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1
Let $p$ be a prime and let 0 be a complete discrete valuation ring with an alge-
braically closed residue field $k^{\iota}$ of characteristic $p$ . Let $G$ be finite group an$1\mathrm{d}$ $b$ be
a block of $G$ with maxim al (G. $b$)-subpair (P. $e_{P}$ ) where $b$ is a block idem potent of
$OG$ . For any subgroup $Q$ of P. let (Q. $e_{Q}$ ) be a unique $(G_{\backslash }b)$ -subpair contained in
(P. $e_{P}$ ). Follo wing Kessar, Linckelmann and Robinson $[4]$ . $\backslash \tau\cdot \mathrm{e}$ denote by $\mathcal{F}_{(P.e_{P}\}}(G_{\backslash }b)$

the category $1\backslash \cdot 1\mathrm{l}\mathrm{o}\mathrm{s}\mathrm{e}$ objects $\mathrm{a}1^{\backslash }\mathrm{e}$ subgroups of $P$ and for Q. $R\leq P$ . whose set of nlor-

phisms from $Q$ to $R$ are the set of group $1_{1\mathrm{O}111\mathrm{o}\mathrm{m}\mathrm{o}\mathrm{r}}1$)$\mathrm{h}\mathrm{i}\mathrm{s}\mathrm{I}\mathrm{n}\mathrm{s}$

$.r^{\eta}$ : $Qarrow R$ such that
there exists $x\in G$ such that $.L$ (Q. $e_{Q}$ ) $\subseteq-$ (R. $e_{R}$ ) and $\backslash r^{\eta(u)}=Illx^{-1}$ for ail $u\in Q$ .

We call $\mathcal{F}_{(P\epsilon_{P})}$ (G. $b$ ) the Brauer category of $b$ . Let $\mathrm{B}_{G}(b)$ be the Brauer category
of $b$ in the sense of Tl evenaz [10]. \S 47, The categories $\mathcal{F}_{(P.\epsilon_{P})}$ (G. $b$) and $\mathrm{B}_{G}(b)$ are
equivalent. Let $R$ be a norm al subgroup of $P$ such that $\sim\backslash ^{\tau}G^{\gamma}(P)\subseteq[perp]\backslash _{\zeta_{\mathrm{r}^{t}}}"(R)$ and $c$

$13\mathrm{e}$ the Brauer correspondent of $b$ in $\grave{A}\mathrm{C}\acute{\mathrm{r}}-(R)$ . that is, $c$ is a unique block of $4\mathrm{h}_{G^{1}}^{f}(R)$

such that $\mathrm{B}\mathrm{r}_{P}(c\cdot)=\mathrm{B}\mathrm{r}_{P}(b)$ where $\mathrm{B}\mathrm{r}_{P}$ is the Brauer homomorphism fiom $(OG)^{P}$

onto $\mathrm{A}\cdot C_{G}(P)$ . Set $\underline{\mathit{1}}\backslash ^{\tau}=\backslash ^{\mathrm{v}}\wedge G(R)$ . The notations $R_{\backslash }c$ and $N$ are fixed. Thus $b=c^{(j}$

and $(P_{\backslash }e_{p})$ is a maximal (N. $c$)-subpair. The arguments in the proof of Theorem in
Kessar-Linckelmann [5] implv the following.

Theorem 1 Assume that $G$ is $p$ -solvable. With the above notations, suppose that
$\mathcal{F}_{(P.\epsilon_{P})}(G, b)=\mathcal{F}_{(P,e\mathrm{p})}(\lrcorner’\backslash ^{\vee}.c)$ . Then there is an indecomposable $O$ Gb-ONc-bimodule

$\mathit{1}\mathrm{t}^{l}I$ which satisfies the following.
(i) $\mathit{4}lI$ and its $O$ -dual $4\lambda\prime I^{*}$ induce a Morita equivalence between $OGb$ and $ONc$ .

(ii) As an $O$ $(G\mathrm{x} N)$ module $\Lambda/I$ has a vertex $\triangle P$ and an endo-permuiation
0 $(\Delta P)-$ module as a source where $\Delta P=\{(u,$u)|u $\in P\}$ .

