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SOME APPLICATIONS OF
STATIONARY REFLECTION IN $\mathcal{P}_{\kappa}\lambda$

MASAHIRO SHIOYA
塩谷 真弘

筑波大学数学系

ABSTRACT. The priniciple of Stationary ${\rm Re} \mathrm{f}\mathrm{l}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ in $P_{\kappa}\lambda$ has
been successful in the case $\kappa=\omega_{1}$ . Unfortunately the principle fails
if $\kappa>\omega_{1}$ . Nonetheless some weaker versions are consistent relative
to the existence of some large cardinals. This paper presents some
(hopefully) nontrivial applications of these principles and state re-
lated problems.

1. INTRODUCTION

This paper is concerned with some combinatorinal statements that
hold in the Levy collapse. More specififically we are interested in gener-
alizing or improving the following two results:

Theorem 1 (Foreman-Magidor-Shelah [8]). The club fifilter on $\omega_{1}$ is
presaturated after a supercompact cardinal is Levy collapsed to $\omega_{2}$ .
Theorem 2 (Baumgartner [1]). Every club subset of $P_{\omega_{2}}\omega_{3}$ has size at
least $2^{\omega_{1}}$ after an $\omega_{1}- Erd\acute{o}\acute{s}card\mathrm{z}^{0}nal$ is Levy collapsed to $\omega_{3}$ (and then
Cohen subsets of $\omega_{1}$ are added).

Henceforth $\kappa$ denotes a regular uncountable $\mathrm{c}\mathrm{a}\mathrm{r}\mathrm{d}\mathrm{i}\mathrm{n}\mathrm{a}1_{\backslash }$ Goldring gen-
eralized and refifined Theorem 1:

Theorem 3 (Goldring [13]). The club fifilter on $P_{\omega_{1}}\kappa$ is presaturated
after a Woodin cardinal $>\kappa$ is Levy collapsed to $\kappa^{+}$ .

We get a further generalization:

Theorem 4 (Shioya [25]). The club fifilter on $P_{\mu}\kappa$ is weakly presatu-
rated below $\{x\in P_{\mu}\kappa : \mathrm{c}\mathrm{f}\sup x=\omega\}$ for every regular uncountable
$\mu\leq\kappa$ after a supercompact cardinal $>\kappa$ is Levy collapsed to $\kappa^{+}$ .

These are the subject of \S 4.
As to Theorem 2 the following generalization is almost immdeate:
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These are the subject of \S 4.
As to Theorem 2 the following generalization is almost immdeate;

Proposition 1. Every club subset of $P_{\kappa}\kappa^{+}$ has size at least $2^{\omega_{1}}$ after
a supercompact cardinal $>\kappa$ is Levy collapsed to $\kappa^{+}$ and then Cohen
subsets of $\omega_{1}$ are added.

Building on recent advances in constructing diamonds on $P_{\kappa}\lambda$ , we
get a much stronger result:

Theorem 5 (Shioya [26]). $P_{\kappa}\lambda$ carries a diamond for every $\lambda>\kappa$

after a supercompact cardinal $>\kappa$ is Levy collapsed to $\kappa^{+}$ and then
Cohen subsets of $\omega_{1}$ are added.

These matters are taken up in \S 5.
In [8] the principle SR (for Stationary Reflection) was introduced:

SR in $P_{\omega_{1}}\lambda$ holds iff for every stationary S $\subset P_{\omega_{1}}\lambda$

there is $\omega_{1}\subset X$ of size $\omega_{1}$ s.t. $S\cap P_{\omega_{1}}X$ is stationary in $P_{\omega_{1}}X$ .

Proposition2 (Foreman-Magidor-Shelah $[8])$ . SR in $P_{\omega_{1}}\lambda$ holds for
every $\lambda\geq\omega_{2}$ after a supercompact cardinal is Levy collapsed to $\omega_{2}$ .

SR in $P_{\omega_{1}}\lambda$ abstracts substantial combinatorics of the model:

Proposition 3 $(\mathrm{T}\mathrm{o}\mathrm{d}\mathrm{o}\mathrm{r}\check{\mathrm{c}}\mathrm{e}\mathrm{v}\mathrm{i}\acute{\mathrm{c}}[3])$ . SR in $P_{\omega_{1}}\lambda$ implies that
1. the club fifilter on $\omega_{1}$ is presaturated, and
2. Chang \prime s Conjecture holds.

Henceforth it is understood that $\lambda$ is suffiffifficiently large whenever $\mathrm{S}\mathrm{R}$

is assumed.
Proposition 3 (2) corresponds to the following

Theorem 6 (Baumgartner [1], Donder-Levinski [5]). $\backslash \backslash Chang^{J}s$ Conjec-
ture holds after an $\omega_{1}- Erd\acute{\mathit{0}}\acute{s}$ cardinal is Levy collapsed to $\omega_{2}$ .

Our proofs of Theorems 4 and 5 are based on suitable generalizations
of SR to higher cardinals. One would come up with the following
version immediately:

SR in $P_{\kappa}\lambda$ holds iff for every stationary S $\subset P_{\kappa}\lambda$

there is $\kappa\subset X$ of size $\kappa$ s.t. S $\cap P_{\kappa}X$ is stationary in $P_{\kappa}X$ .
Unfortunately

Theorem 7 (Shelah-Shioya $[23])$ . SR in $P_{\kappa}\lambda$ fails if $\omega_{1}<\kappa<\lambda$ .
Instead we introduce in \S 3 two principles $\kappa- \mathrm{S}\mathrm{R}$ in $P_{\omega_{1}}\lambda$ and $\sigma- \mathrm{S}\mathrm{R}$ in

$P_{\kappa}\lambda$ which hold after a supercompact cardinal $>\kappa$ is Levy collapsed
to $\kappa^{+}$ .
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2. PRELIMINARIES

For background material we refer the reader to [17]. Unless otherwise
stated $\kappa$ denotesa regular cardinal $>\omega$ and $\lambda$ a cardinal $>\kappa$ .

Let $f$ : $[\lambda]^{<\omega}arrow P_{\kappa}\lambda$ . For $x\subset\lambda$ let $\mathrm{c}1_{f}x$ be the closure of $x$ under
$f$ , i.e. the smallest set $z\subset\lambda$ such that $x\subset$ $z$ and $f$

“ $[z]^{<\omega}\subset P(z)$ . We
denote the set $\{z\subset\lambda : \mathrm{c}1fz=z\}$ by $C(f)$ . It is well-known that the
club fifilter on $P_{\kappa}\lambda$ is generated by the sets of the form $P_{\kappa}\lambda\cap C(f)$ . $\mathrm{A}$

set of the form $P_{\kappa}\lambda\cap C(f)$ is called $\sigma$-club if $f$ : $[\lambda]^{<\omega}arrow P_{\omega_{1}}\lambda$ . It is
also known that the club fifilter on $P_{\kappa}\lambda$ is generated by the $\sigma$-club sets
together with the set $\{x\in P_{\kappa}\lambda : x\cap\kappa\in\kappa\}$ .

Let $\mu<\nu$ be both regular. Denote the set $\{\gamma<\nu : \mathrm{c}\mathrm{f}\gamma=\mu\}$

by $S_{\nu}^{\mu}$ . Recall from [21] that a club guessing sequence on $S_{\nu}^{\mu}$ is $\mathrm{a}$

map : 76 $S_{\nu}^{\mu}\mapsto c_{\gamma}$ an unbounded subset of $\gamma$ of order type $\mu$ such
that if $D\subset\nu$ is club, $\{\gamma\in S_{\nu}^{\mu} : c_{\gamma}\subset D\}$ is stationary in $2’,$ . Gitik
and Shelah [11] constructed such a sequence even with an additional
property (see [24] for a simpler proof):

Lemma1. Let $\mu<\kappa<\nu$ be all regular. Then there is a club guessing
sequence $\langle c_{\gamma} : \gamma\in S_{\nu}^{\mu}\rangle$ such that if $\gamma\in S_{\nu}^{\mu}\cap\lim\{\alpha<\nu : \mathrm{c}\mathrm{f}\alpha\geq\kappa\}$ ,
$c_{\gamma}\subset\{\alpha<\gamma:\mathrm{c}\mathrm{f}\alpha\geq\kappa\}$ .

Here $\lim X$ denotes the set of limit points of $X$ .
For later purposes we present a proof of Proposition 4 due to $\mathrm{F}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{m}\mathrm{a}\mathrm{n}-$

$\mathrm{T}\mathrm{o}\mathrm{d}\mathrm{o}\mathrm{r}\check{\mathrm{c}}\mathrm{e}\mathrm{v}\mathrm{i}\acute{\mathrm{c}}[9]$ .
Let $\langle c_{\gamma} : \gamma\in S_{\omega_{2}}^{\omega}\rangle$ be a club guessing sequence. Fix $x\in P_{\omega_{1}}\omega_{2}$

such that $\gamma=\sup x$ has cofifinality $\omega$ . List $c_{\gamma}$ in increasing order as
{ $’\gamma_{n}$ : $n<$ J. Set $r(x)=\{n<\omega : x\cap(\gamma_{n+1}-\gamma_{n})\neq\emptyset\}\in[\omega]^{\omega}$ .

Proposition 4. {x $\in P_{\omega_{1}}\omega_{2}$:$r(x)=r\}$ is stationary for r $\in[\omega]^{\omega}$ .

Defifine a tree order $\leq \mathrm{o}\mathrm{n}[\omega_{2}]^{<\omega}$ by end-extension. $\mathrm{L}\mathrm{e}\mathrm{t}^{\mathrm{e}}T$ be a subtree
of $[\omega_{2}]^{<\omega}$ . For $a\in T$ set $\mathrm{s}\mathrm{u}\mathrm{c}_{T}(a)=\{\alpha<\omega_{2} : a\leq a\mathrm{U} \{\alpha\}\in T\}$ . $T$

is called stationary if $\mathrm{s}\mathrm{u}\mathrm{c}_{T}(a)$ is stationary in $\omega_{2}$ for every $a\in T$ .
$[T]$ denotes the set of infinite branches through $T$ . For $a\in T$ let
$T^{a}=\{b-a:a\leq b\in T\}$ .

The following lemma is from [24]:

Lemma 2. $Lei$ $T$ be a stationary subtree of $[S_{\nu}^{\kappa}]^{<\omega}$ and $F$ : $Tarrow P_{t\sigma}\lambda$ ,

Then th‘$ere$ are a stationary subtree $T^{*}$ of $T$ and $h$ : $T^{*}arrow\nu$ such that
if $a<b \in T_{J}^{*}F(b)\cap\min(b-a)\subset h(a)$ .

Proof of Proposition 4. Let $f$ : $[\omega_{2}]^{<\omega}arrow P_{\omega_{1}}\omega_{2}$ . It suffiffiffices to give $\mathrm{a}$

countable $x\in C(f)$ such that $\mathrm{c}\mathrm{f}\sup x=\omega$ and $r(x)=r$ .
By Lemma 2 we have a stationary subtree $T^{*}$ of $[S_{\omega_{2}^{1}}^{\omega}]^{<\omega}$ and a map

$h$ : $T^{*}arrow\omega_{2}$ such that if $a<b\in T^{*}$ , $( \mathrm{c}1_{f}b)\cap\min(b-a)\subset h(a)$ . Then
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$D= \{\gamma<\omega_{2} : \mathrm{c}1_{f}\gamma=\gamma\wedge\forall a\in T^{*}\cap[\gamma]^{<\omega}(h(a)<\gamma\in\lim \mathrm{s}\mathrm{u}\mathrm{c}_{T}*(a))\}$ is
club. Take $\gamma\in S_{\omega_{2}}^{\omega}\cap D$ with $c_{\gamma}\subset D-\omega_{1}$ . List $c_{\gamma}$ in increasing order
as $\{\gamma_{n} : n<\omega\}$ , and $r$ as $\{n(k) : k<\omega\}$ .

