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Abstract

For non-inaccessible $\kappa$ we try to define an ideal with the prop-

erty between normality and strong normality, which is ex-
pected to be a natural one.

1 Introduction
Throughout $\kappa$ is regular uncountable and $\lambda$ a cardinal $>\kappa$ . Let $P_{\kappa}\lambda$

denote the set of the subsets of A with the cardinality less than $\kappa$ , that
is, $P_{t\dot{\iota}}\lambda=$ { $x\subset$ A : $|x|<\kappa$ }. All the proofs are easily given by the read er.

Definition 1,1. let X $\subset P_{h}\lambda$ .
We say $X$ is unbounded if for evry $x\in P_{h}\lambda$ there exists $y\in X$ such that
$x\subset y$ .
$X$ is said to be closed if it is closed under $\subset$ -increasing sequence of length

$<r_{\overline{\mathrm{t}}}$ .
$X$ is a club if it is closed and unbounded.
$X$ is stationary if $X\cap C\neq\emptyset$ for any club $C$ .
Let $I_{\kappa,\lambda}=$ { $X\subset P_{\kappa}\lambda$ : $X$ is not unbounded} and $NS_{\kappa,\lambda}=\{X\subset P_{\kappa}\lambda$ :
$X$ is not stationary}.

Usually a large cardinal propertie is characterized by a normal ideal whose

members are the sets without the property (or its dual filter):

supercompactness $rightarrow$ normal $\mathrm{n}\mathrm{l}\mathrm{e}\mathrm{a}\mathrm{s}\mathrm{u}\mathrm{r}\mathrm{e}$

partition property $rightarrow$ $NP_{\kappa,\lambda}$

$\mathrm{i}\mathrm{n}\mathrm{e}\mathrm{f}\mathrm{f}\mathrm{a}\mathrm{b}\mathrm{i}_{1}^{1}\mathrm{i}\mathrm{t}\mathrm{y}$ $rightarrow$ $N$I $n_{\kappa,\lambda}$

Shelah property $rightarrow$ $NSh_{\gamma i},\lambda$

subtlety $rightarrow$ nonsubtle ideal
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Definition 1.2. We say I is an ideal if the following hold:
(1) $I\subset P(P_{\kappa}\lambda)$ ,
(2) $\emptyset\in I$ and $P_{\kappa}\lambda$ $($ $I$ ,
(3) if $X\subset Y\in I$ , then $X\in I$ ,
(4) I is closed under the union of less than $\kappa$ many mebmers

(we say I is $\kappa$ complete),
(5) $I_{f_{\overline{\mathrm{b}}}\lambda},\subset I$ (we say I is fine).

Let $I^{+}=P(P_{\kappa}\lambda)\backslash I$ and $I^{*}=\{X\subset P_{\kappa}\lambda : P_{\kappa}\lambda\backslash X\in I\}$ .
A function $f$ : $P_{\kappa}\lambdaarrow$ A is regressive if $f(x)\in x$ for any $x\in P_{\kappa}\lambda$ .
An ideal I on $P_{\kappa}\lambda$ is normal if for any $X\in I^{+}$ and a $\mathrm{I}^{\cdot}\mathrm{e}\mathrm{g}\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{s}\mathrm{i}\mathrm{v}\mathrm{e}$ function
$f$

. on $X$ there exists $Y\in P(X)$ $\cap I^{+}$ such that $f\lceil Y$ is constant.

Note tha $I_{\kappa,\lambda}$ is the nlinin$1\mathrm{a}1$ , and $NS_{\kappa,\lambda}$ is the minimal normal ideal
on $P_{\kappa}\lambda$ .

Forementioned ideals have a stronger property:

Definition 1.3. For $x$ , $y\in P_{\kappa}\lambda$ , $y\prec x$ denotes $y\in P_{x\cap\kappa}x=\{s\subset x$ :
$|s|<|x\cap\kappa|\}$ .
We say a function $f$ : $P_{\kappa}\lambdaarrow P_{\kappa}\lambda$ is set-regressive if $f(x)\prec x$ for any
$x\in P_{\kappa}\lambda$ .

