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The existence of infinitely many tight Euclidean desighs
having certain parameters *
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Graduate School of Mathematics
Kyushu University
Hakozaki 6-10-1, Higashi-ku, Fukuoka 812-8581
JAPAN.

1 Introduction

The concept of spherical design was introduced by Delsarte, Goethals and Seidel [§] in 1977 for
finite sets in the unit sphere 5% (in the Euclidean space R™) . It measures how much the finite
set approximates the sphere S™~! with respect to the integral of polynomial functions. The exact
definition is given as follows.

Definition 1.1. Lett be a positive integer. A finite nonempty subset XCS™ 1 is called a spherical
t-design if the following condition holds:
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for any polynomial f(z) € Rlzy,za,...,2,] of degree at most t, where o(z) is the O{n)-invariant

measure on 5™ and |S*"Y| is the area of the sphere S™71.

The concept of spherical {-design was generalized by Neumaier and Seidel [12] in the following
two ways: (i) to drop the condition that it is on a sphere, (ii) to allow weight. The new concept
is called Euclidean t-design. This concept is closely related to the cubature formulae in numerical
analysis and approximation theory, and a similar concept such as rotatable design has already
existed also in mathematical statistics (see, e.g., [6, 11].)

Recently, Bannai and Bannai [4], slightly modified the Neumaier and Seidel’s definition of
Euclidean t-design by dropping the assumption of excluding the origin. We will review the definition
below.

Let X be a finite set in R, n > 2. Let {r1, 72, ..., rp} = {|lz]l, z € X}, where ||z]| is a
norm of z defined by standard inner product in R™ and r; is possibly 0. For each i, we define
S; = {z € R, ||z|| = r;}, the sphere of radius r; centered at 0. We say that X is supported by the
p concentric spheres S1, Sa, ..., Sp. Ifr; =0, then S; = {0}. Let X; = XNS;, for 1 <i < p. Let
oi(z) be the O(n)-invariant measure on the unit sphere S»~*CR™. We consider the measure ;(z)
on each S; so that |S;| = P18, with |S;] is the surface area of S;. We associate a positive
real valued function w on X, which is called a weight of X. We define w(X;) = Z w(z). Here if
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r; = 0, then we define W / , Flx)doi(z) = £(0), for any function f(z) defined on R™. Let
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We give some more notation we use. Let Pol(R™) = Rzi,x2,...,2,] be the vector space of
polynomials in n variables z1, 23,..., Zn. Let Hom;(R™) be the subspace of Pol(R") spanned by
homogeneous polynomials of degree I. Let Harm(R™) be the subspace of Pol(R™) consisting of all
harmonic polynomials. Let Harm;(R®) = Harm(R™) N Hormy(R™). Then we have Pol;(R™) =
@' _oHom;(R™). Let Polj(R™) = 65‘.-50(2‘ Hom,;(R™). Let Pol(S), Poly(S), Homy(S), Harm(S),

0Li

Harm;{S) and Polj(S) be the sets of corresponding polynomials restricted to the union S of p
concentric spheres. For example Pol(S) = {f|s, f € Pol(R™)}.
With the notation mentioned above, we define a Euclidean t-design as follows.

Definition 1.2. Let X be a finite set with a weight function w and let t be a positive integer. Then
(X, w) is called a Euclidean ¢-design in R™ if the following condition holds:

>~ w(Xi) _
3 5] Japs /)1(2) = gw(_x)f(x),

a=1
for any polynomial f(z) € Pol(R™) of degree at most t.

Let X be a Euclidean 2e-design in R™. Then it is known that |X| > dim{Pol.(5)). Let X be
an antipodal (2¢ + 1)-design in R”. Then it is also known that |X*| > dim(Pol;(S)). Here X* is
an antipodal half part of X satisfying X* U (—X*) = X and X* N (—X*) = {0} or . Although
better lower bounds are proved in [9] and [12], dim(Pol.(S)) and dim(Pol;(S)) are considered to
be very natural. We define the following tightness for the Euclidean designs (c.f. [4, 5]).