By induction on $k<\omega$ we choose $\gamma n(k)<\alpha_{k}<\gamma n(k)+1$ so that
$\{\alpha_{i} : \mathrm{i}<k\}\in T^{*}$ as follows:

Assume we have $\{\alpha_{i} : \mathrm{i}<k\}$ . Since $\{\alpha_{i} : \mathrm{i}<k\}\in T^{*}\cap[\gamma_{n(k)+1}]^{<\omega}$

and $\gamma_{n}(k)+1\in D$ , we have $\gamma n(k)<\alpha_{k}\in\gamma_{n(k)+1}\cap \mathrm{s}\mathrm{u}\mathrm{c}_{T}*\{\alpha_{i} : \mathrm{i}<k\}$ .
Then $\{\alpha_{i} : \mathrm{i}\leq k\}\in T^{*}$ , as desired.

Set $x= \bigcup_{k<\omega}\mathrm{c}1_{f}\{\alpha_{i} : \mathrm{i}\leq k\}\in P_{\omega_{1}}\omega_{2}\cap C(f)$ . We have $x\subset \mathrm{c}1_{f}\gamma=\gamma$

by $\{\alpha_{i} : i<\omega\}\subset\gamma\in D$ . Hence $\sup x=\gamma$ by $\sup_{i<\omega}\alpha_{i}=\sup_{i<\omega}\gamma_{n}(:)=$

$\gamma$ .
Claim. $r(x)=\{n(k)$: k $<\omega\}$ .

Proof. Since $\gamma_{n}(k)<\alpha_{k}<\gamma_{n}\{k$ ) $+1\tau$ we have $n(k)\in r(x)$ for every $k<\omega$ .
To see the converse, fix $k<l<\omega$ . Then by the choice of $h$ we have
$(\mathrm{c}1_{f}\{\alpha_{i} : \mathrm{i}\leq l\})\cap\gamma_{n}(k+1)\subset(\mathrm{c}1_{f}\{\alpha_{i} : \mathrm{i}\leq l\})\cap\alpha_{k+1}\subset h(\{\alpha_{i} : \mathrm{i}\leq k\})$ .
Since $\{\alpha_{i} : \mathrm{i}\leq k\}\in T^{*}\cap[\gamma_{n\mathfrak{l}^{k)+1}}]^{<\omega}$ and $\gamma n(k)+1\in D$ , we have
$h(\{\alpha_{i} : i\leq k\})<\gamma n\langle k$ ) $+1$ . Hence $(\mathrm{c}1_{f}\{\alpha_{i} : \mathrm{i}\leq l\})\cap\gamma_{n}(k+1)\subset\gamma_{n}(k\}+1$ .
Thus $x\cap\gamma n(k+1)\subset\gamma n(k)+1$ , as desired. $\square$

This completes the proof. $\square$

When applying $\mathrm{S}\mathrm{R}$ , some “
$\mathrm{c}\mathrm{a}\mathrm{t}\mathrm{c}\mathrm{h}\mathrm{i}\mathrm{n}\mathrm{g}- \mathrm{t}\mathrm{a}\mathrm{i}1_{\mathrm{S}}$

)’ lemma is needed. The
prototype can be found in Shelah’s proof [19] of Chang’s conjecture in
the Levy collapse of a measurable cardinal to $\omega_{2}$ . It was extensively
exploited in [8], The following version is used in \S 5 together with $\kappa- \mathrm{S}\mathrm{R}$

in $P_{\omega_{1}}\lambda$ :

Lemma 3. Let $D$ be $\sigma$ -club in $P_{\kappa}2^{\theta}$ with $\theta=2^{\kappa^{+}}$ Then there is
$d:[2^{\theta}]^{<\omega}arrow P_{\omega_{1}}2^{\theta}$ such that if $z\in P_{\kappa}2^{\theta}\cap C(d)$ and $u\in P_{\kappa}\kappa^{+}$ , $z\in D$

and $\mathrm{c}1_{d}(z\cup u)\cap\theta=\mathrm{c}1_{d}((z\cap\theta)\cup u)\cap\theta$ .

The following variation is used in \S 4 together with $\sigma- \mathrm{S}\mathrm{R}$ in $P_{\kappa}\lambda$ :

Lemma 4. Let $D$ be $\sigma$ -club in $P_{\kappa}2^{\lambda}$ with $\lambda=2^{\nu}$ and $\nu>\kappa$ . List the

functions : $\nu$ $arrow P_{\omega_{1}}\lambda$ as $\{h_{\alpha} : \alpha<\lambda\}$ . Then there is $d:<\omegaarrow P_{\omega_{1}}2^{\lambda}$

such that if $z\in P_{\kappa}2^{\lambda}\cap C(d)$ and $\xi<\nu_{f}z\in C(d)$ and $\mathrm{c}1_{d}(z\cup\{\xi\})\cap\lambda=$

$\cup$ { $e_{\alpha}(\xi)$ : a $\in z\cap\lambda$ } $=\mathrm{c}1_{d}((z\cap\lambda)\cup \{\xi\})\cap\lambda$ .

3. $\mathrm{p}_{\mathrm{R}\mathrm{I}\mathrm{N}\mathrm{C}\mathrm{I}\mathrm{P}\mathrm{L}\mathrm{E}\mathrm{S}}$ OF STATIONARY REFLECTION

This section presents two generalizations of SR in $P_{\omega_{1}}\lambda$ to higher
cardinals. Here is the weaker version:

x-SR in $P_{\omega_{1}}\lambda$ holds iff for every stationary S $\subset P_{\omega_{1}}\lambda$

there is $\kappa\subset X$ of size $\kappa$ s.t. S $\cap P_{\omega_{1}}X$ is stationary in $P_{\omega_{1}}X$ .



58

So SR in $P_{\omega_{1}}\lambda$ from [8] is just $\omega_{1}- \mathrm{S}\mathrm{R}$ in $P_{\omega_{1}}\lambda$ in our sense.
Proposition 5. $\kappa- \mathrm{S}\mathrm{R}$ in $P_{\omega_{1}}\lambda$ holds for every $\lambda\geq\kappa^{+}$ aflfler a super-
compact cardinal $>\kappa$ is Levy collapsed to $\kappa^{+}$ (and then Cohen subsets

of $\omega_{1}$ are added).

Crucial to the proof is the following well-known fact:

Lemma 5 (Shelah [19]). Every stationary subset of $P_{\omega_{1}}\lambda$ remains sta-
fionary after forcing with a countably closed poset.

Now assume $\lambda^{<\kappa}=\lambda$ . Fix a bijection $\varphi$
$:<\kappa P_{\kappa}\lambdaarrow\lambda$ . Defifine

$S_{\kappa\lambda}^{\varphi}=$ {x $\in P_{\kappa}\lambda$ : EJ $<\kappa\exists t:\delta$ $arrow P_{\kappa}\lambda$

(x $\subset\cup t"\delta$ A $\sup\{\eta<\delta$ : $\varphi(t|\eta)\in x\}=\delta$ ) }.

It is easily seen that $S_{\kappa\lambda}^{\varphi}$ is $\sigma$ stationary in $P_{\kappa}\lambda$ . We often write
$S_{\kappa\lambda}$ for $S_{\kappa\lambda}^{\varphi}$ . This causes no confusion because $S_{l\sigma\lambda}^{\varphi}$ and $S_{\kappa\lambda}^{\psi}$ agree on $\mathrm{a}$

$\sigma$-club set if $\psi$ $:<\kappa P_{\kappa}\lambdaarrow\lambda$ is another bijection.
Lemma 5 is generalized as follows:

Lemma 6. If $\lambda^{<\kappa}=\lambda$ , every $\sigma$ -stationary subset of $S_{\kappa\lambda}$ remains $\sigma-$

stationary in $P_{\kappa}\lambda$ after forcing with a $\kappa$-closed poset.
$S_{\kappa\lambda}$ is maximal with respect to this preoperty:

Lemma 7. If $\lambda^{<\kappa}=\lambda$ , $S_{\kappa\lambda}$ has a $\sigma$-club subset of $P_{\kappa}\lambda$ after forcing
with a $\kappa$-closed poset which collapses $|\lambda|$ to $\kappa$ .

It is essential to assume $\lambda^{<\kappa}=\lambda$ in our arguments. So we ask:
Question 1. Let $\mathrm{c}\mathrm{f}\lambda<\kappa$ . Does there exist a stationary $S\subset P_{\kappa}\lambda$ such
that every stationary subset of $S$ remains stationary after forcing with
a $\kappa$-closed poset?

We have the expected defifinition and results:
$\sigma- \mathrm{S}\mathrm{R}$ in $P_{\kappa}\lambda$ holds iff for every $\sigma$ stationary S $\subset S_{\kappa\lambda}$

there is $\kappa\subset X$ of size $\kappa$ s.t. S $\cap P_{\kappa}X$ is $\sigma$ stationary in $P_{\kappa}X$ .

Proposition 6. $\sigma- \mathrm{S}\mathrm{R}$ in $P_{\kappa}\lambda$ holds for every $\lambda>\kappa$ with $\lambda^{<\kappa}=\lambda$ after
a supercompact cardinal $>\kappa$ is Levy collapsed to $\kappa^{+}$ .
Proposition 7. if $\lambda^{<\kappa}=\lambda$ , $\sigma- \mathrm{S}\mathrm{R}$ in $P_{\kappa}\lambda$ implies $\kappa- \mathrm{S}\mathrm{R}$ in $P_{\omega_{1}}\lambda$ .

To ask one more question, let us restate Theorem 7 in more detail:
Theorem 8 $(\mathrm{S}\mathrm{h}\mathrm{e}\mathrm{l}\mathrm{a}\mathrm{h}-\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{o}\mathrm{y}\mathrm{a}[23])$ . Let $\omega_{1}<\kappa<\lambda$ . Then there is $a$

stationary subset of $\{x\in P_{\kappa}\lambda : \mathrm{c}\mathrm{f}(x\cap\kappa)=\omega_{1}\Lambda \mathrm{c}\mathrm{f}\sup(x\cap\kappa^{+})=\omega\}$

that does not reflect
Question 2. Let $\omega_{1}<\kappa$ $<\lambda$ . Does there exist a stationary subset of
{x $\in P_{\kappa}\lambda$:$\mathrm{c}\mathrm{f}(x\cap\kappa)=\omega\Lambda$ cf $\sup(x\cap\kappa^{+})=\omega_{1}\}$ that does not $reflect^{l}.$?
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4. APPLICATIONS $\mathrm{I}$ : $\mathrm{W}_{\mathrm{E}\mathrm{A}\mathrm{K}}$ FORMS OF SATURATION

The standard argument shows that in the model of Theorem 1 $\theta_{\omega_{1}}$

holds, so the club filter on $\omega_{1}$ is not $\omega_{2^{-}}\mathrm{s}\mathrm{a}\mathrm{t}\mathrm{u}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{e}\mathrm{d}$ . This fact motivates
the following definition due to $\mathrm{B}\mathrm{a}\mathrm{u}\mathrm{m}\mathrm{g}\mathrm{a}\mathrm{r}\mathrm{t}\mathrm{n}\mathrm{e}\mathrm{r}-\mathrm{T}\mathrm{a}\mathrm{y}\mathrm{l}\mathrm{o}\mathrm{r}[2]$ :

A normal filter F on $P_{\kappa}\lambda$ is presaturated iff $\mathfrak{l}\vdash_{F^{+}}$ ”every set of

ordinals of size $<\kappa$ can be covered by a set of size $\lambda$ in V”

In fact the original defifinition of presaturation was somewhat weaker.
The current definition has a natural reformulation in combinatorial
terms like Lemma 8 below. In any case a $\lambda^{+}$-saturated normal fifilter on
$P_{\kappa}\lambda$ is presaturated.

