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Finite Groups of Local Characteristic 2

Andreas Hirn*

Abstract

A finite group X has local characteristic 2 if Cr(O2(L)) < Oa(L)
for every 2-local subgroup L of X. Ulrich Meierfrankenfeld, Bernd
Stellmacher and Gernot Stroth have started a project on a revision of
the classification of finite simple groups of local characteristic 2. In
this paper we report on work on the global analysis part of this project
contained in the author’s doctoral thesis.

1 Introduction

Let p be a fixed prime (in this section we do not assume p = 2), X a finite
group whose order is divisible by p, and P € SyL,(X).

A p-local subgroup of X is the normalizer in X of a nontrivial p-
subgroup of X. The group X has characteristic p if Cx(0p(X)) < O,(X).
We say that X has local characteristic p if all p-local subgroups of X have
characteristic p. Finally, we say that X has parabolic characteristic p if
every p-local subgroup L of X with P < L has characteristic p.

Examples.
1. The generic examples of groups of local characteristic p are finite groups

of Lie type defined over a field of characteristic p.

2. Mia, Ajg, PQg(3) are examples of groups which have parabolic char-
acteristic 2 but not local characteristic 2.

3. Finite groups of Lie type defined over a field of characteristic r # p
usually do not have parabolic characteristic p, but there are exceptions
such as L(2™ £ 1) or G5(3) which have local characteristic 2.
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X is a K-group if every simple group involved in X is a known simple
group. If every p-local subgroup of X is a K-group, then X is called a
K,-group.

In the original proof of CFSG! the finite simple groups of local character-
istic 2 caused major difficulties. It is the goal of the project “Finite groups
of local characteristic p” originated by Ulrich Meierfrankenfeld, Bernd Stell-
macher and Gernot Stroth to give a revised proof of that part of CFSG. For
an overview and more information on the project see [4] and [5].

2 The Setup

The bulk of the project consists of the investigation of the p-local structure
of a finite group G of local characteristic p. This information is then used
to identify G up to isomorphism. In the H-structure theorem [6], a large
nonlocal subgroup H of G with F*(H) simple is constructed. If G is a
simple group, in most cases we have G = H, but there are exceptions like
PQF(2) in PQF(3) for p =2, or P;(3) in M(22) for p = 3.

In his doctoral thesis the author investigates the following

Setup.

Let G be a finite KCp-group of parabolic cha,racterxstm 2 with O;(G) = 1.

We assume there exists a subgroup H of G of odd index.

Further we assume K = F*(H) is a simple group of Lie type defined over
a field of even characteristic with Lie rank greater than 1.

Fix a Sylow 2-subgroup S of H (so S € Syl,(G)).

Finally, we assume that R = Z(K N .S) is a (long) root subgroup.

We also need some 2-local subgroups of G. Set C' = Ng(Z(S)) and let C
be a fixed maximal 2-local subgroup of G such that C' < C.

We also assume that there is a maximal 2-local subgroup M of G with
S < M, but M is not contained in C.

Remarks.

1. The group H is a group constructed in the H-structure theorem [6].
Therefore we have some information on the group H and its embedding
inG.

2. The condition on R can be weakened to R = Q;(X,) for some root sub-
group X,. This would allow K to be a unitary group in odd dimension
or a group of type 2Fy, too.

1The classification of the finite simple groups.
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For further comments on this setup see [3].
The aim is to show that usually the following holds:

Every 2-local subgroup L of G with S < L is contained in H. (%)

This is not true in every case, for instance H = L£(2) 122 8, G2 Ay and
C=2": 85, or H PQS(2), G2 POF(3) and C 2 2((4412) 2); in both
cases C £ H. So we also want to characterize the pairs (G, H) where (x)
fails.

_ The first and most difficult step to reach this aim is to determine when
C is contained in H. In this paper we outline the proof of the following

Theorem 1. Assume the Setup. If K is isomorphic to one of the following
groups PG, (q) (# POE(2)), Un(q) (n even), Ga(q) (g > 2), Es(q), Erlq),
Es(q), *Es(q), *Dy(q), where ¢ = 2¢ for some positive integer f, then we
have

C <0,

Remarks.
1. In the exceptional cases of Theorem 1 we try to prove: If C £ H and
G is simple, then either 1 & POF(2) and G = PO (3), or H Gs(2)
and G = G2(3)

2. We are working on a corresponding theorem for K isomorphic to L,(q).
Here the exception K = L4(2) occurs. We have proven: If G is simple,
H = L4(2):2,and C £ H, then G = Ay,

3. In all exceptional cases the main difficulty is the determination of C.
If this is done, we have enough information about & to quote existing
characterization results from the Lterature.