Definition 1.3. Let X be a Buclidean 2e-design supported by S. If | X| = dim(Pole(S)) holds we
call X a tight 2e-design on S. Moreover if dim(Pol,(S)) = dim(Pol.(R")) holds, then X is called
a tight Euclidean 2e-design.

Definition 1.4. Let X be an antipodal Euclidean (2e + 1)-design supported by S. Assume w(z) =
w(~z) for any = € X. If |X*| = dim(Pol;(S)) holds, we call X an antipodal tight (2e + 1)-
design on 8. Moreover if dim(Pol,(S)) = dim(Pol,(R™)) holds, then X is called an antipodal tight
Euclidean {2e + 1)-design.

In Section 2, we give some more basic facts about the Euclidean designs. In Section 3, we give
the definition of the strong non-rigidity of Euclidean designs. Our main theorem is Theorem 3.8,
in which we show that the following known examples of tight Euclidean designs are strongly non-
rigid: tight Fuclidean 4-designs in R?, tight Euclidean 2-designs in R™ supported by one sphere, or
equivalently, tight spherical 2-designs. We also show that antipodal tight spherical 3-designs in R?
in the sense of Fuclidean design as well as antipodal tight Euclidean 5-designs in R? are strongly
non-rigid. The implication of these facts are the existence of infinitely many non-isomorphic tight
Euclidean designs with the given strength.

The complete classification of tight Euclidean 2-designs in R" is given in Section 4. We also
show that any finite subset X CR™ of cardinality n+ 1 is a Euclidean 2-design if and only if X is a
1-inner product set with negative inner product value. Here we say X € R”™ is an e-inner product
set if |{(z,7), 2,y € X,z # y}| = e holds. We remark that |X| < dim(Pole(R"})) = (n—;—e)
holds for any e-inner product set X in R™. o

241



242

2 Basic facts on Euclidean designs

The following theorem gives a condition which is equivalent to the definition of Euclidean ¢-designs.

Theorem 2.1 (Neumaier-Seidel). Let X be a finite nonempty subset in R™ with weight function
w. Then the following (1) and (2) are equivalent:

(1) X is a Euclidean t-design.
2) Z wlu)|u]|¥p(u) =0, for any polynomial ¢ € Harm,;(R™)

ueX
with1 <1< tand 0<5 < 5.

We will use the condition (2) of Theorem 2.1 in what follows. Theorem 2.1 implies the following
proposition.

Proposition 2.2 ([4], Proposition 2.4). Let (X,w) be a Euclidean t-design in R™. Then the
following (1) end (2) hold:

{1) Let X be a positive real number and X' = {Au, u € X}. Then X' is also a Buclidean t-design
with weight v’ defined by w' = w(-}:u’), u' e X',

(2) Let u be a positive real number and w’(u) = pw(u) for anyu € X. Then X is also a Euclidean
t-design with respect to the weight w'.

We also need the proposition below in the subsequent sections.

Proposition 2.3 ([4], Lemma 1.8). Let (X, w) be a tight Buclidean 2e-design or antipodal tight
Euclidean (2e + 1)-design in R™. Then the weight function w is constant on each sphere.

Let {X,w) be a finite weighted subset in R™. Let S;,S3,...,8p be the p concentric spheres
p
supporting X and let § = U S;.

i=1
For any ¢, ¥ € Harm(R"), we define the following inner-product

1
o) = g [, PN lo)

Let by = dim(Barm;(R™}) and ¢ 1, . - ., ¢1,», be an orthonormal basis of Harm;(R™) with respect
to the inner-product defined above. Then,

(I, 05 <minfp-1. [g]}}U

{I‘x“2j""’i(“)’ 1<I<e 1<i<hy, 05 §min{p"'é‘s~1> [e;!”}

gives a basis of Pol.{S5).