The proof of Theorem3would be substantially simplified if one uses
Propositions5and8. The price is that we must assume the existence
of a supercompact cardinal

Proposition 8. $\kappa- \mathrm{S}\mathrm{R}$ in $P_{\omega_{1}}\lambda$ implies that the club fifilter on $P_{\omega_{1}}\kappa$ is
presaturated.

It is known to be impossible to generalize Theorem 3 in a straight-
foward way:

Theorem9 (Shelah [20], Burke-Matsubara[4]) . The club fifilter on $P_{\mu}\kappa$

$\acute{\iota}s$ not presaturated if $\mu=\kappa$ is a successor cardinal $>\omega_{1}$ or if $\mu<\kappa$

are both regular uncountable.

With the following result Gitik ”almost” closed the matter:

Theorem 10 (Gitik [10]). It is consistent that the club fifilter on an
inaccessible $card\acute{\iota}nal$ is presaturated.

Gitik’sargument, however, involves square sequences. So one can
still ask:

Question3. Is if consistent that the club fifilter on a supercompact car-
iinal is $presaturated^{l}’$?

By Theorem 9 the club filter on $\omega_{2}$ cannot be presaturated. Gitik
and Shelah asked whether it can have a weaker property. The following
defifinition is due to them:

A normal fifilter F on $P_{\kappa}\lambda$ is weakl.v presaturated iff $|\vdash_{F}+$ “every

countable set of ordinals can be covered by a set of size $\lambda$ in V”

Theorem11 (Gitik-Shelah[12]). It is consistent that the club fifilter
on u2 is weakly presaturated.

The following question seems to be open
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Question 4. Is it consistent that the club fifilter on $P_{\omega_{2}}\omega_{3}$ is weakly
$presaturated’$?

Theorem 4 follows from Proposition 6 and the following

Theorem 12 (Shioya [25]). $\sigma- \mathrm{S}\mathrm{R}$ in $P_{\kappa}\lambda$ implies that the club fifilter
on $P_{\mu}\kappa$ is weakly presaturated below $\{x\in P_{\mu}\kappa : \mathrm{c}\mathrm{f} \sup x=\omega\}$ for every
regular uncountable $\mu\leq\kappa$ .

It is almost certain that much less than a supercompact suffiffiffices for
a direct proof of Theorem 4, which should be much more complicated
than that of Theorem 12. The proof of Theorem 12 combines those of
Proposition 8 and the following

Proposition 9. $\sigma- \mathrm{S}\mathrm{R}$ in $P_{\kappa}\lambda$ implies that the club fifilter on $P_{\mu}\kappa$ is
precipitous for every regular uncountable $\mu\leq\kappa$ .

Recall from [16] that
F is precipitous iff $|\vdash_{F}+$ “the generic ultrapower is well-founded”

It is easy to see that a weakly presaturated fifilter is precipitous and
moreover the generic ultrapower is closed under countable sequences.

Proposition 9 corresponds to the following

Theorem 13 (Goldring [14]). The $clu\overline{b}$ fifilter on $P_{\mu}\kappa$ is precipitous for
every regular uncountable $\mu\leq\kappa$ after a supercompact cardinal $>\kappa$ is
Levy collapsed to $\kappa^{+}$ .

Prior to this, $\mathrm{F}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{m}\mathrm{a}\mathrm{n}-\mathrm{M}\mathrm{a}\mathrm{g}\mathrm{i}\mathrm{d}\mathrm{o}\mathrm{r}$-Shelah [8] had proved that the club
fifilter on $P_{\mu}\kappa$ is precipitous below some stationary set in the same model
The set is the projection of 1A, the set of Internally Approachable sets.
Goldring observed that $\mathrm{I}\mathrm{A}$ can be replaced by its technical enlargement
$\mathrm{I}\mathrm{A}^{*}$ . In fact $\mathrm{I}\mathrm{A}^{*}$ had already been introduced in [8] in a similar context.
Our $S_{\kappa\lambda}$ from \S 3 is a combinatorial reformulation of $\mathrm{I}\mathrm{A}^{*}$ .

As a sample of an application of $\sigma- \mathrm{S}\mathrm{R}$ we present a proof of Propo-
sition 9. Before proceeding let us recall

Lemma 8 $(\mathrm{J}\mathrm{e}\mathrm{c}\mathrm{h}-\mathrm{P}\mathrm{r}\mathrm{i}\mathrm{k}\mathrm{r}\mathrm{y}[16])$ . $F$ is precipitous iff for every $S\in F^{+}$

and a sequence $\{A_{n} : n<\omega\}$ of maximal antichains in $F^{+}$ below $S$

such that $A_{n+1}$ refifines $A_{n}$ there is a descending sequence $\{S_{n} : n<\omega\}$

such that $S_{n}\in A_{n}$ and $\bigcap_{n<\omega}S_{n}\neq\emptyset$ .

Proof of Proposition $g$. As noted in [14], it suffiffiffices to show that the
fifilter $C_{\kappa\kappa}^{\sigma}$ on $P_{\kappa}\kappa$ generated by the $\sigma$-club sets is precipitous.

Set $\nu$
$=2^{2^{<\kappa}}$ and $\lambda=2^{\nu}$ . Fix a $\sigma$ stationary $S$ $\subset P_{\kappa}\kappa$ . We can

assume $S$ is $\mathrm{c}\mathrm{o}-\sigma$-stationary as well. For $n<\omega$ let $\{S_{n,\xi} : \xi<\nu\}$ be a
maximal antichain in $(C_{\kappa\kappa}^{\sigma})^{+}$ below $S$ such that for $\xi<\nu$ there is $(:<\nu$
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with $S_{n+1,\xi}\leq S_{n,\zeta}$ . Set $\mathrm{s}\mathrm{u}\mathrm{c}_{n}(\zeta)=\{\xi<\nu:S_{n,\xi}\leq S_{n-1,\zeta}\}$ for $n<\omega$ and
$\zeta<\nu$ . We stipulate $S_{-1,\zeta}=S$ . Then $\{S_{n,\xi} : \xi\in \mathrm{s}\mathrm{u}\mathrm{c}_{n}(\zeta)\}$ is a maximal
antichain in $(\mathrm{C}_{\kappa\kappa}^{\sigma})^{+}$ below $S_{n-1,\zeta}$ . We use $\sigma- \mathrm{S}\mathrm{R}$ to give $x\in P_{\kappa}\kappa$ and
$\{\xi_{n} : n<\omega\}\subset\nu$ such that $x\in S$ $\cap S_{n,\xi n}$ and $\xi_{n}\in \mathrm{s}\mathrm{u}\mathrm{c}_{n}(\xi_{n-1})$ for every
$n<\omega$ .

Let $\{g_{\gamma} : \gamma<2^{\lambda}\}$ and $\{h_{\alpha} : \alpha<\lambda\}$ list the functions of the form
$g$ : $[\lambda]^{<\omega}arrow P_{\omega_{1}}\lambda$ and $h$ : $\nu$ $arrow P_{\omega_{1}}\lambda$ respectively. Fix a bijection
$\varphi$

$:P_{\kappa}<\kappa\lambdaarrow$ A. Set

D $=$ {z $\in P_{\kappa}2^{\lambda}$ : $\forall\alpha\in z\cap\lambda(h_{\alpha} "(z\cap\nu)\subset P(z))$ A
$\forall\gamma\in z(z\cap\lambda\in C(g_{\gamma}))\Lambda\forall\beta\in z\cap\lambda\forall\xi\in z\cap\nu$

$(\varphi(\langle\cup h_{\alpha}(\xi)$
:

$\eta\in \mathrm{d}\mathrm{o}\mathrm{m}\varphi^{-1}(\beta)\rangle)\alpha\in\varphi^{-1}(\beta)(\eta)\in z)\}$

,

which is $\sigma$-club in $P_{\kappa}2^{\lambda}$ . We have d : $[2^{\lambda}]^{<\omega}arrow P_{\omega_{1}}2^{\lambda}$ as in Lemma 4.
For n $<\omega$ and $\zeta<\nu$ set

$T_{n,\zeta}=$ {x $\in P_{\kappa}\lambda$ : $\exists\xi\in \mathrm{s}\mathrm{u}\mathrm{c}_{n}(\zeta)$

$(\mathrm{c}1_{d}(x\cup\{\xi\})\cap\kappa=x\cap\kappa\in S_{n,\xi}\cup(P_{\kappa}\kappa-S_{n-1,\zeta}))\}$.

Claim. $S_{\kappa\lambda}\cap C\subset T_{n,\zeta}$ for some $\sigma$ -club C $\subset P_{\kappa}\lambda$ .

Proof. Let $T\subset S_{\kappa\lambda}$ be $\sigma$-stationary in $P_{\kappa}\lambda$ . We show that $T\cap T_{n,\zeta}\neq\emptyset$ .
By ct-SR we have $\kappa\subset X\subset\lambda$ of size $\kappa$ such that $T\cap P_{\kappa}X$ is $\sigma-$

stationary in $P_{\kappa}X$ . Fix a bijection $\pi:Xarrow\kappa$ . Since

$\{x\in T\cap P_{\kappa}X : \pi" x=x\cap\kappa\}$

is $\sigma$-stationary in $P_{\kappa}X$ , so is $S^{J}=\{x\cap\kappa:x\in T\cap P_{\kappa}X\Lambda\pi" x=x\cap\kappa\}$ in
$P_{\kappa}\kappa$ . Since $\{S_{n,\xi} : \xi\in \mathrm{s}\mathrm{u}\mathrm{c}_{n}(\zeta)\}\cup\{P_{\kappa}\kappa-S_{n-1,\zeta}\}$ is a maximal antichain
in $(\mathrm{C}_{\kappa\kappa}^{\sigma})^{+}$ , we have $\xi\in \mathrm{s}\mathrm{u}\mathrm{c}_{n}(\zeta)$ such that $S’\cap(S_{n,\xi}\cup(P_{\kappa}\kappa-S_{n-1,\zeta}))$ is $\sigma-$

stationary in $P_{\kappa}\kappa$ . Since $\{y\in P_{\kappa}2^{\lambda} : y\cap\kappa\in S’\cap(S_{n,\xi}\cup(P_{\kappa}\kappa-S_{n-1,\zeta}))\}$

is $\sigma$-stationary in $P_{\kappa}2^{\lambda}$ , we have $y\in P_{\kappa}2^{\lambda}\cap C(d)$ such that $\xi\in y$ and
$\pi$

“ $(y\cap X)=y\cap\kappa\in S’\cap(S_{n,\xi}\cup(P_{\kappa}\kappa-S_{n-1,\zeta}))$ . Since $y\cap\kappa\in S’$ , we
have $x\in T\cap P_{\kappa}X$ with $\pi$

“$x=x\cap\kappa=y\cap\kappa$ . Then $x=\pi^{-1}$ “ $(x\cap\kappa)=$

$\pi^{-1}$ “ $(y\cap\kappa)=y\cap X$ . Since $x\cup\{\xi\}\subset y\in C(d)$ , $\mathrm{c}1_{d}(x\cup \{\xi\})\subset y$ .
Hence $\dot{x}\cap\kappa\subset \mathrm{c}1_{d}(x\cup\{\xi\})\cap\kappa\subset y\cap\kappa=x\cap\kappa\in S_{n,\xi}\cup(P_{\kappa}\kappa-S_{n-1,\zeta})$ .
Thus $x\in T\cap T_{n,\zeta}$ , as desired.

