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Control of fusion and cohomology of finite groups

BERFHEFR MEWHZE (Akihiko Hida)
Faculty of education, Saitama University

1 Introduction

G RHBE k288 p >0 OREMWBIEL 35 [S2] 123V T, P. Symonds %
ROFERETRL TS,

Theorem 1.1 ([S2, Theorem 4.1]). H*(—, k) i& (k-7 F/ZEHO) inflation
functor & L T4 T® cohomological simple functor % #ERHEFIZFF 2.

[82] TizzhEAVTRO Mislin DEEDRERAEZ 52 TS,

Theorem 1.2 (]M, Theorem], [S2, Theorem 1.1]). H I3 G OEHHT, &
K|GH tp b ECHELDET S, 0L S RIEAETSHD.
(1) BIRE#

resgn : H*(G, k) — H*(H, k)

ITEEEE.
(2)H © pEAEQ & 2 GILoNT,*QC H #biE v € HCo(Q) THA.

% & D Mislin DEERIT Lie BECET A0 TH Y, BRBEOHAICHRY, H
BN REBARTEENEERTWS . [$2] TP Theorem 1.1 DIEH G, AEEIL
FSMEOEWVEREF VTS, 2ROV, AFROMBREZBRLTT
U,

—7F, DL DDEE GIToWTEL DL Theorem 1.1 KV RBBLND.

Corollary 1.3 ([S2, Corollary 4.2]). P % G O p-858, V #BEK k(Ne(P))-
MBEL U, Spy ZXIET 584 Mackey functor 45, ZD& ERIIFETH
z. ;

(1) 55 n> 0L T, Spy I& Mackey functor DORERE T LT, HM(— k) I
EFEh 5.

(2)V X k(Ng(P)/PCq(P))-TNEE.

1% Theorem 1.2 ¥ T 72HICIEZ @ Corollary THETHSH., 3ETHE
[S2] DEEHICHE, Mackey functor & EAHD fusion 2L DAERIT R & B DD,
Corollary 1.3 %5 & DOERIC Mislin D EBER LN HHHAL 2.

[S2] I b8 B & 512, Corollary 1.3 i3 2 BOBBMEE ANTENHRIH
LIRTEB. PR GO pEOB, V R EN(P)- B T5. kG-INBE MEy
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%,V O k(Ng(P)/P)-JEL LT projective cover & kNg(P)-MEE & &7 b
@ Green s r LTEETS. ZhiT vertex ¥ P THLZEENNFHETHS. 4
ETIZ Corollary 1.3 1IZKREFETHHZ L Z2HHT 5.

Theorem 1.4 ([S2, Theorem 5.3]). p-Z80%E P L §ERY k(Ne(P))-INEE V IC
DNWTC, WIZFEETH 5.

(WH*(G, MEy) #0.

(2)V 1% k(Ng(P)/PCc(P))-MMEE.

BLLR OB b Ho AR, THICEL TI#ERN, HOVITERBEOET =
S—ZBEHEAOVEZERELN TS ([0],H]). Lo THEB#EDOEHED Mislin
DEBIZOWVTREHRIEAREZ DN &5, £, R ICTHBEEL L
BERRARAGN TS,

2 Mackey functor

T =TI Mackey functor, 412 BE#I72 Mackey functor i DWW THHEIZE 9D 5.
TITIEVEODE G 2T B Mackey functor DA D T & &1 5. Global
Mackey funactor, inflation functor oW Tt [W] 2ZHL TF &V M 5
cohomological Mackey functor &1, & H < GIZHL, k-7 bVER M(H) 2
Bz bh, £ K< H<G, g€ G I BEER,

. M(K) — M(H)

i M(H) — M(K)

¢, M(H) — M(?H)
NEDLN T TKROABERZTHEDOTH S,
(Ut v e, (he H) 1T M(H) DESER.
(2)J <K< H<G, gheGIZHLT,

LK =t e = cgon = con
ngcg = cgr? tiﬁ?cg = cgtﬁ-

(3)J, K < H < G 2% L THD Mackey KRB RILT 5.