4. If we allow R = Q;(X,) for some nonabelian root subgroup X,, then
the proof of Theorem 1 shows C < H if K = Usm+1(q). In case
K 2 2Fy(q), we try to prove that € is contained in H.

Conjecture. Assume the Setup. If C < H, then (*) holds.

3 Preliminary Observations

From now on assume the Setup. We frequently use facts from the theory of
finite groups of Lie type without explicit notification. These are often well
known, a standard reference for them is [2].

Because R = Z(K N 9) is a root subgroup, we have



Lemma 1. K is isomorphic to one of the following groups: Ln(q), PQE (a),

Unlq) (n even), Ga(q), Go(2), Es(q), Br(q), Es(q), *Es(q), *Dalq), for a
suitable ¢ = 27.

It is well known that Nx(R) is a parabolic subgroup of K. We have
Ni(R) = QuKoHp, Cx(R) = QuKo, where Qo = Oy(Ng(R)), K, is a central
product of groups of Lie type defined over some extension field of F,, Hy &
Z,_; acts regularly on RY, [Ko, Ho] = 1.

From [2, 2.6.5¢] we get Z(S) < R. Because all nonidentity elements in
the root subgroup R have the same centralizer in K|, it follows Cx(Z(S)) =
Cx(R), in particular Cx(R) < CNK.

We set Q = 05(C).

Lemma 2. Ezcept for K = Ly(q) or Go(2), we have @ < K.

Proof. Set Q1 = 02(C N H) and Q; = 02(C N K). Obviously, @ < Q. We
show 1 < K.

Suppose Q; is not contained in K. Since Q3 = Q1 N K and K = F*(H),
the quotient group @;/Q; is isomorphic to a subgroup of Out{K). We have
[Q1/Q2, Ko] = 1, so there is an involution in Out(K) which centralizes K.
Then [1, §19] yields K 2 Ly(q) or G2(2)’, a contradiction. O

The following identification of Q is a key ingredient for the proof of The-
orem 1.

Lemma 3. If K % L.(q), Fu(q), or Go(2), then @ = Qo. In particular
C = Ng(R).

Proof. Note that Qg/R is irreducible as Ky-module. By Lemma 2, Qs
contained in K, so it is easy to see that @ < Q. We have Ko < Cx(R)<C,
hence Q/R is a Ko-invariant subspace of Qo/R. Now the assertion follows,

for Cg(Q) S Q [

Remark. If K & Ly(q), then K; does not act irreducibly on Qo/R. This
is the reason why the linear groups need a separate treatment and are not
included in Theorem 1.

A very easy but extremely useful observation is
Lemma 4. 5’/ Q acts faithfully on Q/R.

Proof. Observe that @ = (o is a nonabelian special group with Frattini
subgroup R. So Cgz /Q(Q/ R) is a 2-group, for G has parabolic characteristic
2. Now the assertion follows immediately. O
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Assume K is one of the groups from Theorem 1. From Lemma 3 we have
Q = Qo and thus C = Ng(Qo) = Ng(R). The argument to show C < His
divided into several steps. First of all, we have to determine F(C/Q). After
this is done, it will be evident that c /@ contains at least one component. We
must identify the components of C /@ up to isomorphism. Here the following
result from the author’s doctoral thesis is of particular importance.

Lemma 5. Let X be an almost simple group with F*(X) of Lie type defined
over a field of characteristic 2 andY be a known quasisimple group such that
X is a subgroup of Y of odd indez. Then X =Y, or one of the following
holds:

1. X & Ly(4), and Y = Ly(p®) with p* = 33 (mod 8) and p* = +1
(mod 5) or Ly(5%) with a > 1 odd.

L X = L1y(4).2, and Y = Ay or Ly(5%) with a = 2 (mod 4).
X = L2(8), and Y = 2G2(32a+1).
X = L2(8)3, and Y = 2G2(32a+1).