$\square$

Take $\gamma<2^{\lambda}$ with $S_{\kappa\lambda} \cap C(g_{\gamma})\subset\bigcap_{n<\omega}\triangle\zeta<\nu Tn,\zeta$ . Set

$E=\{z\cap\lambda : z\in P_{\kappa}2^{\lambda}\cap C(d)\}$ ,
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which is $\sigma$-club in $P_{\kappa}\lambda$ . Let

$S_{\kappa\lambda}^{*}=$ {x $\in P_{\kappa}\lambda$ : $\exists\delta<\kappa\exists t$ : $\deltaarrow E$ increasing

(x $\subset \mathrm{U}t"\delta \Lambda\sup\{\eta<\delta$:$\varphi(t|\eta)\in x\}=\delta)\}$ ,

asubset of $S_{\kappa\lambda}$ . It is easily seen that $S_{\kappa\lambda}^{*}$ is $\sigma$-stationary in $P_{\kappa}\lambda$ . Set
$S^{*}=$ { $z\in P_{\kappa}2^{\lambda}\cap C(d)$ : $\gamma\in z$ A $z\cap\lambda$ $\in S_{\kappa\lambda}^{*}$ }, which is $\sigma$-stationary in
$P_{\kappa}2^{\lambda}$ .

Claim. $\{z\cap\kappa:$ z $\in S’\}$ is $\sigma$ -club in $P_{\kappa}\kappa$ .

Proof. Build an increasing sequence t : $\kappaarrow E$ by

$t(\delta)=\mathrm{c}1_{d}(\delta\cup\{\varphi(t|\eta) : \eta<\delta\}\cup\cup t"\delta\cup\{\gamma\})\cap\lambda$ .

Set $Y=\cup t$ “
$\kappa\subset$ A. Then we have $\kappa\cup\{\varphi(t|\eta) : \eta<\kappa\}\subset Y$ and

$\mathrm{c}1_{d}(a\cup\{\gamma\})\cap\lambda\subset Y$ for every $a\in[Y]^{<\omega}$ . Defifine $f$ : $[Y]^{<\omega}arrow P_{\omega_{1}}Y$ by
$f(a)=\{\varphi(t|\eta) : \eta\in a\cap\kappa\}\cup(\mathrm{c}1_{d}(a\cup\{\gamma\})\cap\lambda)$. Note that for every
$x\in P_{\kappa}Y$ there is $\eta<\kappa$ with $x\subset t(\eta)$ . Hence

$C=\{x\in P_{\kappa}\kappa : \forall a\in[x]^{<\omega}\exists\eta\in x(\mathrm{c}1fa\cap\kappa\subset x\Lambda \mathrm{c}1fa\subset t(\eta))\}$

is $\sigma$-club in $P_{t\mathrm{t}}\kappa$ . We claim that $C\subset\{z\cap\kappa : z\in S^{*}\}$ .
Fix $x\in C$ . Set $y=\mathrm{c}1_{f}x\in P_{\kappa}Y$ . Then $x\subset y\cap\kappa=\mathrm{c}1_{f}x\cap\kappa=$

$\bigcup_{a\in[x]^{<\omega}}\mathrm{c}1_{f}a\cap\kappa\subset x$ by $x\in C$ . Set $z=\mathrm{c}1_{d}(y\cup\{\gamma\})\in P_{\kappa}2^{\lambda}\cap$ $C(d)$ .
Then $y\subset z\cap\lambda=\mathrm{c}1_{d}(y$ $\cup\{\gamma\}2$ $\cap\lambda=\bigcup_{a\in[y]^{<\omega}}\mathrm{c}1_{d}(a\cup\{\gamma\})$

$\cap\lambda\subset$

$\bigcup_{a\in[y]}<\omega f(a)\subset y$ by $y\in C(f)$ . Since $x\in C$ , $\varphi(t|\eta)\in f(\{\eta\})\subset \mathrm{c}1fx=$

$y$ for every y7 $\in x$ . Hence $\sup\{\eta<\sup x : \varphi(t|\eta)\in y\}=\sup x$. Since
$x\in C$ , $y= \mathrm{c}1_{f}x=\bigcup_{a\in[x]^{<\omega}}\mathrm{c}1fa\subset\bigcup_{\eta\in x}t(\eta)$ $\subset\cup t$

”
$\sup x$ . Hence

$t| \sup x$ witnesses $y\in S_{\kappa\lambda}^{*}$ . Thus $x=z\cap\kappa$ and $z\in S^{*}$ , as desired. $\square$

Build an increasing sequence $\{z_{n} : n<\omega\}\subset S^{*}$ and $\{\xi_{n} : n<\omega\}\subset$

$\nu$ such that $z_{n+1}\cap\kappa=z_{0}\cap\kappa\in S$ $\cap S_{n,\xi_{n}}$ and $\xi_{n}\in z_{n+1}\cap \mathrm{s}\mathrm{u}\mathrm{c}_{n}(\xi_{n-1})$ as
follows:

Take $z_{0}\in S^{*}$ with $z_{0}\cap\kappa\in S$ . Assume we have $z_{n}$ as above. Since
$\gamma\in z_{n}\in P_{\kappa}2^{\lambda}\cap C(d)\subset D$, $z_{n}\cap\lambda\in C(g_{\gamma})\cap S_{\kappa\lambda}\subset\triangle_{\zeta<\nu}T_{n,\zeta}$ . Since
$\xi_{n-1}\in z_{n}\cap\nu$ , $z_{n}\cap\lambda\in T_{n,\xi_{n-1}}$ . Hence we have $\xi_{n}\in \mathrm{s}\mathrm{u}\mathrm{c}_{n}(\xi_{n-1})$ such
that $\mathrm{c}1_{d}((z_{n}\cap\lambda)\cup\{\xi_{n}\})\cap\kappa=z_{n}\cap\kappa\in S_{n,\xi_{n}}\cup(P_{\kappa}\kappa-S_{n-1,\xi_{n-1}})$ . Since
$z_{n}\cap\kappa\in S_{n-1,\xi_{n-1}}$ , $z_{n}\cap\kappa\in S_{n,\xi_{n}}$ . Set $z_{n+1}=\mathrm{c}1_{d}(z_{n}\cup\{\xi_{n}\})$ . Since
$z_{n+1}\in‘ C(d)$ , $z_{n+1}\cap\lambda=\mathrm{c}1_{d}((z_{n}\cap\lambda)\cup\{\xi_{n}\})\cap\lambda$ by Lemma 1. Hence
$z_{n+1}\cap\kappa=\mathrm{c}1_{d}((z_{n}\cap\lambda)\cup\{\xi_{n}\})\cap\kappa=z_{n}\cap\kappa=z_{0}\cap\kappa\in S\cap S_{n,\xi_{n}}$ .

Claim. $z_{n+1}\cap\lambda\in S_{\kappa\lambda}^{*}$ .
Proof. Let s ; $\delta^{*}arrow E$ witness $z_{n}\cap\lambda\in S_{\kappa\lambda}^{*}$ . Defifine t : $\delta^{*}arrow E$ by
$t(\eta)=\mathrm{c}1_{d}(s(\eta)\cup\{\xi_{n}\})\cap$ $\lambda$ . We claim that t witnesses $z_{n+1}\cap\lambda\in S_{\kappa\lambda}^{*}$ .
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Since s is increasing, so is t. Since $z_{n}\cap\lambda\subset\cup s$
“ $\delta^{*}$ , we have

$z_{n+1}\cap\lambda=\mathrm{c}1_{d}((z_{n}\cap\lambda)\cup\{\xi_{n}\})\cap\lambda$

$\subset \mathrm{c}1_{d}(\cup s"\delta^{*}\cup\{\xi_{n}\})\cap\lambda$

$=\cup \mathrm{c}1_{d}(s(\eta)\cup\{\xi_{n}\})\cap\eta<\delta^{*}$
A

$=\cup t$
“ $\delta^{*}$ .

By the choice of $d$ we have $t( \eta)=\bigcup_{\alpha\in s(\eta)}h_{\alpha}(\xi_{n})$ for every $\eta<\delta^{*}$ ,

Fix $\delta<\delta^{*}$ with $\varphi(s|\delta)\in z_{n}\cap\lambda$ . Since $\mathrm{c}1_{d}((z_{n}\cap\lambda)\cup\{\xi_{n}\})\in C(d)\subset D$,
$\varphi(t|\delta)=\varphi(\langle\bigcup_{\alpha\in s(\eta)}h_{\alpha}(\xi_{n}) : \eta<\delta\rangle)\in \mathrm{c}1_{d}((z_{n}\cap\lambda)\cup\{\xi_{n}\})\cap\lambda=z_{n+1}\cap\lambda$ .
Hence

$\sup\{\eta<\delta^{*} : \varphi(t|\eta)\in z_{n+1}\cap\lambda\}$

$= \sup\{\eta<\delta^{*} : \varphi(s|\eta)\in z_{n}\cap\lambda\}$

$=\delta^{*}$ ,

as desired.
$\square$

This completes the proof. $\square$

5. APPLICATIONS $\mathrm{I}\mathrm{I}$ : DIAMONDS

The following definition is due to Jech [15]:

A map $g$ : $P_{\kappa}\lambdaarrow P_{\kappa}\lambda$ is a diamond iff

for every $A\subset$ A the set $\{x\in P_{\kappa}\lambda:A\cap x=g(x)\}$ is stationary.

We are interested in diamonds because of the following

Proposition 10 (Jech [15]). Assume $P_{\kappa}\lambda$ carries a diamond. Then

1. the club fifilter on $P_{\kappa}\lambda$ is not $2^{\lambda}- saturated_{f}$

2. $P_{\kappa}\lambda$ can be partitioned into $\lambda^{<\kappa}$ disjoint stationary $sets_{\gamma}$ and
3. every club subset of $P_{\kappa}\lambda$ has size $\lambda^{<\kappa}$ .

Perhaps the first significant result on diamonds on $P_{\kappa}\lambda$ is the follow-
ing

Theorem 14 (Donder-Matet [6]). $P_{\kappa}\lambda$ carries a diamond for every
$\lambda>2^{<\kappa}$ .

