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Abstract
We introduce a parametric representation of fuzzy numbers with bounded supports as well as

we consider a normed space including the set of fuzzy numbers, where the addition in the normed
space is the same one due to the extension principle but the difference and scalar products are
not the same as those of the principle. In this article we treat the Fréchet differetial in a Banach
space of fuzzy numbers and we dicuss variational equations of fuzzy differential equations in order
to get improved results on the stability analysis of fuzzy differential equations.

1 Introduction |

Let I = [0,1]. Denote a set of fuzzy numbers with bounded supports by F* as follows (e.g.
(15, 16]): The following definition means that a fuzzy number can be identified with a membership
function.

Definition 1.1 Denote a set of fuzzy numbers with bounded supports and strict fuzzy convezity
by

Ft={u: R — I satisfying (i)-(iv) below}.
(i) p has a unique number m € R such that p(m) = 1 (normality);
(1) supp(p) = cl{{¢ € R : u(€) > 0}) is bounded in R (bounded support);

(ili) p is strictly fuzzy convez on supp(p) as follows:

(a) if supp(u) # {m}, then
p(A& + (1= A)&) > minfu(éy), p(é2)]

for &, &, € supp(p) with & # & and 0 < A < 1;
(b) if supp(p) = {m}, then p(m) =1 and p(§) = 0 for £ # m;
(iv) p is upper semi-continuous on R.

1 is called a membership function if p € F¢*. Fuzzy numbers are identified by membership func-
tions. In what follows we denote the a—cut sets of y by

Ko :La(p’) ={§ER1.U(€) > af

for a € (0,1]. By the extension principle due to Zadeh, the binary operation between fuzzy
numbers is nonlinear. It does not necessarily hold that (k; + ks)u = kyp + kop for a membership
function y € Ft and k; € R,i = 1,2 with k1 + k3 > 0,k < 0 < k.
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We introduce the following parametric representation of u € F§¢ as
zi{a) =min Ly (1), 2(a) = max Ly(u)
for0 <a<1and

21(0) = min supp(p), 5(0) = max supp(y).

From the strict fuzzy convexity it can be seen that a fuzzy number z = (2, z9) means a bounded
continuous curve over R? and z;(a) < z3(a) for a € I (see [17].)

In Section 2 we show that the set of fuzzy numbers F§ construct a linear space by the Puri-
Ralescue’s method and consider the completion of a normed space induced by the linear space.

In Section 3 we discuss differentiation and integration of fuzzy functions. In the case of dif-
ferentiation our representation of fuzzy numbers is enable to calculate addition, scalar product
and difference without difficulties, but it is not easy to calculate the difference by the extension
principle. Moreover we define the integral of fuzzy functions by calculating end-points of a—cut
sets.

In Section 4 we treat two ways in analyzing stability of fuzzy differential equations: One is
parametric method and the other is fuzzy differential inclusions. Finally we introduce various
types of results on variational equations of ordinary differential equations and we discuss the
significancy of variational equations of fuzzy differential equations in Section 5.

2 Induced Normed Space of Fuzzy Numbers

Let g : R x R — R be an R—valued function. The corresponding binary operation of two fuzzy
numbers z,y € Ft to g(z,y) : F&t x F* — Fi' is calculated by the extension principle of Zadeh.
The membership function pg(,,, of g is as follows:

Poey(€) = sup min(p (&), p2(€2))
€=g{£1,62)

Here £,&,& € R and py, pp are membership functions of z,y, respectively. From the extension
principle, it follows that, in case where g{z,y) =z +y,

ﬂm+y(€)
= max min(;(8i))
= ma,x{oe €l:{=¢& +f2, &€ La(/"'i):i = 172}
=max{x € I : £ € [x1{e) + y(a), Ta(a) + pa(a)}.
Thus we get
z+y=(z;+y1, T2+ ¥2)-

In the similar way we have
z—y= (T3 — Y2, T2 — Y1)

Denote a metric by

d(z,y) = Sup max(|z1(a) — 11(a)l, [z2(@) — ya()])

forz = (081,272)7!/ = (yhyz) € f§t~
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Theorem 2.1 F3 is a complete metric space in C(I)?.