. X = L5(2).2, and Y = Ly(7%) with a =2 (mod 4).
. X 22 [3(4).29, and Y = Mps or McL.
. X 2 L3(4).22, and Y = Ly or Aut(McL).
X 2 1,(2), and Y = As.
10. X 2 L4(2).2, and Y = Ay or Ay

2
3
4
5. X =2 Ls(2), and Y & Ly(7%) with a > 1 odd.
6
7.
8
9

11. X 2 U42), and Y = PSpy(q) with ¢ = &3 (mod 8).

12. X = U4(2).2, and Y = Ly(q) or Us(q) with ¢ = %3 (mod 8).

13, X = Spy(2), and Y =2 Ay or Ly(9%) with a > 1 odd.

14. X =2 Sps(2).2 =2 PGLy(9), and Y = Ly(9%) with a = 2 (mod 4).

15 X & Sp4(2)' 23 Ml(), and Y & Mn or L3<q) with q = 3 (mod 8)
Us(q) with ¢ = —3 (mod 8).

16. X = Sﬁa(Z), and Y = PQy(q) with ¢ = £+3 (mod 8).
17. X = POE(2), and Y = PQZ(q) with ¢= +3 (mod 8).



18. X = Go(2), and Y =2 Us(q) with ¢ = 3%+,
19. X 2 Gy(2), and Y = Gy(q) with ¢ = +3 (mod 8).

In the last step of the proof of Theorem 1, we use the information on
E(C/Q) together with some information on H and M from [6] to show that
every element u € C\ H acts nontrivially on K. By replacing H with (H, u),
we may therefore assume H maximal with F*(H) = K from the outset.
We will demonstrate this method by the éxample K = Eg(q).

4 The proof of Theorem 1 in case K 2 Es(q)

In this section we assume that K = Eg(q) where g = 2/ for some integer
f>0.
Then Ng(R) is the Er(g)-parabolic, i.e., Ko = Er(q), @ = ¢, V =
Q/R is the V()\7)-module for K. In parmcular V is an absolutely irreducible
F,Ky-module. As in any case Ck(R) = QK,, Ho = Zy- acts regularly on
the set of nonidentity elements of R.
We first prove an auxiliary result.

Lemma 6. Every element of 5’/ Q which is centralized by KoQ/Q 1is con-
tained in HoQ/Q.

Proof. Let z@) € C‘/ Q with [KoQ/Q,zQ] = 1. Consider the group A gen-
erated by KoQ/Q and the element zQ. As V is an absolutely irreducible
F,A-module, it follows from Schur’s Lemma that z@ acts by scalar multipli-
cation on V. But we have got all the g—1 possible scalars in HoQ} /@ already.
Now Lemma 4 yields the assertion. O

Lemma 7. The Fitting subgroup F(é’ /Q) is contained in HyQ/Q.

Proof. Fix a prime p > 2. It is enough to show Op(a/Q) < HyQ/Q. As Ky
is contained in C, the group KoQ/Q acts on Op(KoQ/Q). By Lemma 6 we
can assume that this action is nontrivial, i.e., faithful as KOQ/ Q is simple.
Suppose first f > 1. Consider a root subgroup R of KoQ/Q- By
Thompson s Dihedral Lemma there is a subgroup P < 0,(C / Q) with- PR =
Pl {ry) x ++- x Pg{ry), where Py(r;) is a dihedral group of order 2p for ¢ =
1,...,f. It is well known that Cy(R) = Cy(r) for all r € Rf. This im-
phes [C’V(rl) Py X -+ x P;] = 1. Then Thompson’s A x B Lemma gives
[V,Py x -+~ x P] = 1. This is a contradiction to Lemma 4.
Let now ¢ = 2. Set P = Ql(Z(Op(C/Q))) The group KoQ/Q acts
faithfully on P by Lemma 6. Coprime action gives V = [V, P{® Cy(P), both
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summands are C/@-invariant. Hence Lemma 4 and the irreducible action
of KoQ/Q yield V = [V, P]. Therefore V is the direct sum of Cy(E) with
E €T, where I' is the set of hyperplanes E of P with Cy(E) #0. Let E €T
and O the orbit of F under K4@Q/Q. Then we have

V=P Cv(F).
Feo
It follows dim V' > 2|O|. Therefore 28 > |O| > 1, but certainly K,Q/Q =
Er(g) does not have a nontrivial permutation representation of that degree.
So we get again a contradiction and have thereby completed the proof of the
lemma. ' O

Lemma 8. K,Q/Q is the only component of C /0.