Let $H_{(P,e_{P})}^{*}(G, b)$ be the cohomology ring of $b$ in the sense of Linckelmann[6], [7],

that is, $H_{(P_{\mathrm{I}}e\mathrm{p})}^{*}(G, b)$ is the subring of $H^{*}(P, k)$ consisting of ( $\in H^{*}(P_{\mathrm{t}}k)$ satisfying

resg $\zeta=g\mathrm{r}\mathrm{e}\mathrm{s}_{Q}$ $\langle$ for all $Q\leq P$ and, for all $g\in N_{G}(Q, e_{Q})$ . We prove the following.

Theorem 2 Assume that G is $p$ -solvable. With the above notations, $ifH_{(P,e_{P})}^{*}(G, b)=$

$H_{(P,e_{P})}^{*}$ (N, c), then $\mathcal{F}_{(P,e_{P})}$ (G,$b)=\mathcal{F}(P,e_{P})$ (N, c).
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We prove Theorem 1 using the following.

Lemma 1 (Harris-Linckelmann [3], Lemma 4.2) Assume that $G$ is p- solvable. For
any $p$ -subgroup $Q$ of $G$ , we have $O_{p’}( \mathrm{A}\backslash _{G}^{f}(Q))=O_{p’}(G)\bigcap_{\mathrm{A}}J\backslash _{G}^{\tau}(Q)=O_{p’}(G)\cap C_{G}(Q)=$

$O_{p’}(C_{G}(Q))$ .

Proposition 1 (Harris-Linckelmann [2], Proposition 3.1 (iii)) Let $G$ be a p-solvable
group and $b$ be a block of $G$ such that $b$ covers a $G$ -invcvriant block of $O_{p’}(G)$ , Then $b$

is of principal type, that is. for any $p$ -subgroup $Q$ of $G$ . $\mathrm{B}\mathrm{r}Q(b)$ is a block of A $C_{G}\{Q)$ .

Proposition 2 (Fong[l]; Puig[9]) Let $G$ be a $p$ -solvable group $nnd$ $bh,e$ a block of $G$

with defect group P. Then the following holds.
(i) There is a subgroup $H$ of $G$ and an $H$ -invariant block $e$ of $O_{p’}$ $(H)$ such that

$O,,’(G)P\subseteq H$ and $OGfj\cong$ In $\mathrm{d}_{H}^{G}$ ( $O$He) as interior G-algebras.
(ii) $P$ is a Sylow $p$ -subgroup of $H$ and $P$ is a defect group of $e$ as a block of $H$ .

Moreover let (P. $e_{P}’$ ) be a maximal (H. $\mathrm{e}1$,-subpair and let $e_{P}=\mathrm{T}_{1_{C_{H}\{P)}^{\backslash }}^{\mathrm{C}_{G}’(P)}$ $(|_{-P}^{\supset})’$ . Then
(P. $e_{P}$ ) is $cs$ maximal (G. $b$)-subpair.

Note that in the above proposition $\mathcal{F}_{(P.\epsilon \mathrm{p})}$ (G. $b$) $=\mathcal{F}_{(P_{\backslash }\epsilon_{\acute{P}})}$ (H. e) since $OGb\cong$

$\mathrm{I}\mathrm{n}\mathrm{d}_{H}^{G}$’(O#c) as interior G-algebras.

Proposition 3 ( $[\overline{.s}]\backslash$ Proposition 6) With the notations in the above proposition, let
$R$ be a subgroup of $P$ such $thatarrow\backslash _{C_{\mathrm{J}}}^{\mathrm{Y}},(P)\subseteq\wedge’\backslash _{G}^{\tau}(R)$ . Denote by $c$ the Brauer corre-
spondent of $b\mathrm{i}r\iota$

$4l\backslash _{\Gamma_{\mathrm{J}}^{l}}^{\tau}|(R)$

$\backslash$ an1 by $f$

. the Brauer correspondent of $e$ $\mathrm{i}n\wedge’\backslash _{H}’(R)$ . Then $f$

is an $A\mathrm{t}_{H}^{\mathrm{v}}(R)$ -invariant block of $O_{p’}(_{[perp]}\backslash _{H}^{\tau}(R))$ and $Q_{\acute{A}}\backslash _{G}^{-}(R)c\cong \mathrm{I}\mathrm{n}\mathrm{d}_{\backslash ^{r_{H}}\{R)}^{r_{\backslash _{G}(R)}^{\sim}}\cdot.(O_{[perp]}\backslash _{H}^{-}(R)f)$

as interior $\mathrm{A}\lambda_{G}^{-}(R)$ -algebras.

The following is shown in the proof of Theorem in [5].