An ideal I on $\mathcal{P}_{\kappa}’\lambda$ is strongly normal if for any $X\in I^{+}$ and set-regressive
function $f$ on $X$ there exists $Y\in P(X)$ $\cap I^{+}$ such that $f\mathrm{r}$ $Y$ is constant.
Let $\mathrm{T}/VNS_{l\sigma,\lambda}$ denote the minimal strongly norm al ideal on $P_{\kappa}\lambda$ .

Fact 1.4. $\mathcal{P}_{\kappa}\vee\lambda\not\in WNS_{\kappa,\lambda}$ if and only if $\kappa$ is Mahlo or $\kappa=\nu^{+}$ with
$v^{<\iota/}=\nu$ $[6]$ .

The following figure is known:

nonsubtle ideal
$I_{\kappa,\lambda}\subset NS_{\kappa,\lambda}\sim\subseteq WNS_{\overline{1}},,\lambda$

$NSh_{\mathrm{f}_{\backslash }\lambda}$,

2 Motivation
As is shown strong normality gives some limitation to $\kappa$ . It seems

natural to ask:
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Can we define a natural strengthening of normality without
assuming inaccessibility7

We consider several aspects of this question.

(1) Reflection.

Usual type of reflection is as follows;

if $\kappa$ has property $P$ , we can find $\alpha$ $<h^{\nearrow}$ which has property $P$ .

The stationary reflection of $P_{\omega_{1}}\lambda$ is:

if $S\subset P_{\omega_{1}}\lambda$ is stationary, then we can find $A$ of cardinality
$\omega_{1}$ such that $\omega_{1}\subset A\subset$ A and $S\cap P_{\omega_{1}}A$ is stationary in $P_{\omega_{1}}A$ .

The statioary reflection of $P_{\kappa}\lambda$ is false for is $>\omega_{1}[11]$ . While the following
holds[5] [$9_{\rfloor}^{\rceil}$ :

if is is A Shelah, then for any stationary $S$ $\subset P_{\kappa}\lambda$ we can find
$x\in P_{\kappa}\lambda$ such that $S\cap P_{x\cap\kappa}x$ is stationary in $P_{x\cap\kappa}x$ .

(2) Diamond and subtlety.

It is known that $\langle y_{\kappa}$ holds is $\kappa$ is subtle. Eliminating inaccessibility, this
assumption can be weakend to “

$\kappa$ is ethereal $\mathrm{w}\mathrm{i}\star_{J}\mathrm{h}2^{<\kappa}=\kappa$ .
While we have:

if $\kappa$ is subtle, then there exists a sequence $\langle S_{x}|x\in P_{\kappa}\lambda\rangle$ such
that

(1) $S_{x}\subset P_{x\cap\kappa^{X}}$ ,
(2) for any $S\subset P_{\kappa}\lambda\{x : S_{x}=S\cap P_{x\cap\kappa}x\}\in WNS_{\kappa,\lambda}^{+}$ .

We denote the above sequence $\tilde{p\}}_{\kappa,\lambda}$ .
We review some definitions.

Definition 2.1. For $X\subset\kappa$ let $[X]^{2}$ denote the set { $(\alpha, \beta)\in X\mathrm{x}$ $X$ :
$\alpha<\beta\}$ . We say $X$ is subtle if for any sequence $\langle S_{\alpha}\subset\alpha|\alpha\in X\rangle$ and club
$C\subset\kappa$ there exists $(\beta, \gamma)\in[C\cap X]^{2}$ such that $S_{\beta}=S_{\gamma}\cap\beta$ .