See [24] for a correction. More recently Shelah established

Theorem 15 (Shelah [22]). $P_{\omega_{1}}\lambda$ carries a diamond for every $\lambda>\omega_{1}$ .

Unfortunately we could fifill in the details of Shelah’s proof only in

the case $\lambda=\omega_{2}$ . Let us present it fifirst:
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Shelah ’s proof for $\lambda=\omega_{2}$ . Fix a club guessing sequence $\langle c_{\gamma} : \gamma\in S_{\omega_{2}}^{\omega}\rangle$

and a disjoint family $\{I_{n} : n<\omega\}\subset[\omega]^{\omega}$ with $n< \min I_{n}$ . We have $\mathrm{a}$

map $\psi(z)$ : $P(\omega)arrow P(z)$ for $z\in P_{\omega_{1}}\omega_{2}$ such that $\psi(z)$
“ $[I_{n}]^{\omega}=P(z)$

for every $n<\omega$ .
Fix $x\in P_{\omega_{1}}\omega_{2}$ such that $\gamma=\sup x$ has cofifinality $\omega$ . List $c_{\gamma}$ in

increasing order as $\{\gamma_{n} : n<\omega\}$ . Set
$r(x)=\{n<\omega : x\cap(\gamma_{n+1}-\gamma_{n})\neq\emptyset\}\in[\omega]^{\omega}$ .

Let $g(x)= \bigcup_{n\in r(x)}\psi(x\cap\gamma_{n})(I_{n}\cap r\langle x))$ . We claim that $g$ : $P_{\omega_{1}}\omega_{2}arrow$

$P_{\omega_{1}}\omega_{2}$ works.
Let $A\subset\omega_{2}$ and $f$ : $[\omega_{2}]^{<\omega}arrow P_{\omega_{1}}\omega_{2}$ . It suffiffiffices to give a countable

$x\in C(f)$ such that $A\cap x=g(x)$ .
For $\omega_{1}\leq\gamma<\omega_{2}$ fifix a bijection $\pi_{\gamma}$ : $\omega_{1}arrow\gamma$ . We can assume if

$x\in C(f)$ , $\pi_{\gamma}$

“
$\langle$ $x\cap\omega_{1})=x\cap\gamma$ for every $\gamma\in x-\omega_{1}$ . For $\delta$

$<\omega_{1}$ let
$T_{\delta}=$ $\{a\in[S_{\omega_{2}^{1}}^{\omega}]^{<\omega} : \mathrm{c}1_{f}(a \cup\delta)\cap\omega_{1}=\delta\}$ , which is $\mathrm{a}$ (possibly empty)
subtree of $[S_{\omega_{2}^{1}}^{\omega}]^{<\omega}$ .

Claim. There are a stationary subtree $T^{*}$ of some $T_{\delta}$ and h : $T^{*}arrow\omega_{2}$

such that if a $<b \in T_{l}^{*}\mathrm{c}1_{f}(b\cup\delta)\cap\min(b-a)$ $\subset h(a)$ .

Proof. First we give $\delta<\omega_{1}$ such that $[T_{\delta}]\cap[C]^{\omega}\neq\emptyset$ for every club
$C\subset\omega_{2}$ : Suppose to the contrary we have a club $C_{\delta}\subset\omega_{2}$ for $\delta<\omega_{1}$

such that $[T_{\delta}]\cap[C_{\delta}]^{\omega}=\emptyset$ . Then $C= \bigcap_{\delta<\omega_{1}}C_{\delta}$ is club in $\omega_{2}$ . Take
$B\subset S_{\omega_{2}^{1}}^{\omega}\cap C$ of order type $\omega$ . We have $\delta<\omega_{1}$ with $\mathrm{c}1_{f}(B\cup\delta)$ $\cap\omega_{1}=\delta$ .
Then $B\in[T_{\delta}]\cap[C_{\delta}]^{\omega}$ . Contradiction.

Hence $T’=$ { $b\in T_{\delta}$ : $\forall a\leq b\forall C\subset\omega_{2}$ club $([T_{\delta}^{a}]\cap[C]^{\omega}\neq\emptyset)$ } is a
stationary subtree of $T_{\delta}$ as in the proof of Lemma 2. Finally Lemma 2
gives usa stationary subtree $T^{*}$ of $T’$ and $h$ : $T^{*}arrow\omega_{2}$ as required
above. $\square$

Now
$D= \{\gamma<\omega_{2} : \mathrm{c}1_{f}\gamma=\gamma\Lambda\forall a\in T^{*}\cap[\gamma]^{<\omega}(h(a) <\gamma\in\lim \mathrm{s}\mathrm{u}\mathrm{c}_{T^{*}}(a))\}$

is club. Take $\gamma\in S_{\omega_{2}}^{\omega}\cap D$ with $c_{\gamma}\subset D-\omega_{1}$ . List $c_{\gamma}$ in increasing order
as $\{\gamma_{n} : n<\omega\}$ .

By induction on $k<\omega$ we choose $n(k)<\omega$ , $\gamma n(k)<\alpha_{k}<\gamma n(k)+1$

and $J_{k}\in[I_{n(k)}]^{\omega}$ so that $n(k)<n(k+1)$ , $\{\alpha_{i} : \mathrm{i}<k\}\in T^{*}$ and
$\psi(\mathrm{c}1_{f}(\{\alpha_{i} : \mathrm{i}\leq k\}\cup\delta)\cap\gamma_{n(k)})(J_{k})=A\cap \mathrm{c}1_{f}(\{\alpha_{i} : \mathrm{i} \leq k\}\cup\delta)\cap\gamma_{n(k)}$ as
follows:

First set $n(0)=0$ . Assume next we have $\{\alpha_{i} : \mathrm{i}<k\}$ and $n(k)$ as
above. Since $\{\alpha_{i} : \mathrm{i}<k\}\in T^{*}\cap[\gamma_{n(k)+1}]^{<\omega}$ and $\gamma_{n(k)+1}\in D$ , we have
$\gamma_{n}(k)<\alpha_{k}\in\gamma_{n(k)+1}\cap \mathrm{s}\mathrm{u}\mathrm{c}_{T}*\{\alpha_{i} : \mathrm{i}<k\}$ . Then $\{\alpha: : \mathrm{i}\leq k\}\in T^{*}$ . Since
$\psi(\mathrm{c}1_{f}\langle\{\alpha_{i} : \mathrm{i}\leq k\}\cup\delta)\cap\gamma_{n(k)})$

“
$[I_{n(k)}]^{\omega}=P(\mathrm{c}1_{f}(\{\alpha_{i} : \mathrm{i}\leq k\}\mathrm{L}l\delta)\cap\gamma_{n(k)})$ ,
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we have $J_{k}\in[I_{n(k)}]^{\omega}$ as required above. Set

$n(k+1)= \min(\cup \mathcal{J}_{i}-(n(k)+1))>n(k)$ .
$i\leq k$

Note that $n(k) \leq n(l)<\min I_{n(l)}\leq\min J_{l}$ if k $\leq l$ $<\omega$ . Hence
$n(k+1)= \min(\bigcup_{i<\omega}J_{i}-(n(k)+1))$ . Thus

$\{n(k) : k<\omega\}=\{0\}\cup\cup J_{k}$ .
$k<\omega$

Now set $x= \bigcup_{k<\omega}\mathrm{c}1_{f}(\{\alpha_{i} : \mathrm{i}\leq k\}\cup\delta)\in P_{\omega_{1}}\omega_{2}\cap C(f)$ . Since
$\{\alpha_{i} : \mathrm{i}<\omega\}\cup$ $\delta\subset\gamma\in D$ , we have $x\subset \mathrm{c}1f\gamma=\gamma$ . Hence $\sup x=\gamma$ by
$\sup_{\dot{\mathrm{z}}<\omega}\alpha_{i}=\sup_{i<\omega}\gamma_{n(i)}=\gamma$ .

Fix $k<\omega$ . Since $\{\alpha: : \mathrm{i}\leq k\}\in T^{*}\subset T_{\delta}$ , $\mathrm{c}1_{\mathrm{f}}(\{\alpha_{i} : \mathrm{i}\leq k\}\cup \delta)\cap\omega_{1}=$

$\delta$ . So $x\cap\omega_{1}=\delta$ . Hence $\mathrm{c}\mathrm{I}_{f}(\{\alpha_{i} : \mathrm{i}\leq k\}\cup\delta)$ is an initial segment of $x$

by the standard argument using $\pi_{\gamma}’ \mathrm{s}$. Thus by $\gamma_{n(k)}<\alpha_{k}$ we have

$x\cap\gamma_{n}(k)=\mathrm{c}1_{f}(\{\alpha_{i} : \mathrm{i}\leq k\}\mathrm{U} \delta)\cap\gamma_{n}(k)$ .

Claim. $A\cap x=g(x)$ .

Proof. First we claim that $r(x)=\{n(k) : k<\omega\}$ . Since $(\mathrm{n}\{\mathrm{k})<\alpha_{k}<$

$\gamma n(k)+1$ , we have $n(k)\in r(x)$ for every $k<\omega$ . To see the converse, fifix
$k<l$ $<\omega$ . Then by the choice of $h$ we have

$\mathrm{c}1_{f}(\{\alpha_{i} : \mathrm{i}\leq l\} \cup\delta)\cap\gamma_{n}(k+1)\subset \mathrm{c}1_{f}(\{\alpha_{i} : \mathrm{i}\leq l\}\cup\delta)\cap\alpha_{k+1}$

$\subset h(\{\alpha_{i} : \mathrm{i}\leq k\})$ .

Since $\{\alpha_{i} : \mathrm{i}\underline{<}k\}\in T^{*}\cap[\gamma_{n(k)+1}]^{<\omega}$ and $\gamma n(k)+1\in D$ , we have
$h(\{\alpha_{i} : \mathrm{i}\leq k\})<\gamma n(k)+1$ . Hence $\mathrm{c}1_{f}(\{\alpha_{i} ; \mathrm{i}\leq l\}\cup\delta)\cap\gamma_{n(k+1)}\subset\gamma_{n(k)+1}$ .

Thus $x\cap\gamma_{n(k+1)}\subset\gamma_{n(k\}+1}$ , as desired.
Therefore $r(x)= \{0\}\cup\bigcup_{k<\omega}J_{k}$ . Since $I_{n(k)}’ \mathrm{s}$ are mutually disjoint,

$I_{n(k)}\cap r(x)=J_{k}$ for every $k<\omega$ . Hence for every $k<\omega$

$A\cap x\cap\gamma_{n(k)}=A\cap \mathrm{c}1_{f}(\{\alpha_{i} : i\leq k\}\cup\delta)\cap\gamma_{n}(k)$

$=\psi(\mathrm{c}1_{f}(\{\alpha_{i} : \mathrm{i}\leq k\}\cup\delta)\cap\gamma_{n(k)})_{\iota}^{(}J_{k})$

$=\psi(x\cap\gamma_{n(k)})(I_{n(k)}\cap r(x))$ .
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Thus
$A\cap x=\mathrm{U}$ $A\cap x\cap\gamma_{n(k)}$

$k<\omega$

$=\mathrm{U}$ $\psi(x\cap\gamma_{n(k)})(I_{n(k)}\cap r(x))$

$k<\omega$

$=$ $\mathrm{U}$ $\psi(x\cap\gamma_{n})(I_{n}\cap r(x))$

$n\in r(x)$

$=g(x)$ .
$\square$

This completes the proof. $\square$

Nonetheless we can provide our own proof of Theorem 15, which
invokes Theorem 14. Subsequently Koenig and $\mathrm{T}\mathrm{o}\mathrm{d}\mathrm{o}\mathrm{r}\check{\mathrm{c}}\mathrm{e}\mathrm{v}\mathrm{i}\acute{\mathrm{c}}[18]$ fifigured
out their own proof of Theorem 15. which works uniformly for every
$\lambda>\omega_{1}$ .