Theorem 3 (Kessar-Linckelmann) Let $G$ be a $p$ -solvable group and $b$ be a block of
$G$ with defect group P. Let $R$ be a subgroup of $P$ such $that\wedge\prime^{l}\backslash _{G}^{\tau}(P)$ $\subseteq\grave{[perp]}c(fR)$ and
let $c$ be the Brauer correspon ient of $b$ in $[perp] \mathrm{V}$ where we set $\mathit{1}\nwarrow^{\tilde{l}}=\backslash _{G}\acute{A}(\Gamma R)$ . If $b$ covers $a$

$G$ -invariant block of $O_{p’}$ $(G)$ and if $G=O_{p’}(G)N$ , then there is an indecomposable
$OGb$-ONc- module $\wedge lI$ which satisfies the following.

(i) $M$ and its $O$ -dual $M$ ’ induce a Morita equivalence between 0 $Gb$ an$\iota d$ $ONc$ .
(ii) As an $O(G\mathrm{x} \Lambda^{(})$ -module $l^{1}\sqrt I$ has a vertex $\triangle P$ and an end o-pe rmutation

$O(\triangle P)-$ module as a source.

Proof of Theorem 1. We prove by induction on $|G|$ . Let $H$ , $e$ , $e_{P}$ and $e_{P}$ be
as in Proposition 2, and let $f$ be as in Proposition 3. We may assume that $e_{P}’ \mathrm{s}$

in Theorem 1 and Proposition 2 are equal by replacing $H$ , $e$ , $e_{P}’$ and $f$ , by $H^{x}$ , $e^{x}$

)

$(e_{P}’)^{x}$ and $f^{x}$ respectively for some $x\in N_{G}(P)$ if necessary. By Proposition 2,

$\mathcal{F}_{(F,e_{P})}(G, b)=\mathcal{F}_{(P,e_{\acute{P}})}(H, e)$ .
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Bv Proposition 3, (P. $e_{P}’$ ) is a maximal $(\mathit{1}\backslash _{H}^{r}(R)_{:}f)$ -subpair and

$\mathcal{F}_{(P,e_{P})}$ $(\mathit{1}\mathrm{V}. c)=\mathcal{F}_{(P,e_{\acute{P}})}(N_{H}(R). f.)$ .

So by the assumption $\backslash \mathrm{t}’\mathrm{e}$ have $\mathcal{F}_{(P,e_{P}^{J})}$ (H. e) $=\mathcal{F}_{(P_{\backslash }e_{P}’)(_{i}\backslash ^{\tau_{H}}(R),f)}$ . Since $OGb\cong$

$\mathrm{I}\mathrm{n}\mathrm{d}_{H}^{G}(OHe)$ as interior $G$-algebras. the 0Gb-O $\mathrm{e}$-bimodnle $bOGe=OGe$ and the
OHe-OGb- bimodule $eOG$ induce a Morita equivalence between $OGb$ and $OHe$ ,

Similar ly the $O.\mathrm{Y}c- O^{7}.\backslash _{H}^{\vee}(R)f$-bimodule $O_{\wedge}\backslash ^{r}f$ and the $O_{\wedge}^{!}\backslash _{H}^{\vee}(R)f- O_{\sim}\backslash ^{\mathrm{v}}c$-bimodule
$f.O\grave{p}\vee$ induce a Morita equivalence be rween $O_{[perp]}\backslash ^{\tau}c$ and $O_{\wedge}\backslash _{H}^{\tau}’(R)f$ . Suppose that
$H<G$ . By tl$1\mathrm{C}$ induction hypothesis for $H$ and $e_{\backslash }$ there is an indecomposable OHe-
$O_{A}\backslash _{H}^{\vee}(R)$ f- bimodule $1J1I_{0}$ such that $\acute{A}\mathrm{t}’I_{0}$ and A $I_{0}^{\mathrm{x}}$ induce a Morita equivalence between
0He and $Q_{arrow}\backslash /\prime H(R)f$ . and that $*\prime \mathrm{t}I_{0}$ as an $O(H\mathrm{x} \mathrm{J}\backslash _{FI}^{\tau}(R))$-module has a vertex $\triangle P$ and
an endo-permutation $O(\triangle P)$ -module as a source. Set $\wedge \mathrm{t}I=bOG\otimes_{l\mathit{0}He}\wedge 1I_{0}\otimes \mathit{0}.\backslash _{H(R)f}$

$O_{\mathit{1}}\backslash ^{\tau}c\cong \mathit{1}1I_{0}^{G\mathrm{Y}}$
” Then $f\backslash I$ satisfies (i) and (ii) in Theorem 1. Therefore we may

assume that $H=G$ . Then $b=e$ .
Let $Y=O_{p’.p}(G)$ . Then $b$ is a $G$-invariant block of }’’ because $Y/O_{p’}(G)$ is a

$p$-group. Furthermore vve have $Y$ $=O_{p’}(G)$ $(\}’\cap P)$ . Set $Q=P\cap Y$ . Then $Q$ is
a defect group of $b$ as a block of $Y$ . Now since $G$ is constrained, $C_{Y}(Q)=C_{G}(Q)$ .