Proof See [17].
According to the extension principle of Zadeh, for respective membership functions g, 14, of

z,y € F¢t and X € R, the following addition and a scalar product are given as follows :

pory(é) = sup{a€[0,1]:
E=&+6&, & € La(ﬂm):§2 S La(ﬁy)};
ta(§/A)  (A#0)

PR O Lo€40)
well) = ) (=0, ¢4 0)
neR

In [12] they introduced the following equivalence relation (z,y) ~ (u,v) for (z,y), (v,v) € F* x
Fit e,

(z,9) ~ (w,v) = c+v=u+y. (2.1)

Putting z = (21,%2),y¥ = (¥1,%2), ¥ = (t1,u2),v = (v1,v2) by the parametric representation, the
relation (2.1) means that the following equations hold.

sitvu=uw+y (1=1,2)

Denote an equivalence class by (z,7) = {(u,v) € F&* x Fit : (u,v) ~ (z,y)} for z,y € F* and
the set of equivalence classes by

(F5) ~= Az, ) oy € B}
such that one of the following cases (i) and (ii) hold:
(i) if () ~ (u,v), then (z,y) = (u,v);
(i) i (z,y) # (u,v), then {z,y) N {u,v) = 0.
Then (Ft)?/ ~ is a linear space with the following addition and scalar product

{z,y) + (u,v) = (e +u,y+v) (2.2)

[ e ) (A2 0)
"@’w”{ (s (-3a) (< 0) (2:3)

for A € R and {(z,y), {u,v) € (F#)?/ ~ . They denote a norm in (F*)?/ ~ by
| (=9 lI= SIéz;dH(La(ux),La(#y))-
Here dy is the Hausdorff metric is as follows:

du(Lo(tis), La =max{ su inf - su inf -
'H( elba)s Lalty)) (geLagﬁx)"ELa(ﬂy) 13 nl’neLai,,)ﬁeLa(l‘w) 1€ —nl)

It can be easily seen that {| (z,y) ||= d(z,y). Note that || (z,y) ||= 0 in (F*)%/ ~ if and only if
z=yin Ft
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3 Fuzzy Differential and Fuzzy Integral

In this section we consider fuzzy function in a Banach space induced by the normed space (F§)2/ ~
. It can be seen that for z,y € F;*

(z,y) = (2,0) + (0,y) = {z,0) — (y,0).
Denoting a set of fuzzy numbers by
Xo={{z,0) € (F")*/ ~ 2,0 € T},

which is a Banach space ( see e.g., [17]). Then we have (F§*)2/ ~= X, — X.

Denote the completion of (F¥)?/ ~ by X. Let J be an interval in R. In what follows we consider
a function f: J — X as f = ((f1, f2),0). Here f has the parametric representation of f = (f1, f2),
where f;(t, @) for i = 1,2 are the end-points of the a—cut set of f In this section we give definitions
of differentiation and integration of fuzzy functions.

A fuzzy function f: J — X is said to be differentiable at {5 € J, if there exists an 7 € X such
that for any € > 0 there exists a ¢ > 0 satisfying

” f(t f(to)

t—tg
fort € Jand 0 < |t—to| < 8. Denoten = f (t5) = %(to). f is differentiable on J if f is differentiable
at any t € J. In the similar way higher order derivatives of f are defined by f® = (f*-1Y for
k=23, (CL [7,8)

In [12] they define the embedding j : F§* — X such that j(u) = (u,0). The function f : J — F*
is called differentiable in the sense of Puri-Ralescu, if j(f(-)) is differentiable. Suppose that f is
differentiable at ¢ € J in the above sense, denoted the differential f'(t) € F¢. Then we have
L(f(1)) = (f'(£),0),i.e., f is differentiable in the sense of Puri-Ralescu. In [9, 12} H-difference
and H-differentiation of f is treated as follows. Suppose that for f(t + h), f(t) € F;t, there exists
g € F{t such that f{t+h) = f(t)+g, then g is called to the H-difference, denoted f(t+h) — f(2).
The function f is called H-differentiable at ¢ € J if there exists an n € Ff* such that both
I (0 SR B ()
p—y h h—+0 h
F=n

Proposition 3.1 If f is differentiable at to, then f is continuous at ;.