Proof. Recall [Ho, Ko} = 1. Hence E(C/Q) # 1. Let T € Sylz(E(é/Q)),
without loss T < S§/Q. Note S/Q, thus also 7', normalizes KoQ/Q. Let
L be a component of 5’/@ As KoQ/Q is simple, we have KyQ/Q < L or
KyQ/QNL=1. '

In the first case, it follows from Lemma 6 that L is the only component
of C/Q. Now (KyQ/Q)T is an almost simple subgroup of L of odd index.
From Lemma 5 we get K¢Q/Q = L, hence KoQ/Q = E(é’/Q)

So we can assume K,Q/Q N E(C/Q) = 1. Then (KoQ/Q,T] = 1. But
T # 1; this contradicts Lemma. 6. O

We need some definitions from the project. Recall that there is a maximal
2-local subgroup M of G with § < M but M £ C. Define M® = (QM).
Then M?° dominates the structure of M, for we have M = M°(M N 5’), cf.
[5, 2.4.2]. Let Yy be the unique maximal elementary abelian 2-subgroup of
M with Oy(M/Cy(Yar)) = 1, cf. [5, 2.0.1].

From the H-structure theorem [6, 3.2], we know that we can choose M
with M° the PQ,(g)-parabolic of K, i.e., F*(M°/0y(M®)) = PQ,(q), Yir &
¢'* is the natural module, and Op(M®)/Yy; & ¢% is & halfspin module for
F*(M°/0y(M?)). Observe that R is a singular point in Y;, with RL =
Y, Q =Yy NQ.

We assume that H < G with |G : H | odd is chosen maximal with respect
to F*(H) = K 2 Eg(q). This choice does not affect the use of the results
from [6].

Lemma 9. C is contained in H.

Proof. Suppose there is an element u € C\ H. Since H contains S € Sy, (G),
we can assume that u has odd order. Obviously, u acts on @ and on R, by
Lemma 8 also on K,Q.



By a Frattini argument we may assume that u normalizes K N S &
Syl,(Ko@). Since |YyQ/Q| = ¢ and Y3,Q/Q < (K N S)Q/Q, we have
YuQ/Q = Z((K N S)Q/Q). Therefore u acts on Y3,Q/Q, thus on Yu@.
Then (Y3,Q) = YirNQ and as a result Ckns(Yu NQ) are {u)-invariant, too.

Because Oz (M/Cp(Yay)) is trivial, Oy (M0) is contained in Crns(YarN@).
In fact, we have equality, since otherwise P, (¢) 2 K; < M° would contain
an involution ¢ such that Cy,, () = Y3,NQ is a hyperplane. But in orthogonal
groups there are no transvections with a singular point as center.

As M is a maximal 2-local subgroup of G, we have u € M = Ng(Oy(M ).
That is, » acts on (M° K;Q) = K. Of course this action is nontrivial,
therefore F*({H,u)) = K contradicting the maximal choice of H. 0

Remarks.
L. Note that for all X from Theorem 1 with the exceptions U;(2) and
Pﬂzim(q) the group K always is quasisimple. This allows us to give
unified proofs of Lemmas 6 to 8. :

2. If K 2 Uy(2), then Q = 21" and Ng(R)/Q = S5 x Zs. We get that
C/Q is isomorphic to a subgroup of Out(Q) = OF(2), from which
C < H is clear.

3. If K = PQ3,.(q), then Ky = Ly(q) x Pﬂi(m_z)(q). In case ¢ > 2,
we can modify the argument given above for Fg(g) to handle these
groups, too. If ¢ = 2, then Lemma 7 does not hold and we show that

F(O/Q) S O3(KOQ/Q) instead.

4. Note that for the general case of Theorem 1 in the proof of Lemma 8
there are examples where (K,Q/Q)T is possibly contained in & larger
component L. But this group L has to act faithfully on Q/R, and in
each case it is eagsy to see that this is not possible.

[y

. The H-structure theorem (6] gives us a connection between the maximal
2-local subgroup M of G and some parabolic subgroup of K. This
enables us to continue our investigations in the well known finite simple
group of Lie type and to derive from these all the information needed
to finish the proof of Theorem 1.
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