Now, we are going to construct a more convenient basis of Polg(S) for our purpose. Let G(R™)
be the subspace of Pol,(S) spanned by {{|z]|%, 0 < j < p—1}. Let G(X) = {g|x, g € GR™)}.
Ther {||z}|%, 0 < 7 <p— 1} is a basis of G(X). We define an inner-product (—, —}; on G(X) by

(fgh = w@)|zl*f(2)g(z), for 1<i<e 2

z€X
We apply the Gram-Schmidt method to the basis {||z|?/, 0 < j < p — 1} to construct an
orthonormal basis
{910(2), qalz), s gup-1(2)}
of G(X) with respect to the inner-product {—, —};. We can construct them so that for any ! the
following holds:

g1,5{x} is a linear combination of 1, {lz||%, ..., [lz]|*, with deg(g;) = 2J,
for0<j<p—1.



For example, we can express gio{z) 2s

gi0(z) = '\}Tﬁ with o = 3 w(z)lje]%. 3)

z€X

Now we are ready to give a new basis for Pol¢(S). Let us consider the following sets:

’Ho={go,j | Ugjgmin{p—l, [g]}}’

e—1
Hz={gz,j<Pz,z' | 0<j<min P*%*L{T}}, 1SiShz},f0r1SlSe-

Then H = | | H; is a basis of Pol.(S).
1=0

Proposition 2.4. If (X, w) is a tight 2e-design on S, then the following (1) and (2) hold:
(1) The weight function of X satisfies

min{p—1I5]}
3y P+ Y gl = Eﬁl“u‘) forallue X.  (4)

1gi<e, j=
0<i<min{p—eg ~1,[55L1}

(2) For any distinct points u, v € X, we have

min{p-1,{5]}

S lflasesea () e Y msase) =0 @
1<z, 2
0<j<min{p—eg—1,] e;z N

Here (u,v) is the standard inner-product in Buclidean space R™ and Q(u) is the Gegenbauer
polynomial of degree 1. Moreover, for the case e = 1 the converse is also true, namely, if (1) and
(2) hold, then X is a tight 2-design on S.

3 Rigidity of spherical and Euclidean designs

We call a spherical t-design non-rigid (resp. rigid) if it cannot be (resp. can be) deformed locally
keeping the property that it is a spherical ¢-design. The exact definition is given as follows {c.f.

(20).

Definition 3.1. A sphericalt-design X = {z;, 1 <1 < N}CS"™! is called non-rigid or deformable
in R™ if for any € > 0 there eists another spherical t-design X’ = {z}, 1 <i < N}CS™! such
that the following two conditions hold:

(1) |z —zill < ¢, for 1 <i< N; and
(2) there is no any transformation g € O(n), with g(z;) =z, for 1 <é < N.

Motivated by the above definition and Proposition 2.2, we define a similar concept of rigidity
and non-rigidity for Euclidean ¢-design, depending upon whether the designs can be transformed
to each other by orthogonal transformations, scaling, or adjustment of the weight functions. In the
definition below, 0*(n) = {O(n), gx, g*) denotes a group generated by an orthogonal group O(n),
a scaling gy of X :

gx: (X/ w) - (X’$w’)
T — =Xz,
w'(z’) = wiz)
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and an adjustment g* of weight function w :
gt (X, w) — (X", w")
z —s zli=z

w'(z') = pw(z)

Definition 3.2. A Euclidean t-design X = ({z:},w) CR" is called non-rigid or deformable in
R™ if for any € > O there exists another Euclidean t-design X' = ({z[}¥;, ') CR™ such that the
following two conditions hold:

(1) lz: — 2}]| <&, and Jw(z;) — w'(2})] <&, for 1 <i < Nj and
(2) there is no any transformation g € O*(n), with g(z;) = z} for 1<i< N.

It is well known that any tight spherical t-design is rigid, because the possible distances of any
two points in the design are finitely many in mumber and determined by only n and ¢ (see Theorem
5.11 and 5.12in [8]). A natural question is whether tight spherical t-designs are rigid as Euclidean
t-designs. We have the proposition below.