Therefore we see that $(\mathrm{Q}, e_{Q})$ is a maximal (F. 6)-subpair. By the Frattini argument
and the assumption that $\mathcal{F}_{(P.\epsilon_{P})}$ (G. b) $=\mathcal{F}_{\{P_{\backslash }e_{P})}(_{i}\backslash ^{\tau}c\backslash )$ .

$G=\backslash _{G}^{\tau}\wedge$ ($|.$ Q. $\epsilon_{Q}^{2}$ ) $1^{r}\subseteq\lrcorner\backslash ^{\tau}’.(\backslash Q)C_{G}(Q)1^{r}\subseteq.\backslash ^{\tau}1^{\tau}\subseteq\wedge\backslash ^{\mathrm{v}}O_{\mathit{1}^{g’}}(G)$ .

So $\backslash \backslash \cdot \mathrm{e}$ have $G=\backslash ^{\tau}\neq O_{p’}(G)$ . This and TheoleIn 3 complete the proof.

Proof of Theorem 2. $\backslash 1^{r}\mathrm{e}$ prove by induction on $|G|$ . Let H. $e_{\mathrm{t}}e_{P}’$ and $e_{P}$ be
as in Proposition 2. and let $f$ be as in Proposition 3. $\backslash 1^{\gamma}\mathrm{e}$ nlav assume that $e_{P}\mathrm{s}\backslash$

in Theorem 2 and Proposition 2 are equal as in the proof of Theorem 1. Since
$\mathcal{F}_{(P,e_{P})}$ (G., $b$) $=\mathcal{F}_{(P_{i}\epsilon_{P}’)}(H, e)$ and $\mathcal{F}_{(P,e_{P})}$ (Y. $c$ ) $=\mathcal{F}_{(P,e_{\acute{P}})}(_{4}4_{H}^{-}’(R).f)$ $\backslash \iota^{\gamma}\mathrm{e}$ have

$H_{(P.e_{P})}^{\mathrm{x}}(G, b)=H_{(P.e_{\acute{P}})}^{\cdot}(H, e)\backslash$

$H_{(P.e_{P})}^{*}$ (N. $c$) $=H_{(P,e_{P}’)}^{\mathrm{x}}(\grave{4}(r_{H}R), f)$ .

group the assumption we have $H_{(P,\mathrm{e}_{P})}^{*},(H_{\backslash }e)=H_{(P.e_{P})}^{*},(_{\sim}’\mathrm{V}_{H}(R)\backslash f)$ . Suppose that

$H<G$ . Then by the induction hypothesis, $\mathcal{F}_{(P,e_{\acute{P}})}(H, e)=\mathcal{F}(P,e_{\acute{P}})(N_{H}(R), f)$ , and
hence $\mathcal{F}_{(P,e\mathrm{p})}(G_{\backslash }b)=\mathcal{F}_{(P,e_{P})}(N\backslash c)$ . Therefore we may assume that $H=G$ . Then $b$

covers a $G$-invariant block of $O_{p}/(G)$ and $P$ is a Sylow $p$-subgroup of $G$ . Note that
the element $b\in OO_{p’}(G)$ .

From Proposition 1, $b$ is of principal type. On the other hand, by Lemma 1,
$\mathrm{B}\mathrm{r}_{R}(b)$ is an $N$-invariant block idempotent of $kO_{p’}(N)$ and $c$ is a lifting of $\mathrm{B}\mathrm{r}_{R}(b)$

to 0 $N$ . So by Proposition 1, $c$ is also of principal type. So we may assume that $b$

is a principal block. Therefore by a theorem of Mislin [8], we obtain $\mathcal{F}_{(P,e_{P})}$ $(G, b)=$

$\mathcal{F}_{(P_{1}e_{P})}$ $(N, c)$ . This completes the proof.
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