HH J =K
Tyt = E time kT fre K Ca-

xe\H/K

(WK < HicHLT,

thril — |H: K|
Mackey functor 2% L, subfunctor, quotient, BEAVME, REALE F72 & 23 B RITFE
BIN 5. EH7L cohomological Mackey functor X BHENTRY, p-HoEE
P LELH ENG(P)-INEE V O (P, V) (3R L MEZ &< ) T parametrize £41
% ([TW1], [TW2)). (P, V) IZ*RT 288472 Mackey functor & Spy TRT.
E(Ng(P)/P)-IBEL LT Spy(P) 2V &2 o TG,



3 Fusion and Mackey Functor
GO pHREEQEEETSH. HSGIZXL,
T:(Q,H) = {z € G| *Q C H}
PR IOERITIR H & CoQ) BERFRELENLERAL TS,

H\Te(Q, H)/Cc(Q) = {HzCc(Q) | © € To(Q, H)}

L <. G TR 5 Mackey functor Mg ZIRDIRICERET 5.
H<GITHRL,
Mqo(H) = k(H\Te(Q, H)/Co(@))

eF5 E£r K<H<G,geGRRRL,
1 Mg(K) — Mg(H)

KzCs(Q) — HzCo(Q)
rl - Mo(H) — Mg(K)
H2Co(Q) — > K(hz)Co(Q)

he[K\H] hzcla(Q,K)
¢y : Mo(H) — Mq("H)
HzCc(Q) v— *H(92)Ce(Q)
EBL. D My iAW TKRP ALY .

Theorem 3.1. (1)Mg ¥ cohomological Mackey functor TH 5.

(2)g € Co(H) 2251E ¢, 1T Mo(H) PIERFETHD.

(3 EEDEEK k(Ne(Q)/QCc(Q))-IEE V I L T, Mg ¥ Sy ZMARRT &
LTEATWS.

(1) IXERLIERERL TONHERY. ) 2RBBL TR . 2 e T6(Q, H),
geCe(H) &T5H&,2€QITDONVT,

w’lgmz :a:"'lg (wz) =z

OT 1 lgr € CalQ) PEV gz € 206(Q) THDH. LT 9H(92)Cc(@Q) =
HiCo(Q) Tha. £ (3)I220TH, Q1 < @ BBIE M(@:) =0 THY, ¥
7 Mol(Q) = k(Ne(Q)/QCe(Q)) THDHZLMbAMNS.

—F My OEEND Q< H<G DL E dimMp(H) =1 L8 2HOLE
A EHEE Te(Q, H) = HCo(Q) THBZ L B 5.

=Dk THEE L LT, (]S2] EfEV) Corollary 1.3 725 Theorem 1.2 233
PABIEERED. G>2H, |G H iZpbFELTD

res : H*(G, k) — H*(H, k)
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RREECH D LV H Z i, Corollary 1.3 £ 0, 2T o p-Ho# P LIEEDIEN
k(Ng(P)/PCo(P))-1# V iZoNT

‘f'g : SHV(G} b Sp,v(H)

REE L WS 2L EEETHSD. —F Theorem 3.1 £ ¥ THIXETD pEGE Q
Rl

r§  Mo(G) — Mq(H)
WA T72bb dimMg(H) =1 £25Z L LRETHY, Thik H OEED
p-ERAEE QITOWT T(Q, H) = HCG(Q) &72 52k, &Y Theorem 1.2 (2)
EFMETHD.

4 Cohomology of trivial source modules

P% GO pESE, V #58 kNg(P)/P-IEEL 35, Py % V O k(Ne(P)/P)-
HIBEE L TD projective cover £ T 5. Py & kNg(P)-IEE: %, €D Green
SIS TH B kG-IEEE [O] KR ME, ERTZLi27 5. [S2] IZ9E\ Corollary
1.3 2 BERMBEOFHECEVER LD,

Proposition 4.1 ([TW2, (16.10) Proposition]). fized point functor 472

B 0 kD cohomology HO(—, ME,) 1% cohomological Mackey functor &L TD
Spy O projective cover T 5.