Proposition 3.3. Any tight spherical 2e-design is rigid as ¢ Buclidean design, for e > 2.

On the other hand, as we will show later, any tight spherical 2- and 3-design are non-rigid as

Euclidean designs.
Now, let us consider the following two examples of tight Fuclidean 4-designs in R? given by
Bannai and Bannai [4] and also antipodal tight Euclidean 5-designs in R? given in Bannai [5].

Example 3.4 (see [4]). Let X(r) = X1 U Xa(r), where X; = {(1,0), (—-;-sé) , (~%, —1;3)}
and Xo(r) = {(—7‘,0), (E, 34—37) , <§,~32§r)}. Let w(z) = 1 for z € Xy and w(z) = 5 for
z € Xa(r). If r £ 1, then X(r) is a tight Euclidean 4-design.

Example 3.5 (see [5]). Let X(r) = X1 U Xa(r) where X1 = {(£1,0),(0,£1)} and X; =
{(i—\;—;,:l::%)}. Let wiz) = 1 for v € Xy and w(z) = & forz € Xa(r). Ifr # 1, then
X(r) is an antipodal tight Buclidean 5-design.

In both examples above, we can easily see that if we move all the points on X»(r) simultaneously
by changing the radius r while the other points remain sitting on the original position, the resulting
designs are again Euclidean designs of the same type. This kind of transformation is not contained
in the group O*(n) since X(r) and X (r’) are not similar to each other for any r # »’. Hence the
designs are non-rigid. )

In the deformation explained above, all points on the same sphere move to the new one. One
natural question is, what will happen if we deform X so that some two points from the same sphere
move to distinct two spheres? This question bring us to the notion of strong non-rigidity, a special
kind of non-rigidity.

Definition 8.6 (strong non-rigidity). Let X = ({z;}{L;,w) be a Buclidean t-design in R™. If

X satisfies the following condition we say X is strongly non-rigid in R™:

For any € > 0 there ezists a Euclidean t-design X' = ({z}}L,,»’) such that the following two

conditions hold:
(1) |z — || < & and |w(z,) — w'(zl)| <e, for any 1 <i < N; and
(2) There exist distinct 1, j satisfying ||z:l| = ||lz;] and {|z}]| # |25l

Remark 3.7. It is clear that any strongly non-rigid Fuclidean t-design is non-rigid, since the
condition (i1) above tmplies that the transformation:

z; i, 1<i< N,

is not contained in O*(n).



Here is our main theorem.
Theorem 3.8. The following tight Euclidean t—des;’gns are strongly non-rigid:
(1) Tight spherical 2-designs in S™~! considered s tight Euclidean 2-designs.
(2) Antipodal tight spherical 3-designs in S* considered as tight Euclidean 2-designs.
(3) Tight Buclidean 4-designs in R? supported by 2 concentric spheres.
(4) Antipodal tight Euclidean 5-designs in R? supported by 2 concentric spheres.
Theorem 3.8 implies the following corollary.

Corollary 8.9. There are infinitely many tight Euclidean designs of the following type:
(1) 2-designs in R™ supported by p=2,3,...,m + 1 concentric spheres, mspectiv.ely.
(2) Antipodal 3-designs in R? supported by 2 concentric spheres.

(8) A-designs in R? supported by 3 and 4 concentric spheres.
(4) Antipodal 5-designs in R® supported by 3 and 4 concentric spheres.

Corollary 3.9 says about the existence of quite plenty of tight Euclidean -designs, contrary to
the initial guess made by Neumaier and Seidel and also Delsarte and Seidel respectively in [12] and
[9]. We remark here that antipodal tight Euclidean 3-designs in R™ have been completely classified
in [5].

We may prove Theorem 3.8 using the implicit function theorem described below.

