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A Remark on derived equivalences and perfect isometries
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1 Introduction

(K,0,k) 4+ K&7% p-modular system &35, AfR#E G, H IZx L., 4, B #ZThEh G,
Ho7ayr &35, A B ORIZ derived equivalence 23H X, A, B DOIZ perfect isometry
MIEET AP, FIE—RITIIREZ LY Bl p=2 D& &, ODg & 0OQs P TIE perfect
isometry BfFET 328, derived equivalence iXfFTE L72VY),

T Z T, cyclic defect % 5D block @ perfect isometry & derived equivalence {Z-OV\TE 2
721, Cyeclic block 22UV THE Brauer tree algebra THAZ &b, WAWARAIZL B NAN
AR EPFERLNTND, T TOFEL, TALORRENLERDTLRZLOENI THD L
B,

PAFDFECHE S Derived equivalence <° perfect isometry DEZER & O—f%fwiL, Broué ([1],
[2]), Rickard([6], {7], [8]), Roquier([10]) 72 ED@E SR L TV &L,

2 Example

9. FERAT B,

G=2828),p=5&T%, |G| =29120 THY. G @ Sylow 5-F5#E P i3 i 5 OXER Cs
E72d, GIIT B3 DORER S=C; MEALTWT, H=Cg(S) = Ng(P) = Cs xCy T
HB,

A % G @ principal block & L, B % H @ principal block &3 %, A, B ® decomposition
matrix IFROBY TH 3,

k 14; 14 63 I, 1, 1, 14
X1 1 91 e 1
X14; 1 61, 1
X14q 1 61.: 1
xes | 1 1 h 4 1
X91 1 1 1 6,11 1 1

ZHEY A, B O Braver tree Bbo5 34, ZZ T T B, Rouquier X cyclic block i3 L
T. splendid tilting complex PH#EREE XT3 (9] #8MR), THRICLER-T, ZOEED
splendid tilting complex Z#ERT 5 &,

0— Py, @P, 0P, P, — M -—0



EdeB, L, M X A% k|G x Hl-module & L TH7z & & DMHE—2D vertex A(P) DOEBER
KFThHb, 2O splendid tilting complex 12 L Y FE XN B perfect isometry 13

X1 b1,
X14; -y,
X4 | — | —O1
X64 64
Xo1 14

ERBTEBHETE D,
—FZOBETIL A & B OF® Glauberman MG ZEZDHZ &N TE, RD K D72 perfect
isometry # 5 X TWVWB Z LRI TV B (Watanabe [11] ZZ8),

X1 01,
X14; —b1,
Xigg | — | —bi,
X64 b4
Xo1 1,

= O perfect isometry %5 %% X 5 72 splendid tilting complex REET D5 E DB XTIV,
EE, THIIROEBRSEMES I LICL Y, HEMNESITIEBR T LB TER,

Theorem 2.1 {(Rickard[8]) A, B % symmetric k-algebra &3 %, F : modA — modB %
ezact functor T. stable equivalence ZHENTWA &T 5, {51, - S, } & simple A-module D%
Eev5,

ZDEE, F(S), -, F(S) I stably isomorphic 72 complezr X1,--- , Xr T\

(Z) Home(modB) (Xi?XJ') = 5‘ij

(i) Hom pb(moapy(Xi, Xjim]) = 0 for m <0

(i) X1, , Xr 14 D¥(modB) &R
BT LD R bOBRFEETRIE. A & BT derived equivalent ThH 5%,

= = TOE T, bimodule M 12 L Y stable equivalence F = — Qp M* 52X b1 TIN5,
F(8) 13 § @ Green $SFIC—3T 2, RO K 572 complex #5525,

X 4 - k — 0
Xp: 0 — Py — F(lb) — 0
X, 0 — F(l) — O
Xdi Q il F(ld) — P142 — 0

5O complex X simple B-module @ F 12 X BIT stably isomorphic T# Y. Rickard D%
# (Theorem 2.1) DM &M LTV 5, ZD& &, splendid tilting complex X T, 1;@pX = X;
RABLOBPEET B L bbb (Holloway [3] ), X 13 O O splendid tilting complex i
lift T&. “hIC XV FEE XD perfect isometry A% Glauberman XHGIZ & Y EX LN EH DI
—3 2,
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3 Remark
Cyclic block {Zxf L Cid, RDZ LoD,