For $Y\subset P_{\kappa}\lambda$ let $[Y]_{\prec}^{2}$ denote the set $\{(x, y)\in Y\mathrm{x} Y:x\in P_{y\cap\kappa}y\}$ . We
say $Y\subset P_{\kappa}\lambda$ is strongly subtle if for any sequence $\langle S_{z}\subset P_{z\cap\kappa}z|z\in Y\rangle$ and
$C\in WNS_{\kappa,\lambda}^{*}$ there exists $(x, y)\in[C\cap Y]_{\prec}^{2}$ such that $S_{x}=S_{y}\cap P_{x}\cap\kappa^{X}$ .
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Note that $\kappa$ is subtle if and only if $P_{\kappa}\lambda$ is strongly subtle [3],
Compare the above with the following:

Definition 2.2. $X\subset\kappa$ is ethereal if for any sequence $\langle S_{\alpha}\subset\alpha|\alpha\in X\}$

with $|S_{\alpha}|=|\alpha|$ and club $C\subset\kappa$ there exists $(\beta, \gamma)\in[C\cap X]^{2}$ such that
$|S_{\beta}\cap S_{\gamma}|=|\beta|$ .
We say $Y\subset P_{\kappa}\lambda$ is weakly subtle if for any sequence $\langle S_{z}\subset P_{z\cap\kappa}z|z\in Y\rangle$

with $S_{x}\in I_{x\cap\kappa,x}^{+}$ and $C\subset P_{\kappa}\lambda$ club there exists $(x, y)\in[C\cap Y]_{\prec}^{2}$ such
that $S_{x}\cap S_{y}\in I_{x\cap\kappa,x}^{+}$ .

Fact 2.3. (1) ij $P_{\kappa}\lambda$ is weakly subtle then the correspond $\mathrm{i}ng$ ideal is
normal, { $x$ : $x\cap\kappa$ is regufar} is in its dual filter, $hen’.e\kappa$ is weakly
Mahlo.
(2) if $f$ : $P_{\kappa}\lambdaarrow$ A is a bijection and $A=\{x\in P_{\kappa}\lambda : f.‘ {}^{\mathrm{t}}P_{x\cap\kappa^{X}}=x\}$ ,
then strongly subtle ideat $=$ weakly subtle ideal $\mathrm{r}$ $A$ .

Note that $WNS_{\kappa}$ , $\lambda=NS_{\hslash i,\lambda}\lceil$ $A$ in (2).
We have several questions:

Question 2.4. 1) Is it consistent that there is a non-inaccessible weakly
subtle cardinal?
2) Does $\tilde{\theta}\kappa,\lambda$ hold if $\kappa$ is weakly subtle and $2^{<\kappa}=\kappa$?
3) Is $P_{l\sigma}\lambda$ weakly subtle if $\kappa$ is ethereal?
4) Is the definition of weak subtlety $;\zeta a$ right $one” \mathit{7}$.

(3) Weak normalities,

We have some $P_{\kappa}\lambda$ generalizations of weakly normal ideals on $\kappa$ defined
by Kanamori [8].

Definition 2.5. An ideal I on $\kappa$ is said to be weakly normal if for any
$f$ : $f_{\mathrm{U}}\cdotarrow\kappa$ such that $f(\alpha)<\alpha$ for every $\alpha<\kappa$ there exists $\gamma<\kappa$ with
{a : $f(\alpha)\leq\gamma$} $\in I^{*}$ .
We say I on $P_{\kappa}\lambda$ is Kanamori if for any regressive $f$ : $P_{\kappa}\lambdaarrow$ A there
exists $\gamma<$ A with $\{x:f(x)\leq\gamma\}\in I^{*}$ .

D. Burke[4] and Abe[l] proved
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Fact 2.6. The singular cardinal hypothesis (SCH) holds for $\lambda^{<\kappa}$ if $P_{\kappa}\lambda$

carries a Kanamori ideal and one of the following holds:
(1) A is regular or $\mathrm{c}\mathrm{f}(\lambda)\leq\kappa$

(2) $\kappa^{+}\leq \mathrm{c}\mathrm{f}(\lambda)<$ A and there is a measurable cardinal above A.

Kanamori ideal may be seen as a weakening of strong compactness and
has too strong consequences.

Definition 2.7. We say I is an AN-ideal if for any set-regressive function
$f$ on $P_{\kappa}\lambda$ there exists $a\in P_{\kappa}\lambda$ such that $\{x:f(x)\subset a\}\in I^{*}$ . (For AN
-ideals $\kappa$ completeness is not assumed.)