Let X be a tight Euclidean t-design in R”. Let [X| = N, X = {u;, 1 <1 < N} and u; =
(ws,1, 84,2, - - -, Uin) for 1 < ¢ < N. Let w(u;) be the weight of u;, for 1 <4 < N. Then we consider

(i1, %52, . - -, Ui, w(ug), 1 <4< N)asavector = (71,7, -, Nnt1)N) € RN whose entries
are given by ug1,%i,2,. .. %in, w(ug), for 1 <3 < N. Let § = (61,82, - - €ma)N) € RN pe
the vector variable whose entries are defined by (z:1,%i2,-- -, i, w{zi), 1 <i < N). Then 9 is
a commion zero point of a given set of polynomials f1(£), f2(), .. ., fx(£) in the vector variable {

{c.f. Theorem 2.1 (2)). Let I ={i, 1 <i < (n+1)N} and I'CI. We denote by J’ the Jacobian

] 6fz)
T= (3& 1zi<k,

keI’

Assume |I\I’| = K and that rank(J') = K holds at n. We may assume \I" = {1,2,..., K} by
reordering the components of the vectors £ and . Let ¢’ = (§;, 1 € I') and 7 = (ni, 1 € I'). Then
the implicit function theorem tells us that there exist unique continuously differentiable function
T = (P:(¢"), i € I\I'} satisfying the following conditions:

{1} Forany 1< j £ K,
fj (%(5’), 1/)2(5’)3 LR wK(E’)a El) =0

holds in some small neighborhood of .
(2) i) =m;, forany 1 <i < K.

Let & = 9;(¢), for 1 <4 < K. Then for any £ in a small neighborhood of 7, X'={&, 1€l}
is a Buclidean t-design. Since %;(¢'), 1 < i < K, are continuous function of &', we can make
|€; —mi| < e for any given positive real number €. For example, if X is a tight Euclidean 2e-design
and I' contains all the indices corresponding to the variables w1, ws, ..., wn, then we can make
every point in X’ having distinet weight values. Since, by Proposition 2.3, a tight Fuclidean 2e-
design X’ must have constant weight on each sphere which support X ! every point of X’ must be
on the different spheres.
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4 Tight Euclidean 2-designs in R"

In the previous section we have shown that tight spherical 2-designs in R™ are strongly non-rigid
and hence there exist infinitely many (non-isomorphic) tight Euclidean 2-designs in R™ supported
by 2,3,...,n+ 1 concentric spheres, respectively. The aim of this section is to give the complete
classification of tight Euclidean 2-designs in R™.

By Proposition 2.4 (2) and the fact that in R™ the Gegenbauer polynomial of degree 1 satisfies

Ql (y) = ny,
we obtain o
{u,v) = 7___1__’ for any distinct vectors u,v € X.
nag

Therefore every tight Fuclidean 2-design X is a 1-inner product set with negative inner product
value ——~ In general, a subset X CR™ is called e-inner product set if
nag

{9, z.yeX, s£yll=e

n+e
holds. The cardinality of e-inner product set in R™ is known to be bounded from above by ( . )

(see [7]). In particular, a 1-inner product set is bounded above by n+1 which is attained by regular
simplices which is also tight spherical 2-designs and tight Euclidean 2-designs at the same time.

For any positive real numbers Ry, Ry, . .., Ry, we define a function f;, of k variables R1, R, ..., By
by the recurrence relation as follows:
{ fl = Rl} . (6)
o = fer(L+R)-[IF(1+R), for2<k<n.

Then we have the following theorem.

Theorem 4.1. Let X = {2, 1 <k < n+1} be an (n + 1)-subset in R™. Let also Ry, = {jzx|}?,
for1 <k <n+1. If X is a 1-inner product set satisfying

{z,9¥) = —1, for any distinctz,y € X, 0
then the following two conditions hold:
(1) fe >0, for1 <k<m,

fn

Conversely, if the conditions (1) and (2) hold, then there exists 1-inner product set X = {zy, 1 <
k <n+1}CR" satisfying the condition {7).

() 14 Rupa =

In view of Proposition 2.4, we have the theorem below.

Theorem 4.2. (X, w)CR" is a tight Buclidean 2-design if and only if (X, w) is a weighted 1-inner
product set in R™ of negative inner-product value.

