEEL LV,

3 Self-dual 62,31, 12] codes

#i & LT self-dual [62,31,12] code & 2 %, Z DA, shadow DT FLD)
weight 1& 3 (mod 4) TH %43, shadow ® minimum weight 2% 3 TRV:EE, weight
enumerator IZRD K I iK% b,

Weo =1+ (1860 + 328)y'? + (28055 — 1608)y™ + -+ -, 3)
Ws = By’ +12(93 — B)y™ + -

We DIREZFFEBE TRTNIERSLVWDOT, 0<B8<BTHS, SOERL2D
DAY+ LD Hamming FEEED ¢ AU, 12 ETH S DT, linear programing
bound T L7ED 3<90 TH B,

IOEHOBWIE., T0 LD EREFPRRT ZHERMANTSHI ETH B, Shadow
X 20D coset Cp,Cs 5o T35, Blo EFIZ, ZoOFEEZE(H->Tnhk
WV, Cy,Cs FNFN S minimum distance 73 12 THE0 6, ¢ (E7iF Cy) BT
% weight 7 DBR 2 2 2DR7 b )Lk support BEA | KTLPKD LR, LR
L% L support DR Y WERE LT B LZNS DAL weight 14 1272525, C; D2
SO FAORIE Cp AL B ITRIER SR LDT, weight 124 DERTHY,
NIEFETH B, LEdoT, CLICBT S weight 7T ORZ bViE, ED22HZD
support B35 &9 E 1 TR b5, LHIWEZROI Lbe 5, SN L={0,1}
TIE% ¢, L={1} &L T linear programming bound ZBHTRETH o7 L)
ZEREWRLTWVS,

. O, DAY FILE G DY FLORIE Cy KIEL. BT D weight i3 = 2
(mod 4) TH 3, C; @ minimum weight ¥ 14 THEDS, C) IKETS weight 7D
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RZMNE C5 BT % weight 7 D7 b Vi disjoint 7 support ZFF>Z & iZk
5, £IT.

B = {supp(u) | w € Cy, wt{u) =T},
B® = {supp(u) | u € Cs, wt{u) =7},

B=BYUuB® (9‘52)7

7
o= | J B,

BeB®
o®= | B

B'eB®

EBL L,
Q(l) N Q(S) = @, QM y Q(B) C Qg2

Yh%, 3T, f= B = BY| + B @ LR2EL DI, [BY |BY] 2hE
NOERERDITR LY, T051E o = [00] IkFET 3, |BO| 0 LRI

M(@Y) ;= max{1+a](1,0,0,0,0,0,a,0)Qu» >0, a > 0}

THEZoND, 7270 Quu X (1) KBWTv=09 k=7 Lt BERATEZONS
f15lchH s, T3L

B<M@D) + M@®)
< max{M{v)+ M(62—v) |0 <v <62}
=48,

&5, REL. M) ik v <13 DR,

2 ifv=13,
M@w) =41 if7<v<12
0 if0<v<6

EEELTEL,

BEickh. p<a8d@oni, £/, =48 L2 B30 {vV,v®} = {0,62},
{1,61} DFEDATHE I L bbb b, X f=48%6 BU =0 43 BG =9
kb,

(3) A% weight enumerator % D self-dual [62,31,12] code IZ2WTiX, 8 =
0,10,15 £ % 2B D AR 53 Tv> % (Dontcheva~Harada [3]) .
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4 Self-dual [42,21, 8] codes

HIVED, BELRHIE LT [42,21,8) code ZEZ L, ZOBARBETHEAL
RT3 TE B,

Weo =1+ (84 + 88)y® + (1449 — 24B)y™ + - .- (4)
Ws = By° + (896 — 88)y° + - -- ()