Fact 2.8. Suppose that I is a $\kappa$ complete AN-taeal. Then, I is strongly
nomal, $\kappa$ saturated, and $\{x : S\cap 7_{x\cap\kappa}^{\mathit{2}}x\in NS_{x\cap\kappa,x}^{+}\}\in I^{*}$ whenever
$S\subset P_{\kappa}\lambda$ is stationary [2].

So AN-ideal may be seen as a weakening of supercompactness and is too
strong as well
While Mignon [10] defined a direct weakeninng of normality:

Definition 2.7. An ideal 1 on $P_{t\iota}.\lambda$ is weakly normal if for any $X\in I^{+}$

and regressive $f$ : $Xarrow\lambda$ there exists $\gamma<\lambda$ with $\{x\in X : f(x)\leq\gamma\}\in$

$I^{+}$ .

3 $\mathrm{D}\mathrm{e}\mathrm{f}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{I}1}$

We just modify Mignon’s version of weak normality to define a weak-
ening of strong normaiity.

Definition 3.1. Let $(*)$ denote the following statement:

$(*)$ for any $X\in I^{+}$ and set-regressive $f$ : $Xarrow$ $P_{\kappa}\lambda$ there
exists $a\in P_{\kappa}\lambda$ such that $\{x\in X : f(x)\subset a\}\in I^{+}$ .

Fact 3.2. (1) if $\kappa$ is inaccessible, then $(*)$ is equivalent to strong nor-
mality.
(2) if $P_{\kappa}\lambda$ carries an ideal with $(*)$ , then $\kappa$ is weakly inaccessible.
(3) Eveq normal $\kappa$ saturated ideal on $P_{\kappa}\lambda$ has the property $(*)$ .
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(4) $(*)$ is equivalent to that I is closed under some type of diagonal unions,
that is,

$I=\overline{\nabla}_{\prec}I=$ { $\nabla_{\prec}\langle X_{s}|s\in P_{\kappa}\lambda\rangle$ : $X_{s}\in I$ , $\underline{X_{s}\subset X_{t}}$whenever $s\subset t$}

where $x\in\nabla_{\prec}\langle X_{s}|s\in P_{\kappa}\lambda\rangle$ if and only if $x\in X_{s}$ for some $s\prec x$ .
(5) Suppose that I satisfies $(*)$ in the grand model $V$ , $\mathrm{P}\iota s$ a $\delta- c.c$ . forcing
with $\delta<\kappa$ , $G\mathrm{P}$ generic, and $J$ defined in $V[G]$ as $J=\{X\subset P_{\kappa}\lambda$ :
$X\cap V\subset Y$ for some $Y\in I$ }. Then the following hold:

(a) $J$ satissfies $(*)$ ,
(b) $I=\{X : |\vdash_{\mathbb{P}}\check{X}\in j\}$

(6) Suppose that 1P is ts-c. $c.$ , $J$ defined as above satisfies $(*)$ in $V[G]$ , and
$P_{\kappa}\lambda\cap V\not\in J$ . Then, I satisfies $(*)$ .

Remark. The condition underlined in(4) is equivalent to the following:

$\cup\{X_{s} : s\subset x\}\in J$ for every $x\in P_{\kappa}\lambda$ .

Concernning the consistency of the existence of a non-strongly normal
ideal with $(*)$ we have the following:

Fact 3.3. Let $\kappa$ be Mahlo, $\mathrm{P}$ adding $\kappa$ many Cohen real forcing, and
$V[G]\models$ “

$J=\{X\subset P_{\kappa}\lambda$ : $X\cap V\subset Y$ for some $Y\in WNS_{\kappa,\lambda}^{V}\}’$ . Then $J$

is the minimal ideal with $(*)$ such that $P_{\kappa}\lambda\cap V\in J^{*}$ .