SHED, Spy 2 HY(— k) OREEET LV 2RI,

Extfg(ME,, k) = Hom(H*(—, Mgy ), H"(=,k)) #0

LATZEThD. WAMEE V= Homy(V, k) 2525 L ZhiZ,
HG, MEy-) # 0

CRMETHAZ LT/ Y, ¥/8 Corollary 1.3 1% Theorem 1.4 & FME L 2 -7
Thd.

Theorem 1.4 1% trivial source % 2NIEED cohomology &, p- D H4ME
BICETAEETHY [BCR] LOBEBREZEXLADIZERTHA 5. ER, [BCR]
OFBE—RAR L= [B2) TOBEEAWT, RERVWRERAZ EZX L2 25
T& 5. LLF Theorem 1.4 OO AR5 2 L1275, LT H =&
BLTFEW,

(1) = (2. HYG,ME,) # 0 225iF Spy- & H(— k) OHERF LAY,
K(No(P)/P)-IBEE LT V* ik H™(P k) KBNS, Co(P) it HY(P,k) IcH
BICERTADT, VI (2L T V b) k(Ng(P)/PCo(P))-METH 5.

2)=(1). E% P OFNIEENDMNE p OERHLTD.
()G = Ce(E) @& & . Zinii spectral sequence % FIVTREN 5 ([S1] & Rk
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DT AFTICLED).

(ii)G = No(E) D& &. ZhiZ No(E)/Ce(E) BRE p- B THHZ L2°6 [BCR,
section 6] & [AfRDOFEREANTIEAIN D.

(ifi) BB —ROBE. M = My, H = No(E) £ 45, BB k(Ny(P)/PCy(P))-
MEE VT M = M, B M |y ODEMEFL2DbOREET 5. UT, e
O variety (BT A A OVTH [B] 283 RLTT S,
/Ker tesg g ORI (... & WERLT, 9% Carlson M Lg, @ tensor
el &35h&,
Ve(L) = resg g((Vis(k))

L2 o TW%. [B2, Theorem 3.1] £V kH-NIE X T
X 192 L @ (projective)

LRALOREETS. X b (BLOBERLERLENIZE) I = /Kerresgp O
WS 2 TE 0o, M, ... WCRIET S Carlson IIFED tensor L 2o TWVAHELTE
V. B2

0— Ly, — Q%(k) — k—0

0, Extig(L, M) #0753 H* (G, M) £0 k725 L Bbnd.
Extia(L, M)  Bxtlg(X 1%, M) 2= Bxijy (X, M)

E 0 (i) TRUE H(H, M) # 0 2 b) Extig(X, M) # 0 EFERANC L
2725, A= H*(H k) £ 8<. [E, Proof of Theorem 10.3.1] £ ¥ A IZ&iT 2D
H*(H, M’} @ annihilator i T IZFENTNDHZ LR DMRND.

Lemma 4.2, U, W % kH- B, nel &35, ZDLE
anns Bxtiy (U, W) C 1

72 b .
anng Extf;(UQ L, W) C I.

Proof. B = Extjz(U, W) £3<. degn=n &¥ 5k, %LF|
Bxtl,, (U, W) — Extor (U, W) — Extiy (U ® Ly, W)

%0 anny Extiy(U ® L,) C rad anng B/nB L72%. anny B C I 72®°T, prime
ideal I EC%#%%%{K%%%&& B, %0 THY , q”ﬂ-i@*ﬁ%i v B, %IB_I 2
) B[ 7/:T)B_[ Ehrn. EoT ann4 B/T}BQI. O

X 1% ®@Ly, THoKh b, Lemma 42 ZRVIELAVS L,
ann Extiy (X, M) C T

SFED Bxtiy(X, M) £ 0786 5. Lo T Theorem 1.4 AFEF SN LT
7%,
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