LLEOERICL D, shadow IZBIT 3 weight 5 D vector &, BY, BG) o2
2o, FREFIIIZBWTIES &9 £ 1 AT support B0 Y, B% % part IZB
T % vector 13 disjoint % support 28>, L7d-> T ELERRICL TERMEHET
%, BRIZ 4 b, HEE5HIZ |IBY = |BO®| = 21 ORIBY, ZOL X
BY = BB > pG(2,4) LB, THE, Cp BINs LERLTWRTNRIELRS %
WS, TS EERT S weight 8 D7 MUIZE & 5 & 420 fd B T L EHEEIC
L OVHERDONS, Cy i (4) 12X D weight 8 D codeword % 420 & il
SRVDTINGZTRTEL, Ihs 420 HADRT F vl 18 RnDEhrZi & &
R 2, dimCy =20 2DT, HL2RITBPARLAZTINE Lo, ZOHRRDLES
BN TRRVE, TRTEAETH S Z LEMERICE Y ErDoNS, XD
(4) T B=42 %% code B—BITH S I LBRINE,

5 Magma program
27, 79 Q ORI 2 EHRLTEL,

HahnPolynomial:=function(v,k,1,x)
return (Binomial({v,1)-Binomial(v,1-1))*

&+[ (-1)~"i*Binomial(l,i)*Binomial (v+1-1,1)*
Binomial(k,i)~(~1)*Binomial(v-k,i)~(-1)*
Binomial(x,i) : i in [0..11 1;

end function;
Qmatrix:=function(v,k)
return Matrix(Rationals(),k+1,k+1,

[ [ HahnPolynomial(v,k,1,x) : 1 in [0..k] ]
+x in [0..K] 1 );

end function;

RIC k=7 DEEDOERZEREL., INERFHET S,
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béundM:=function(v)
if v le 6 then
return 0;
elif v le 12 then
return 1;
elif v eq 13 then
return 2;
else
Q:=Qmatrix(v,7);
return Min( { 1-Q[1][i+1]/Q[7] [i+1]
:1din [0..7] | Q[710i+1] 1t 0 } )
end if;
end function;
bounds:=[ Floor(boundM(v)+boundM(62-v))
: v in {0..31} 1;
max :=Max (bounds) ;
max eq 48;
[ v :vin [0..31] | max eq bounds[v+1] ] eq [0,1];

Iz, [42,21,8] code with 3 = 42 DR T D bD T 1 s LR 3,
9, 200 disjoint % PG(2,4) THEBINS code ZERL., Tk s £8Y
(s 1Z shadow TlxZz\»), KD B code C 1 ZD code D dual IKEEFNTERLLT

H5,

M21:=KMatrixSpace(GF(2),21,21);
In21:=M21!IncidenceMatrix(FiniteProjectivePlane(GF(4)));
S:=LinearCode(VerticalJoin(

HorizontalJoin(M2110,In21),

HorizontalJoin(In21,M2110) )

);

ZDS D dual IZiEH &9 & 420 fAD weight 8 D codeword HWEEFNT 3, ik,
INSTERINS S D dual D subcode SO IZRITLH 18 THE I Lhbh b,

DualS:=Dual(S);

NumberOfWords (DualS,8) eq 420; // beta=42
80:=sub< DualS | Words(DualS,8) >;
Dimension(S0) eqg 18;

SOp:=Dual(S0);
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L7883 T, RDB code C1ZTD 18 KJT code SO0 Z2&H, £72 80 D dual TH 3
24&7\7—:1300(16 SOP Olaiﬂéo %ﬂé%’: ng, W24 &j:\;(o

V42:=VectorSpace(GF(2),42);
Wi8:=sub< V42 | SC >;
W24:=sub< V42 | SO0p >;

Woy I2E&E0, Wis 2&E 20 XIT doubly even code T minimum weight 23 8 &7
25D TNTHETSE (FDXH7% code 1& Wig i Woy DR M2 0% AT
ATRONS),

W24byWisde:=[ x : x in Transversal(W24,W18) |
(x ne 0) and (Weight(x) mod 4 eq 0) 1;
j:=V421[1: i in [1..42]1];
W20s:=[ LinearCode(sub< W24 | Wi8,x,y >) :
x in W24byWiSde, y in W24byWi8de
| ((x,y) eq 0) and Dimension(sub< W24 | Wi8,x,y >) eq 20
and MinimumWeight(LinearCode(sub< V42 | Wi8,x,y,j>)) eq 8 1;

Bz, s TRCHEY code ICi> T3 Z L 2HERT 5,

gand{ IsIsomorphic(W20s[1],W20s[i]) : i in [2..#W20s] };
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