-nl<e

exist and equal to . If f is H-differentiable, then

Theorem 3.1 Denote a parametric representation of f by f = ((f1, f2),0). Here fi, fo are func-
tions defined on I x J to R and the left-, right-end point of the a—cut set Lo{f(t)). If f is
differentiable at ty, then it follows that there exist % filt,a), ?% f2(t, @) and that
' g, 0
f(to) = (‘6—tf1, é*gfz)(to)-
Theorem 3.2 It follows that f'(t) = 0 if and only if f(t) = const € X.
In the following definition we give one of integrals of fuzzy functions.

Definition 3.1 Let J = [a,b] and f be a mapping from J to X. Divide the interval J such that
a=1tg <t < - <ty="band T € [tie1,&] fori=1,2,---,n. f is integrable over J if there
k22

exists the limit liﬁngf(n)&, where &y = t; — tiy, A = max A;. Define
—0:3 <ign

b n
| #leyds = Jm 32 ()
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Proposition 3.2 Let f be integrable over J. Then the following statements (i)-(ii) hold.
(i) f is bounded on J, i.e., there exists an M > 0 such that || f(t) ]S M fort € J.
(i) If f(t) € X fort € J, then [, f(s)ds € X fort e J.

Proposition 3.3 If f is continuous on [a,b] then f is integrable over the interval.

Theorem 3.3 Let f: J — X with f = ((fi, f2),0) be integrable over [a,b]. Then it follows that

b b b
[ #s)ds = ([ fts)ds, [ fa(s)ds),0)
Conversely, if fi, f are continuous on [a,b] x I, then f is integrable over [a,b].

Proposition 3.4 Let f be continuous on the interval [a,b].
¢
Denote F(t) = f f(s)ds. Then the following properties (i) and (i) hold.

(i) F is differentiable on |a,b] with F(t) € X and F' = f;
(if) For t1,ts € [a,b] and t; < &5, we have [2 f(s)ds = F(ts) — F(t1).

Proposition 3.5 Let f is continuous on [a,b]. Then it follows that

I [ #sas i< [ 56 0 as.

Theorem 3.4 Let f : [a,b] — X be continuous on [a,b] and differentiable on (a,b), Then it
follows that there exists a number ¢ € (a,b) such that

1 £0) ~ fla) IS o—a) | f o) |-

Definition 3.2 Let f : J — X™ such that f(t) = (fi(t), f2(8), -, fu(t)T. f is differentiable on J

if each f; is differentiable on J fori=1,2,---,n. Define the derivative f (t) = (f1(t), f,(t),---, FL(E)T.
Let f: [a,b] — X™ such that f(t) = (f1(t), fa(t), -+, fo(t))T. f is integrable over [a,b] if f; is

integrable over [a,b] for i =1,2,--,n. Define the integral

/abf(s)ds = (/: fi(s)ds, /ﬂb fz(s)d5,~..’[1b Fuls)ds)T.

It can be easily proved that similar theorems and propositions concerning to X™—valued functions
to ones in this section hold.

4 Stability of Fuzzy Differential Equations and Inclusions

In (18] they discuss exponential decay problems, e.g., machine replacement and oil well extraction,
etc. They analyze optimization problems for each oil well to determine its optimal replacement
schedule. Denote the quality remaining in the well at time ¢ by z(¢) and denote the rate of oil
extraction by D > 0. Then they get the following rate of oil extraction # (¢) = — Dz with 2(0) = .
Then z(t) = ve=Pt,
In what follows we consider the rate of oil extraction D as a constant fuzzy number D =
" (D1, Do) € FF, where Dy(a) is the left end-point of the a—cut set and Dy(a) > 0 for € 1.
‘Then we assume that the oil quality z(t) = (21(¢), 22(t)) € F is a fuzzy function which means
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the quality remaining in the well at time ¢ and v € F¢*. Consider an initial value problem of fuzzy
differential equation

d
() = ~(Da), 2(0)=». (4.4)

The above problem has a unique solution
o) =+ | (=(Da(s)))ds.
See [11].
It follows that as long as z1(¢) > 0, by the extension of principle
—(Dy, Da)(2s, 72)

= —(Dizy, Dyzs)
= (_"'D2$2a —Dlwl)-

d
35(451(?5):332(75))