The theorem 4.1 above enables us to derive the complete classification of 1-inner product set
having negative inner product value, while the last theorem guarantees the our 1-inner product set
is nothing but the tight BEucldiean 2-designs. Hence, from the above two theorem we have:

(Up to the action of an orthogonal trasformation O(n)) Any tight Euclidean 2-designs X =
{zk, 1 <k <n+1}CR™ is of the following form:

xl:(\‘RI: 0, 0, "'ﬁo)a
T = (bla bﬂa b31 LR bk—la Tk,k» 0) vy 0)5
for 2 < k< n; and
E-n,+1 = (bl, bz, bs, feay bn),



where bx and x> 0 are determined recursively by

1
VR

Tk = lﬁ*, for2<k<n,
: \/ Jk-1

k—1
; i .
bk—_-——a——m———»-H’:l( +R), for2<k<mn,
fkwlxk,k

b=~

and weight function given by

5
(1)

&)

1

T 7202 T quz, zeX.

w(z) =

Concluding Remarks

Neumaier and Seidel and also Delsarte and Seidel conjectured that the only tight Euclidean
2e-designs in R™ are regular simplices (See (12, Conjecture 3.4] and [9, pp. 225]). Recently,
Bannai and Bannai [4] has disproved this conjecture providing the example of Euclidean tight
4-designs in R? supported by two concentric spheres, i.e., which are not regular simplices.
However, constructing a tight Euclidean design is not so easy in general. In this paper we
introduce a new notion of a strong non-rigidity of Euclidean {-designs. An alternative way,
and in fact a very trivial way, to disprove the conjecture comes from the method we use to
investigate the strong non-rigidity of the designs.

Regarding the existence of tight Euclidean deéigns, we believe in the following conjecture:

Conjecture 5.1. If a tight Euclidean 2e-design or an antipodal tight Buclidean (2e+1)-design
et+Eg

supported by more than { } +1 concentric spheres ezists, then there exist infinitely many

tight Euclidean 2e-designs or antipodal tight Euclidean (2¢ + 1)-designs, respectively.

References

—
[y
P}

B. BAINOK, On Euclidean t-designs, Advances in Geometry, (to appear).

E. BANNAL, Rigid spherical t-designs and a theorem of Y. Hong, Fac. Sci. Math. Univ. Tokyo
TA 34 (1987), 485-489.

E. BANNAI AND ET. BANNAIL, Algebraic Combinatorics on Spheres (in Japanese) Springer
Tokyo 1999.

E. BANNAI AND ET. BANNAL, On Euclidean tight 4-designs, (2004) (submitted).
ET. BANNAI, On Antipodal Euclidean Tight (8e+1)-Designs, (2005), (submitted).

G. E. P. Box AND J. S. HUNTER, Multi-factor experimental designs for exploring response
surfaces, Ann. Math. Statist. 28 {(1957), 151-184

M. DEZA AND P. FRANKL, Bounds on the mazimum number of vectors with given scalar
products, Proc. Amer. Math. Soc. 95 (1985), 323-329.

P. DELSARTE, J.-M. GOETHALS, AND J. J. SEIDEL, Spherical codes and designs, Geom.
Dedicata 6 (1977}, 363-388.

P. DELSARTE AND J. J. SEIDEL, Fisher type inequalities for Fuclidean t-designs, Linear
Algebra Appl. 114-115 (1989}, 213-230.

247



248

[10] A. ERDELY! ET.AL., Higher trancendental functions, Vol II, (Bateman Manuscript Project),
MacGraw-Hill (1953).

[11] J. KiEFER, Optimum designs V, with applications to systematic and rotatable designs, Proc.
4th Berkeley Sympos.1, (1960), 381-405.

[12] A. NEuMmaIER AND J. J. SEIDEL, Discrete measures for spherical designs, eutactic stars
and lattices, Nederl. Akad. Wetensch. Proc. Ser. A 91=Indag. Math. 50 (1988), 321-334.