Remark 3.1 p 2 & &8 & L. A, B i¥##EO cyclic defect group D & 3EED inertial group
EG#1) 2%k 15, Z0k& A L B ORIDEED perfect isometry iZ%f L. splendid tilting
complex X T, X OF#T 3 perfect isometry 73 non-exceptional character 123V T I &—%
THLIRLOBEFEET S,

Perfect isometry Tl 3 exceptional character I exceptional character IZHIRT 5 I & &
Rouquier [9] 1250 A4, B i3& HIZ O[D x E] iZ splendid equivalent ThdZ LITHEETH &\
1 Remark 3RO Z &b ind,

Proposition 3.2 C = k[D x E] £ 8L, C @ simple module & S1,83,+++,8: & L. 8 &
ot ABEY v LT B, L. S =028 k1B, T0EE, 1<n<elTHL,

I(Xn) = Xn+1
I(X?H-I) = Xn
I) =x (X # Xns Xnt1)

72% perfect isometry I ZFHES B splendid tilting complez X BFET D,

TS LTI, EIEED & 512 Rickard O EHE (Theorem 2.1) Z 723 complex #R-21 T
BiFiZkvy, 1<i<eizxt LT, complex X; %

Xi: 0 — S; — 0 (¢#n,n+1)
Xn: 0 — Py & Py ﬁ" Sn — 0
X1 0 — P Y PeS — 0

EFB, REL |
Pn+1 _’ll:n_) P & Sn — 0

Py iz Spy1 — 0

% & $IC minimal projective resolution T % &9 5,

F=-QcC:modC — modC % (BHA/) stable equivalence #5254, L TEHZLE X;
X F(S;) & stably isomorphic T ¥, Rickard ®EEOREEREZ LT D, Lo T, splendid
tilting complex X T, S;Qc X X X; ¢RALONFETEHZ EBbnd, X it O @ splendid
tilting complex 12 lift T%, Zhiz L D EE XN 5 perfect isometry 23 HE T2 &, MEDIER
DXITRSD,

Remark 3.3 exceptional character TOT UL (O E®) derived equivalence iz & D TE
LT THD (5] REESH).,



S5 XM

[1] M. Broué, Isométries parfaites, types de blocs, catégories dérivées, Astérisque 181-182
(1990), 61-92.

[2] M. Broué, Equivalences of blocks of group algebras, in Finite Dimensional Algebras and
Related Topics, (edited by V. Dlab and L.L. Scott) Kluwer Acad. Pub., Dordrecht, 1994,
pp.1-26.

[3] M. Holloway, Broue’s conjecture for the Hall-Janko group and its double cover Proc. London
Math. Soc.,(3) 86 (2003), 109-130.

[4] M. Linckelmann, Stable equivalences of Morita type for self-injective algebras and p-groups,
Math. Z., 223 (1996), 87-100.

[5] M. Linckelmann, On stable equivalences of Morita type. in “Derived equivalences for group
rings” Springer Lecture Notes in Math. 1685, (1998) 221-232

[6] J. Rickard, Morita theory for derived categories, J. London Math. Soc. (2) 39 (1989), 436~
456. '

[7] J. Rickard, Splendid equivalences : Derived categories and permutation modules, Proc.
London Math. Soc. (3) 72 (1996), 331-358.

(8] J. Rickard, Equivalences of derived categories for symmetric algebras, J. Algebra, 257
(2002), 460-481.

[9] R. Rouquier, The derived category of blocks with cyclic defect groups, in “Derived equiva-
lences for group rings” Springer Lecture Notes in Math. 1685, (1998), 199-220.

(10] R.Rouquier, Block theory via stable and Rickard equivalences, in "Modular representation
theory of finite groups” (Charlottesville, VA, 1998) pp.101-146, de Gruyter, Berlin, 2001

[11] A. Watanabe, The Glauberman character correspondence and perfect isometries for blocks
of finite groups, J. Algebra 216 (1999), 548-565

83