Then we have two ordinary differential equations such as
’Ell (t) = —Dz.’L‘g, .’L‘;(t) = ——D1x1
with z(0) = (v, ) € Ft. Therefore
(Vl + 1y /g_zl’)e~\/D1D2t (Ul — vy /%%)eleDm:
2 + 2 ’
(Z/11/£D)-;-+V2)6_"DID21& (Ulu—g—;—Vg)e"Dlth
2 - 2

for t > 0. Then we get the unstable result of solution = = (z;, ) such that

z1(t) =

.’Ez(t) =

(i, dla(0),0) = +eo,
where 0 € R, as well as it follows that

t—l}?oo sup [/ Di{e)z1(t, &) + 1/ Da{a)zo(t, )] = 0.
(see [14]). In this case of £ = —Dz by the method of parametric representation, the equation
leads to the unstable result.
In what follows we introduce the idea of fuzzy differential inclusions in [2, 3, 6, 11} In analyzing
the equation ' = — Dz via the inclusions method, we find that the same equation is stable in the
similar way to the theory of ordinary differential equations.

Example. Consider an initial value problem of fuzzy differential equation (4.4). According to
the idea of fuzzy differential inclusions in which a family of differential inclusions plays an impor-
tant role in finding some kind of fuzzy sets of (4.4) (See [1]). Let F(&, @) = [-Da(a)é, —Di{a)é] C
R defined on R x I to the set of compact and convex sets K} in R. Then one can solve the following
differential inclusions

£,(t) € Fl&a, ), £(0) € La(v),

where Lo (v) = [v1{e), »a(e)] for o € I, which means that differential inequalities

—Da(@)éa(t) < &(1) < ~Di(@)alt)
() < &,(0) € vale)
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for @ € I. Then we emphasize that the function &, is R~valued function defined on R without
information on the grade of fuzzy number z, so £,(¢) is a real numbers but not fuzzy number. By
basic calculation we get £,(0)e™ P2 < £,.(1) < £,(0)e P with £,(0) € Lo(v). Therefore we
have

£4(t) € n(a)e P2 1y (a)e~ D1 for o € I,¢ € R, which is called a solution set denoted by

Sa(Lo(v),t) = [n(a)e™P2@% yy(a)e=Pi ()], The solution set Sy(La(v),t) is the a—cut set of
the parametric representation of a fuzzy number (v;e~P2, 1ye %), Thus we get a fuzzy solution
of (4.4) as
z(t) = (e P2 e~ P1t) for t € R.

In classical analysis of the initial value problem (4.4) we observe the unstability of solutions by
the method of parametric representation of fuzzy numbers. By applying differential inclusions to
fuzzy differential equations{FDE) the same results of FDE as those in theory of ordinary differential
equations. Much richer properties in fuzzy differential inclusions is significant but, in considering
K} ~valued function F(, o), one treats each fuzzy number z(t) € F* as a real number z(¢) € R.
Finally, we get solution sets which are the a—cut sets of a fuzzy set. By treating many practical
modeling of real systems with uncertainty we can get better conclusions on comparison between
fuzzy differential inclusions and the parametric representation of fuzzy numbers.

5 Variational Equations

In order to discuss the asymptotic behaviors of solutions to ordinary differential equations(ODE)
the variational equation of ODE plays important roles in analyzing parametric dependence of
solutions to ODE ( see [19]). Consider an ODE

y = f{t,y) (ODE)

provided that there exists the Jacobian matrix %5. The following equation y = %ﬁ(t, ot T, )y is
called a variational equation of (ODE). Here ¢(t;7,€) is a solution of (ODFE) with y(r) =n.
One tries to derive the properties of the solutions z(t) to

T = f(t,z) + h(t,z) (P}

from the corresponding to properties of the solutions to (P). In [13] Viasov’s theorem is as follows:

(i) Suppose that for all # and for ¢ > 7, the n x nmatrix y, satisfles || v,(¢;7,7) [|< a(7) with a
continuous function a(7);

(ii) Suppose that || A(t,z) ||< p(t)e(]| = ||) in which p(t) is continuous, f3°p(t)dt < oo, and
g¢(r) > 0 ia a non-decreasing function with f§° 3 = %

(iii) Suppose that [5° p(t)a(t)dt < co.
If the above conditions (i) - (iii) hold , then the boundedness of solutions to (ODE) implies the
same to (P).