Proof of Theorem 15. By Theorem 1 with $\kappa=\omega_{1}$ we are done in the
case $\lambda>2^{\omega}$ . So assume $\lambda\leq 2^{\omega}$ . Then $\lambda^{\omega}=2^{\omega}$ . We construct $\mathrm{a}$

diamond on the set $\{x\in P_{\omega_{1}}\lambda:\mathrm{c}\mathrm{f}\sup(x\cap\omega_{2})=\omega\}$ .
Fix a club guessing sequence $\langle c_{\gamma} : \gamma\in S_{\omega_{2}}^{\omega}\rangle$ . Let $\{I_{n} : n<\omega\}\subset[\omega]^{\omega}$

be a disjoint family with $n< \min I_{n}$ . Since $2^{\omega}=\lambda^{\omega}$ , we have a map
$\varphi$ : $P(\omega)arrow P_{\omega_{1}}\lambda$ such that $\varphi$

“
$[I_{n}]^{\omega}=P_{\omega_{1}}\lambda$ for every $n<\omega$ .

Fix $x\in P_{\omega_{1}}\lambda$ such that $\gamma=\sup(x\cap \omega_{2})$ has cofifinality $\omega$ . List $c_{\gamma}$ in
increasing order as $\{\gamma_{n} : n<\omega\}$ . Set

$r(x)=\{n<\omega : x\cap(\gamma_{n+1}-\gamma_{n})\neq\emptyset\}\in[\omega]^{\omega}$ .
Let $g(x)= \bigcup_{n\in r(x)}\varphi(I_{n^{\mathrm{f}}}\mathrm{T}r(x))$ . We claim that $g$ : $P_{\omega_{1}}\lambdaarrow P_{\omega_{1}}\lambda$ works.

Let $A\subset\lambda$ and $f$ : $[\lambda]^{<\omega}arrow P_{\omega_{1}}\lambda$ . It suffiffiffices to $\mathrm{g}\mathrm{i}\grave{\mathrm{v}}\mathrm{e}$ a countable
$x\in C(f)$ such that $\mathrm{c}\mathrm{f}\sup(x\cap\omega_{2})=\omega$ and $A\cap x=g(x)$ .

By Lemma 3 we have a stationary subtree $T^{*}$ of $[S_{\omega_{2}^{1}}^{\omega}]^{<\omega}$ and a map
$h$ : $T’arrow\omega_{2}$ such that if $a<b\in T^{*}$ , $( \mathrm{c}1fb)\cap\min(b-a)\subset h(a)$ . Then
$D= \{\gamma<\omega_{2} : (\mathrm{c}1f\gamma)\cap\omega_{2}=\gamma\Lambda\forall a\in T^{*}\cap[\gamma]^{<\omega}(h(a)<\gamma\in\lim \mathrm{s}\mathrm{u}\mathrm{c}\tau*(a))\}$

is club. Take $\gamma\in S_{\omega_{2}}^{\omega}\cap D$ with $c_{\gamma}\subset D-\omega_{1}$ . List $c_{\gamma}$ in increasing order
as { $\gamma_{n}$ : $n<$ J.

By induction on $k<\omega$ we choose $n(k)<\omega$ , $\gamma n(k)<\alpha_{k}<\gamma n(k)+1$

and $J_{k}\in[I_{n(k)}]^{\omega}$ S0 that $n(k)<n(k+1)$ , $\{\alpha_{i} : \mathrm{i}<k\}\in T^{*}$ and
$\varphi(J_{k})=A\cap \mathrm{c}1f\{\alpha_{i} : \mathrm{i}\leq k\}$ as follows:

First set $n(0)=0$ . Assume next we have $\{\alpha_{i} : \mathrm{i}<k\}$ and $n(k.)$ as
above. Since $\{\alpha: : \mathrm{i}<k\}\in T^{*}\cap[\gamma_{n(k)+1}]^{<\omega}$ and $\gamma_{n(k)+1}\in D$ , we have
$\gamma n(k)<\alpha_{k}\in\gamma_{n(k)+1}\cap \mathrm{s}\mathrm{u}\mathrm{c}_{T}*\{\alpha: : \mathrm{i}<k\}$. Then $\{\alpha: : \mathrm{i}\leq k\}\in T^{*}$ .
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Since $\varphi$

“
$[I_{n(k)}]^{\omega}=P_{\omega_{1}}\lambda$, we have $J_{k}\in[I_{n(k)}]^{\omega}$ as required above. $8\mathrm{e}\mathrm{t}$

$n(k+1)= \min(\bigcup_{i\leq k}J_{i}-(n(k)+1))>n(k)$ .
Note that $n(k) \leq n(l)<\min I_{n(l)}\leq\min$ $J_{l}$ if $k\leq l<\omega$ . Hence

$n(k+1)= \min(\bigcup_{i<\omega}J_{i}-(n(k)+1))$ . Thus

$\{n(k) : k<\omega\}=\{0\}\cup\cup J_{k}$ .
$k<\omega$

Set x $= \bigcup_{k<\omega}\mathrm{c}1_{f}\{\alpha_{i}$: i $\leq k\}\in P_{\omega\iota}\lambda\cap C(f)$ . Since $\{\alpha_{i}$: i $<\omega\}\subset$

$\gamma\in D$ , we have $x\cap\omega_{2}\subset\gamma$ . Hence $\sup(x\cap\omega_{2})=\gamma$ by $\sup_{i<\omega}\alpha_{i}=$

$\sup_{i<\omega}\gamma n(i)=\gamma$.
Claim. $A\cap x=g(x)$ .

Proof, First we claim that $r(x)=\{n(k) : k<\omega\}$ . Since $\gamma n(k)<\alpha_{k}<$

$\gamma_{n}(k)+1$ , we have $n(k)\in r(x)$ for every $k<\omega$ . To see the converse, $\mathrm{f}\mathrm{f}\mathrm{i}$

$k<l$ $<\omega$ . Then by the choice of $h$

$(\mathrm{c}1_{f}\{\alpha_{i} : \mathrm{i}\leq l\})\cap\gamma_{n}(k+1)\subset(\mathrm{c}1_{f}\{\alpha_{i} : \mathrm{i}\leq l\})\cap\alpha_{k+1}$

$\subset h(\{\alpha_{i} : \mathrm{i}\leq k\})$ .

Since $\{\alpha_{i} : \mathrm{i}\leq k\}\in T^{*}\cap[\gamma_{n(k)+1}]^{<\omega}$ and $\gamma n(k)+1\in D$ , we have
$h(\{\alpha_{i} : \mathrm{i}\leq k\})<\gamma_{n}(k)+1$ . Hence $(\mathrm{c}1_{f}\{\alpha_{i} : \mathrm{i}\leq l\})\cap\gamma n(k+1)\subset\gamma n(k)+1$ .
Thus $x\cap\gamma_{n}(k+1)\subset\gamma n(k)+1$ , as desired.

Therefore $r(x)= \{0\}\cup\bigcup_{k<\omega}J_{k}$ . Since $I_{n(k)}’ \mathrm{s}$ are mutually disjoint,
we have $I_{n(k)}\cap r(x)=J_{k}$ for every $k<\omega$ . Hence for every $k<\omega$

$A\cap \mathrm{c}1_{f}\{\alpha_{i} : \mathrm{i}\leq k\}=\varphi(J_{k})=\varphi(I_{n(k)}\cap r(x))$ . Thus

$A\cap x=\cup A\cap \mathrm{c}1_{f}\{\alpha_{i} : \mathrm{i}\leq k\}$

$k<\omega$

$=\cup\varphi(I_{n(k)}\cap r(x))$

$k<\omega$

$=$ $\cup$ $\varphi(I_{n}\cap r(x))$

$n\in r(x)$

$=g(x)$ .
$\square$

This completes the proof. $\square$

Our $\mathrm{P}^{\mathrm{r}\mathrm{o}\mathrm{o}\mathrm{f}}$ of Theorem 15 yields the following generalization:

Theorem 16 (Shioya [26]). If $2^{\omega}=2^{<\kappa}$ , $P_{\kappa}\lambda$ carries a diamond for
every A $>\kappa$ .

The following result shows that some assumption is necessary for
Theorem 16.
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Theorem 17 (Foreman-Magidor $[7])$ . It is consistent for $\omega_{1}<\kappa<\lambda$

that the club fifilter on $P_{\kappa}\lambda$ is $2^{\omega_{1}}$ -saturated.
Theorem 5 follows from Proposition 5 and the following

Theorem18 (Shioya [26])- Assume $\omega_{1}<\kappa=\kappa^{\omega}\leq 2^{\omega_{1}}=2^{<\kappa}$ and
x-SR in $P_{\omega_{1}}2^{\kappa^{+}}$ Then $P_{\kappa}\lambda$ carries a diamond for every $\lambda>\kappa$ .

That $(\kappa^{+})^{<\kappa}=(\kappa^{+})^{\omega_{1}}$ holds in the model of Theorem 18 is inevitable
by the following

Theorem19 (Baumgartner [1]). For every $n<\omega P_{\kappa}\kappa^{+n}$ has a club
subset of size at most $(\kappa^{+})^{\omega_{n}}$ .

Theorem 18 shows that we have a good control in the case $n=1$ of
Theorem 19. For $n=2$ even the following question remains open:

Question5. Is it consistent that every club subset of $P_{\omega_{3}}\omega_{5}$ has size
$\omega_{5}^{\omega_{2}}>\omega_{5}^{\omega_{1}}$ ?

See [26] for a proof of Theorem 18. Instead we present a proof of the
following result, which combines those of Theorems 15 and 18:

Proposition 11. Assume $\omega_{1}<\kappa=\kappa^{\omega}\leq 2^{\omega_{1}}=2^{<\kappa}$ and $\kappa- \mathrm{S}\mathrm{R}$ in
$P_{\omega_{1}}2^{\kappa^{+}}$ Then the set $\{x\in P_{\kappa}\kappa^{+} : \mathrm{c}\mathrm{f}(x\cap\kappa)=\omega \Lambda \mathrm{c}\mathrm{f}\sup x=\omega_{1}\}$

carries a diamond.

In the case of $2^{<\kappa}=\kappa$ this gives a new example because Theorem 14
produces one on the set {x $\in P_{\sigma},\kappa^{+}$: cf $\sup x=\omega\}$ .

Proof of Proposition11. By Lemma 1 we have a club guessing sequence
$\langle c_{\gamma} : \gamma\in S_{\kappa}^{\omega_{1}}+\rangle$ such that $c_{\gamma}\subset S_{\kappa}^{\kappa}+$ if $\gamma\in S_{\kappa}^{\omega_{1}}+\cap\lim S_{\kappa}^{\kappa}+\cdot$ Fix a disjoint
family { $I_{\eta}$ : y7 $<\omega_{1}$ } $\subset[\omega_{1}]^{\omega_{1}}$ with $\eta<\min I_{\eta}$ . Since $2^{\omega_{1}}=2^{<\kappa}$ , we
have a map $\psi(z)$ : $P(\omega_{1})arrow P(z)$ such that $\psi(z)$

“ $[I]^{\omega_{1}}\eta=P(z)$ for
every $\eta<\omega_{1}$ .