4 Combinatorial characterization of the min-
imal \’ideal with $(*)$

$NS_{\kappa,\lambda}$ and $WNS_{\kappa,\lambda}$ are characterized as follows:

Fact 4.1. Let X $\subset P_{\kappa}\lambda$ .
(1) $X\in NS_{h,\lambda}$ if and only if there exists $f$ : $\lambda^{2}arrow P_{\kappa}\lambda$ such that $C_{f}\cap X=$

$\emptyset_{f}$ where $C_{f}=\{x : f‘\zeta x^{2}\subset P(x)\}$ .
(2) $X\in WNS_{\kappa,\lambda}$ if and only if there exists $f$ : $P_{\kappa}$ A $arrow P_{\kappa}\lambda$ such that
$C_{f}\cap X=\emptyset$, where $C_{f}=\{x : f" P_{x\cap\kappa}x\subset P(x)\}$ .

If $\kappa$ is inaccessible or $\kappa=\nu^{+}$ with $u^{<\nu}=\iota/$ , then $\cup f^{\zeta}‘ P_{x\cap\kappa}X\in P_{\kappa}\lambda$ for
every $f\in P_{\kappa}P_{\hslash}\lambda\lambda$ and $x\in P_{\kappa}\lambda$ .
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Definition 4.2. Let $\mathcal{F}=\{f\in P_{\kappa}\lambda P_{\kappa}\lambda$ $:\cup f$
“

$P_{x\cap\kappa}x\in P_{\kappa}\lambda$ for every $x\in$

$P_{\kappa}\lambda\}$ , and $C\sim f=\{x : f" P_{x\cap h}x\subset P(x)\}$ for $f\in \mathcal{F}$ .
Set $I_{0}=$ { $X\subset P_{\kappa}\lambda$ : $\tilde{C}_{f}\cap X=\emptyset$ for some $f\in F$}.

Fact 4.3. Let $\kappa$ be weakly Mahlo. Then,
(1) For any $f\in \mathcal{F}\tilde{C}f\in I_{\kappa_{\dot{l}}\lambda}^{+}$ .

(2) $I_{0}$ satisfies $(*)$ .

Recall that $WNS_{h,\grave{\lambda}}$ has another characterization:

Fact 4.4. For any X $\subset P_{\kappa}\lambda$ , X $\in WNS_{\kappa,\lambda}$ if \^ond only if there exists $a$

set-regressive f : X $arrow P_{\kappa}\lambda$ such that $f^{-1}(\{a\})\in I_{\kappa,\lambda}$ for any a $\in P_{\kappa}\lambda$ .

We now define another ideal.

Definition 4.5. Define J0 by:

$X\in J_{0}$ if $X\subset P_{(\sigma}\lambda$ and there exists a set regressive $f$ : $Xarrow P_{\kappa}\lambda$

such that for any $a\in P_{\kappa}\lambda\{x \in X : f(x)\subset a\}\in I_{\kappa,\lambda}$ .

We easily have:

Fact 4.6. $NS_{\kappa,\lambda}\subset J_{0}=\tilde{\nabla}_{\prec}I_{\kappa,\lambda}$ .

We know $\mathrm{V}\mathrm{V}\mathrm{V}/$ $=\nabla\nabla I$ and $\nabla_{\prec}\nabla_{\prec}I=\nabla_{\prec}I$ for every ideal I. (If
$NS_{P\overline{\iota},\lambda}\subset I$ , then $\nabla\nabla I=\nabla I.$ ) The author does not know how about for
the operation $\tilde{\nabla}_{\prec}$ .

Question 4.7. (1) Is Jo normal?
(2) $\tilde{\nabla}_{\prec}I=\tilde{\nabla}_{\prec}\tilde{\nabla}_{\prec}I$ for every ideal $I$ ?

Fact 4.6 suggests a different ideal.

Definition 4.8. Define $J_{1}$ by:

$X\in J_{1}$ if $X\subset P_{\kappa}\lambda$ and there exists a set regressive $f$ : $Xarrow P_{\kappa}\lambda$

such that for any $a\in P_{\kappa}\lambda\{x\in X : f(x)\subset a\}\in NS_{,\lambda},_{\dot{\iota}}$ .

Clearly $J_{1}$ is normal.

Question 4.9. $J_{1}=I_{0}$?
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