Let X,Y be Banach spaces and S an open subset of X. Let f: S — Y be such that

flu+h)=flu)+ f'(u)h + w(u, h)

forevery h € X withu+h € S, where f'(u) : X — Y is a linear operator and ’llin% “—w”(—%’—l?—li =0,

Then f'(u)h is called the Fréchet differential of f at u with increment h, f (u) is called the Fréchet
derivative of f at u and f is called Fréchet differentiable at u € S. In the case that a function
f: R x R™ — R™ has the Jacobian matrix %g(t,y), then f is Fréchet differentiable at v € R
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and the Fréchet derivative f = %(t, y). Kartsatos{10] dealt with the existence and uniqueness of
solutions to the following problem:

z = F(t,z)+ f(1) (5.5)
Uz=r (5.6)

Theorem 8.24 in [10] is as follows:

(i) Let Ry = {0,00).F : Ry X R® — R™ is continuous and F(R, x M) is bounded for every
bounded set M C R™. Moreover there exists the Jacobian matrix F,(¢,z) which is continuous on
R+ X Rn,

(ii) For every bounded set M C R", F;(Ry x M) is bounded and for every ¢ > 0 there exists
§(e) > 0 such that || Fo(t,u1) — Fp(t,ug) ||< € for (t,us,us) € Ry x M x M;

(iii) Suppose that the operator U : CE(Ry) — R™ is continuous and Fréchet differentiable at
every zo € CL(R). Here CL(R) is a set of continuously differentiable functions from R, to R™;

(iv) S C Ci(R.) is any open set. For every £ > 0 there exists 6(¢) > 0 such that || [U'(z;) —
U'z)h i< € || b ||oo for every z1,25 € S,k € CL(R.). Here || - || is the sup norm in C(R.);

(v) Let f be continuous on R and 7 € R™. Let 25 € CA(R..) be a solution to

Ty = F(t,70(t)) + folt) (5.7)
Uze =1o (6.8)

for t € R,.. Suppose that the following linear problem

z = Fy(t,z0(t))a (5.9)
U'(zg)z =0 (5.10)

has only the zero solution in Cj(Ry);
(vi) Suppose that
sup Hﬂﬂ Hs) [ ds < o0
teR+
where X (t) is the fundamental matrix of 7' = Fy(t, zo(t))z.
If the above conditions (i) - (vi) hold, then there exist numbers o, § > 0 such that for every
(f,r) € CY{R,) x R™ with || (f — fo,7 — o) [|< B, there exists a unique solution z € CHR,) to
((5.6), (5.6)) such that || z {|< o

In [4] the Jacobian matrix plays an important role in proving the Brauwer’s fixed point theorem
in finite dimensional linear space.

In analyzing ordinary differential equations, the variational equation plays a significant role in
the above results. In the similar way it is expected that analysis of the variational equation of
fuzzy differential equations leads to various results on asymptotic behaviors of solutions of fuzzy
differential equations(FDE). When we consider the varitional equation of (FDE), it is need to
calculate the Fréchet derivative of (FDE). Let X,Y be Banach spaces of fuzzy numbers. Let S be
an open subset of X. Let a fuzzy function f: S — Y be such that

flu+h) = fw)+ f (Wh+w(u,h)

’ h
for every b € X with u + h € S, where f (u) : X — Y is an operator and lir%%ﬂ—)ﬂ =0.
Then f (w)h is called the Fréchet differential of f at u with increment h, f "(u) is called the Fréchet
derivative of f at u and f is called Fréchet differentiable at u € S. In the case of Fréchet differential

of fuzzy function, it is necessary to consider the product f (u)h with an operator f'(u) and a fuzzy
number . As mentioned in Section 4 there are two ways in analyzing the stability of solutions to
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(FDE). One is the parametric representation method, in which the equation z = —z is unstable
and the other fuzzy differential inclusions, where the same equation implies the stability. It is
possible that analyzing the variational equations of (FDE) will find a suitable method for stability

theory of (FDE).
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