Fix $x\in P_{\mathit{1}\mathrm{C}}\kappa^{+}$ such that $\gamma=\sup x$ has cofifinality $\omega_{1}$ . List $c_{\gamma}$ in
increasing order as $\{\gamma_{\eta} : \eta<\omega_{1}\}$ . Set

$r(x)=\{\eta<\omega_{1} : x\cap(\gamma_{\eta+1}-\gamma_{\eta})\neq\emptyset\}$ .
(Note that $r(x)=\emptyset$ for some $x.$ ) Let $g(x)= \bigcup_{\eta\in r(x)}\psi(x\cap\gamma_{\eta})(I_{\eta}\cap r(x))$ .
We claim that $g$ : $P_{\kappa}\kappa^{+}arrow P_{\kappa}\kappa^{+}$ works.

Fix $A\subset\kappa^{+}$ and $f$ : $[\kappa^{+}]^{<\omega}arrow P_{\omega_{1}}\kappa^{+}$ . It suffiffiffices to give $x\in C(f)$ of
size $<\kappa$ such that $\mathrm{c}\mathrm{f}(x\cap\kappa)=\omega$, $\mathrm{c}\mathrm{f}\sup x=\omega_{1}$ and $A\cap x=g(x)$ .

Set $\theta=2^{\kappa^{+}}$ . List the functions : $[\theta]^{<\omega}arrow P_{\omega_{1}}\theta$ as $\{e\beta : \beta<2^{\theta}\}$ . For
$\kappa\leq\gamma<\kappa^{+}$ fix a bijection $\pi_{\gamma}$ : $\kappaarrow\gamma$ . Then

$D=\{z\in P_{\kappa}2^{\theta}$ : $z\cap\kappa^{+}\in C(f)$ A $\forall\beta\in z(z\cap\theta\in C(e_{\beta}))\Lambda$

$\forall\gamma\in z\cap(\kappa^{+}-\kappa)(\pi_{\gamma} "(z\cap\kappa)=z\cap\gamma)\}$
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is $\sigma- \mathrm{c}\mathrm{l}\mathrm{u}\mathrm{b}$ . Lemma 3 provides us $d$ : $[2^{\theta}]^{<\omega}arrow P_{\omega_{1}}2^{\theta}$ such that if $z\in$

$P_{\kappa}2^{\theta}\cap C(d)$ and $u\in P_{\kappa}\kappa^{+}$ , $z\in D$ and $\mathrm{c}1_{d}(z\cup u)\cap\theta=\mathrm{c}1_{d}((z\cap\theta)\cup u)\cap\theta$.
Set

$C=\{x\in P_{\omega_{1}}\theta$ : $\{\alpha\in S_{\kappa^{+}}^{\kappa} : \mathrm{c}1_{d}(x\cup\{\alpha\}\cup\sup(x\cap\kappa))\cap\kappa=\sup(x\cap\kappa)\}$

is stationary in $\kappa^{+}$ }.

Claim, C has a club subset

Proof. Let $S$ be stationary in $P_{\omega_{1}}\theta$ . We show $S\cap C\neq\emptyset$ .
By $\kappa- \mathrm{S}\mathrm{R}$ we have $\kappa\subset X\subset\theta$ of size $\kappa$ such that $S\cap P_{\omega_{1}}X$ is stationary

in $P_{\omega_{1}}X$ . Fix a bijection $\pi$ : $\kappaarrow X$ . Since $\{x\in P_{\omega_{1}}X : \pi"(x\cap\kappa)=x\}$

is club, $\{x\in S\cap P_{\omega_{1}}X : \pi"(x\cap\kappa)=x\}$ is stationary in $P_{\omega_{1}}X$ . Hence
$S’= \{\sup(x\cap\kappa) : \pi"(x\cap\kappa)=x\in S \cap P_{\omega_{1}}X\}$ is stationary in $\kappa$ by
$\kappa\subset X$ .

Since $\{z\in P_{\kappa}2^{\theta}\cap C(d) : \pi"(z\cap\kappa)\subset z\}$ is club in $P_{\kappa}2^{\theta}$ ,

$S”=$ {z $\in P_{\kappa}2^{\theta}\cap C(d)$ : $\pi$
“ $(z\cap\kappa)\subset z$ A $z\cap\kappa\in S’$ }

is stationary in $P_{\kappa}2^{\theta}$ . Hence $\cup S^{\prime/}=2^{\theta}$ . Since $\{z\cap \kappa : z\in S’\}\subset$

$S’\subset\kappa$ , we have $\delta$ $\in S’$ such that $S^{*}=S_{\kappa^{+}}^{\kappa}\cap\cup\{z\in S^{\prime/} : z\cap\kappa=\delta\}$ is
stationary in $\kappa^{+}$ . Since $\delta\in S’$ , we have $x\in S$ such that $\pi$

“ $(x\cap\kappa)=x$

and $\sup(x\cap\kappa)=\delta$ . We claim that $x\in C$ . It suffiffiffices to show $S^{*}\subset$

{a $\in S_{\kappa^{+}}^{\kappa}$ : $\mathrm{c}1_{d}$ ($x\cup\{\alpha\}$ 1J $\delta)\cap\kappa=\delta$ }.
Fix $\alpha\in S^{*}$ . We have $z\in S’$ with $\alpha\in z$ and $z\cap\kappa=\delta$ . Then

$x=\pi$
“ $(x\cap\kappa)\subset\pi$

“ $\sup(x\cap\kappa)=\pi$ “$\delta=\pi‘(*^{l}z\cap\kappa)\subset z$ . Since $x\cup$

$\{\alpha\}\cup\delta\subset z\in C(d)$ , $\delta$ $\subset \mathrm{c}1_{d}(x\cup\{\alpha\}\cup\delta)\cap\kappa\subset z\cap\kappa=\delta$ . Hence
$\mathrm{c}1_{d}(x\cup\{\alpha\}\cup\delta)\cap\kappa=\delta$ , as desired. $\square$

Now we have $\beta<2^{\theta}$ with $P_{\omega_{1}}\theta\cap C(e_{\beta})\subset C$ . Take a countable
$y\in C(d)$ with $\beta\in y$ . Then $\delta=\sup(y\cap\kappa)$ has cofifinality $\omega$ . Since
$\beta\in y\in P_{\omega_{1}}2^{\theta}\cap C(d)\subset D$ , $y\cap\theta\in P_{\omega_{1}}\theta\cap C(e_{\beta})\subset C$ . Hence
$\mathrm{c}1_{d}((y\cap\theta)\cup\{\alpha\}\cup\delta)\cap\kappa=\delta$ for some $\alpha<\kappa^{+}$ . So by the choice of $d$

$\delta\subset \mathrm{c}1_{d}(y\cup\delta)\cap\kappa \mathrm{C}$
$\mathrm{c}1_{d}(y\cup\{\alpha\}\cup\delta)\cap\kappa=\mathrm{c}1_{d}((y\cap\theta)\cup\{\alpha\}\cup\delta)$

$\cap\kappa=\delta$ .
Thus $\mathrm{c}1_{d}(y\cup\delta)\cap\kappa=\delta$ .

Define a tree order $\leq \mathrm{o}\mathrm{n}[\kappa^{+}]^{<\omega_{1}}$ by end-extension. By a subtree of
$[\kappa^{+}]^{<\omega_{1}}$ we mean a subset $T$ closed under initial segments such that if
$b\in[\kappa_{4}^{+}]^{<\omega_{1}}$ has limit order type and $a\in T$ for every $a<b$ , $b\in T$ .
Defiine a subtree of $[\kappa^{+}]^{<\omega_{1}}$ to be stationary as in \S 2.

Set $T=\{a\in[S_{\kappa^{+}}^{\kappa}]^{<\omega_{1}} : \mathrm{c}1_{d}(y\cup a\cup\delta)\cap\kappa=\delta\}$ . It is easy to check
that $T$ is a nonenpty subtree of $[\kappa^{+}]^{<\omega_{1}}$ .

Claim, There are a stationary subtree $T^{*}$ of T and h : $T^{*}arrow\kappa^{+}$ such
that if a $<b$ $\in T_{l}^{*}\mathrm{c}1_{d}(y\cup b\cup\delta)\cap\min(b-a)\subset h(a)$ .
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Proof. First we claim that $T$ is a stationary subtree. Fix $a\in T$ . $1\mathrm{t}$

suffiffiffices to show that {a $\in S_{\kappa^{+}}^{\kappa}$ : $\mathrm{c}1_{d}(y\cup a\cup\{\alpha\}\cup\delta)\cap\kappa=\delta$ } is stationary
in $\kappa^{+}$ .

Set $z=\mathrm{c}1_{d}(y\cup a)$ . Then $y\subset z$ $\subset \mathrm{c}1_{d}(y\cup a\cup\delta)$ . Hence by $a\in T$

we have $\delta=\sup(y\cap\kappa)\subset\sup(z\cap\kappa)\subset\sup(\mathrm{c}1_{d}(y\cup a\cup\delta)\cap\kappa)=\delta$.
Thus $\sup(z\cap\kappa)=\delta$ . Since $\beta\in z\in P_{\omega\iota}2^{\theta}\cap C(d)\subset D$ , $z\cap\theta\in$

$P_{\omega_{1}}\theta\cap C(e_{\beta})\subset C$. Hence $\{\alpha\in S_{\kappa}^{\kappa}+:\mathrm{c}1_{d}((z\cap\theta)\cup\{\alpha\}\cup\delta) \cap\kappa=\delta\}$ is
stationary in $\kappa^{+}$ . Fix $\alpha$ from this set. Then by the choice of $d$ we have
$\delta\subset \mathrm{c}1_{d}(y\cup a\cup\{\alpha\}\cup\delta)\cap\kappa\subset \mathrm{c}1_{d}(z\cup\{\alpha\}\cup\delta)\cap\kappa=\mathrm{c}1_{d}((z\cap\theta)\cup\{\alpha\}\cup\delta)\cap\kappa=$

$\delta$ . Hence $\mathrm{c}1_{d}(y\cup a\cup\{\alpha\}\cup\delta)\cap\kappa=\delta$ , as desired.
Fix $a\in T$ . The map $\alpha\mapsto\sup(\mathrm{c}1_{d}(y\cup a\cup\{\alpha\}\cup\delta)\cap\alpha)$ is regressive on

$\mathrm{s}\mathrm{u}\mathrm{c}_{T}(a)$ by $|\mathrm{c}1_{d}(y\cup a\cup\{\alpha\}\cup\delta)|<$ ts $=\mathrm{c}\mathrm{f}$
$\alpha$ . Hence we have a stationary

$S_{a}\subset \mathrm{s}\mathrm{u}\mathrm{c}_{T}\langle a$ ) and $h(a)<\kappa^{+}$ such that $\mathrm{c}1_{d}(y\cup a\cup\{\alpha\}\cup\delta)\cap\alpha\subset h(a)$

for every $\alpha\in S_{a}$ .
Defifine inductively a stationary subtree $T^{*}$ of $T$ by $\mathrm{s}\mathrm{u}\mathrm{c}_{T^{*}}(a)=S_{a}$ for

$a\in T^{*}$ . We show that $T^{*}$ and $h|T^{*}$ work.
Let $a<b\in T^{*}$ and $\alpha$ $= \min(b-a)$ . Since $a\cup\{\alpha\}\in T’$ , we have

$\mathrm{c}1_{d}(y\cup a\cup\{\alpha\}\cup\delta)\cap\kappa=\mathrm{c}1_{d}(y\mathrm{U}b\cup\delta)\cap\kappa=\delta$ . Hence $\mathrm{c}1_{d}(y\cup a\cup\{\alpha\}\cup\delta)\cap\kappa^{+}$

is an initial segment of $\mathrm{c}1_{d}(y\cup b\cup\delta)\cap\kappa^{+}$ by the standard argument
using $\pi_{\gamma}’ \mathrm{s}$. Thus $\mathrm{c}1_{d}\langle y\cup b\cup\delta)\cap$ $\alpha=\mathrm{c}1_{d}(y\cup a\cup\{\alpha\}\cup\delta)\cap\alpha\subset h(a)$ ,
as desired. $\square$

Defifine

$E=\{\gamma<\kappa^{+}:$ $\mathrm{c}1_{d}(y\cup\gamma)\cap\kappa^{+}=\gamma$ A
$\forall a\in T’\cap[\gamma]^{<\omega_{1}}(h(a)<\gamma\in\lim \mathrm{s}\mathrm{u}\mathrm{c}_{T}*(a))\}$ .

Since $\kappa^{\omega}=\kappa$ , $E$ is unbounded. Hence $\lim E$ is club in $\kappa^{+}$ . Take
$\gamma\in S_{\kappa}^{\omega_{1}}+\cap\lim S_{\kappa^{+}}^{\kappa}\cap\lim E$ with $c_{\gamma} \subset\lim$ $E$ . Then $c_{\gamma}\subset S_{\kappa^{+}}^{\mathit{1}\sigma}\backslash \cdot$ Note that
$\{\gamma<\kappa^{+} : \mathrm{c}\mathrm{f}\gamma>\omega\}\cap\lim E\subset E$ . Hence $c_{\gamma}\cup\{\gamma\}\subset E$ by the defifinition
of $E$ . List $c_{\gamma}$ in increasing order as $\{\gamma_{\eta} : \eta<\omega_{1}\}$ .

By induction on $\zeta<\omega_{1}$ we choose $\eta(\zeta)<\omega_{1}$ , $\gamma_{\eta(\zeta)}<\alpha\zeta<\gamma_{\eta}(\zeta)+1$ and
$J_{\zeta}\in[I_{\eta(\zeta)}]^{\omega_{1}}$ so that $\{\eta(\iota) : \iota \leq\zeta\}$ is increasing, $\{\alpha_{L} : \iota \leq\zeta\}\in T^{*}$ and
$\psi(\mathrm{c}1_{d}(y\cup\{\alpha_{\iota} : \iota \leq\zeta\}\cup\delta)\cap\gamma_{\eta(\zeta)})(J_{\zeta})=A\cap \mathrm{c}1_{d}(y\cup\{\alpha_{\iota} : \iota \leq\zeta\}\cup\delta)\cap\gamma_{\eta}(\zeta)$

as follows:
Assume we have $\eta(\iota)$ , $\alpha_{\iota}$ and $J_{\iota}$ for $\iota$ $<(\mathrm{a}\mathrm{s}$ above. Set

$\eta(\zeta)=\min( \iota<\zeta\cup J_{\iota}-\sup_{\iota<\zeta},(\eta(\iota)+1))$

if $\zeta>0$ . We stipulate $\eta(0)=0$ . Since $\{\alpha_{\iota} : \iota <(\}$ $\in T^{*}\cap[\gamma_{\eta(\zeta)+1}]^{<\omega_{1}}$

and $\gamma_{\eta}(\zeta)+1\in E$ , we have $\gamma_{\eta(\zeta)}<\alpha\zeta\in\gamma_{\eta}(\zeta)+1\cap \mathrm{s}\mathrm{u}\mathrm{c}\tau*\{\alpha_{L} : \iota <\zeta\}$ . Then
$\{\alpha_{\iota} : \iota \leq\zeta\}\in T^{*}$ . Since $\psi(\mathrm{c}1_{d}(y\cup\{\alpha_{\iota} : L \leq\zeta\}\cup\delta)\cap\gamma_{\eta(\zeta)})$

“
$[I_{\eta(\zeta)}]^{\omega_{1}}=$
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$P(\mathrm{c}1_{d}(y\cup\{\alpha_{\iota} : \iota \leq\zeta\}\cup\delta)\cap\gamma_{\eta(\zeta)})$ , we have $J_{\zeta}\in[I_{\eta(\zeta)}]^{\omega_{1}}$ as required
above.

Note that $\eta(\zeta)\leq\eta(\xi)<\min I_{\eta(\xi)}\leq\min J\xi$ if $\zeta\leq\xi<\omega_{1}$ . Hence
$\eta(\zeta)=\min(\bigcup_{\iota<\omega_{1}}J_{\iota}-\sup_{\iota<\zeta}(\eta(\iota)+1))$ for every $\zeta>0$ . Thus

$\{\eta(\zeta)$
:
$\zeta<\omega_{1}\}=\{0\}\cup\cup J_{\zeta}\zeta<\omega_{1}$

.

Now set $x= \bigcup_{\zeta<\omega_{1}}\mathrm{c}1_{d}(y\cup\{\alpha_{\iota} : \iota \leq\zeta\}\cup\delta)\cap\kappa^{+}$ . Then $x\in P_{\kappa}\lambda\cap C(f)$

by $\bigcup_{\zeta<\omega_{1}}\mathrm{c}1_{d}(y\cup\{\alpha_{\iota} : \iota \leq\zeta\}\cup\delta)\in P_{\kappa}2^{\theta}\cap C(d)\subset D$. Also we have
$x \cap\kappa=\bigcup_{\zeta<\omega_{1}}\mathrm{c}1_{d}(y\cup\{\alpha_{\iota} : \iota \leq\zeta\}\cup\delta)\cap\kappa=\delta$ by $\{\alpha_{b} : \iota \leq\zeta\}\in T^{*}\subset T$ .
Since $\{\alpha_{\iota} : \iota <\omega_{1}\}\cup\delta\subset\gamma\in E.$, we have $x\subset \mathrm{c}1_{d}(y\cup \gamma)\cap\kappa^{+}=\gamma$ .
Hence $\sup x=\gamma$ by $\sup_{\iota<\omega_{1}}\alpha_{\iota}=\sup_{\iota<\omega_{1}}\gamma_{\eta(\iota)}=\gamma$ .

Fix $\zeta<\omega_{1}$ . Since $\mathrm{c}1_{d}(y\cup\{\alpha_{\iota} : \iota \leq\zeta\}\cup\delta)\cap\kappa=x\cap\kappa=\delta$,
$cld(y\cup\{\alpha_{\iota} : \iota \leq(\}$ $\cup\delta)\cap\kappa^{+}$ is an initial segment of $x$ by the standard
argument using $\pi_{\gamma}’ \mathrm{s}$ . Hence by $\gamma\eta(\zeta)<\alpha\zeta$ we have

$x\cap\gamma_{\eta(\zeta)}=\mathrm{c}1_{d}(y\cup\{\alpha_{\iota}$ :$\iota \leq\zeta\}\cup\delta)\cap\gamma_{\eta}(\zeta)$ .

Claim. $A\cap$ x $=g(x)$ .

Proof. First we claim that $r(x)=\{\eta(\zeta) : \zeta<\omega_{1}\}$ . Since $\mathrm{r};(\mathrm{C})<\alpha_{\zeta}<$

$\gamma_{\eta}(\zeta)+1$ , we have $\eta(\zeta)\in r(x)$ for every $\zeta<\omega_{1}$ . To see the converse, fifix
( $<\xi<\omega_{1}$ . Then by the choice of $h$

$\mathrm{c}1_{d}(y\cup\{\alpha_{\iota} : \iota \leq\xi\}\cup\delta)\cap\gamma_{\eta}(\zeta+1)\subset \mathrm{c}1_{d}(y\cup\{\alpha_{\iota} : \iota \leq\xi\}\cup\delta)\cap\alpha_{\zeta+1}$

$\subset h(\{\alpha_{\iota} : \iota \leq\zeta\})$ .

Since $\{\alpha_{\iota} : \iota \leq\zeta\}\in T^{*}\cap[\gamma_{\eta(\zeta)+1}]^{<\omega_{1}}$ and $\gamma_{\eta}(\zeta)+1\in E$ , we have
$h(\{\alpha_{b} : \iota \leq\zeta\})<\gamma_{\eta}(\zeta)+1$ . Hence $\mathrm{c}1_{d}(y\cup\{\alpha_{\iota} : \iota \leq\xi\}\cup\delta)\cap\gamma_{\eta}(\zeta+1\rangle\subset$

$\gamma_{\eta}(\zeta)+1$ . Thus $x\cap\gamma_{\eta}(\zeta+1)\subset\gamma_{\eta}(\zeta)+1$ , as desired-
Therefore $r(x)= \{0\}\cup\bigcup_{\zeta<\omega_{1}}J\zeta$ . Since $I_{\eta(\zeta)}’ \mathrm{s}$ are mutually disjoint,

$I_{\eta(\zeta)}\cap r.(x)=J_{\zeta}$ for every $\zeta<\omega_{1}$ . Hence for every $\zeta<\omega_{1}$

$A\cap \mathrm{c}1_{d}(y\cup\{\alpha_{\iota} : \iota \leq\zeta\}\cup\delta)\cap\gamma_{\eta(\zeta)}$

$=\psi(\mathrm{c}1_{d}(y\cup\{\alpha_{\iota} : \iota \leq\zeta\}\cup\delta)\cap\gamma_{\eta(\zeta\rangle})(J_{\zeta})$

$=\psi(\mathrm{c}1_{d}(y\cup\{\alpha_{\iota} : \iota \leq\zeta\}\cup\delta)\cap\gamma_{\eta(\zeta)})(I_{\eta(\zeta)}\cap r(x))$.
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Thus

$A\cap x=\cup A\cap x\cap\gamma_{\eta(\zeta)}\zeta<\omega_{1}$

$=\mathrm{U}^{A\cap \mathrm{c}1_{d}(y\cup\{\alpha_{\iota}:\iota\leq(\}\cup\delta)\cap\gamma_{\eta}(\zeta)}\zeta<\omega_{1}$

$=\mathrm{U}^{\psi(\mathrm{c}1_{d}(y\cup\{\alpha_{b}:\iota\underline{<}\zeta\}\cup\delta)\cap\gamma_{\eta(\zeta)})(I_{\eta(\zeta)}\cap r(x))}\zeta<\omega 1$

$=\cup^{\psi(X\cap\gamma_{\eta}(\zeta)})(I_{\eta(\zeta)}\cap r(x))\zeta<\omega_{1}$

$=\cup\psi(x\cap\gamma_{\eta})$ (
$\eta\in r(x)$

$I_{\eta}$ A $r(x)$ )

$=g(x)$ .
$\square$

This completes the proof.
$\square$
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