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1 [FZL®HIC

(FHREEIRORV) 7Y vxm—va v AX—hORAEREEX DL &, AR
BOFBITHLTHASRTWEZ LN, FOLIR—RIELEShI2hE2ERXD
DITERZEZ L ThHB, Z I TIHAERBEOEE (RB) kL TadsnTn
7 Frobenius-Schur D EHE% 7 YV ro— gV AF—ATIRET 5,

FPHETREAC ST 5 Frobenius-Schur O FBEEHER L TBIZ %, G 2FR
BELT 5, xchn(G) LT,
va(x) = TClTI gezgx(gz)
LRWT, ZhE x ® Frobenius-Schur indicator &9, iz,
6(g) = t{h € G | b = g}
ETB, ZOEERBRY LD,
Theorem 1.1 (Frobenius-Schur [1, Chap. 4]).
(1) m(x) € {-1,0,1} TH D,
(2) va(x) = 0 THDBIODUETHEMIL, x BEBE TR L TH b,
(3) mx) =1 ThHILDOBLETZREL, x NEHAERLORETEZD

nNa32+LThb,
@ 3 wlx=0Ths, B, Y wlox()=t{heGi¥ =1}
x€Irr(G) - x€lrr(G)

MRELY 3L,
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Z 2T, O Frobenius-Schur DEHEET Y v T— g v AF— AT
BL., SBIEHE LT, £< D symmetric relation 2 $207 Y yom— g
VAR AOBEREOFLIEIRE BT LERT, L, EAESRK
(EMK) L DHFEMRIZL DD TH S,

TV m—ag VA=A OWTERELTRI Y, X 2HBES L
T5, X x X OHHES%EZ X Lo relation V9, relation g iIZx LT,
Z OBHEITH % o, TRY, TRbbL g, 1317, Fl, RITEE X THRFMAY
BIVATFIC, 20 (z,y)-BiE (z,y) g DEE 1, I TRNEZ 0 &
EHELOTHD, (X,G) BTV vx—a  AX—ATHD LI,

(1) Gt X x X OHETH B,

2) 1:={(z,z) |z X} €G TH 5B,

(3) 9€ G 251 g :={(v,2) | (2,3) € 5} € G TH.
(4)

4 f, g, h & G &:ﬂbf&)é#ﬁgﬁ pl}'g ﬁiﬁ)of Jfag = Ehecp}f)’ga‘h T
H5,

EWIET LT B ng =p & g€ G D valency &V, ng = |X| =
YeaTy B (X,G) DB L5, TYm—a AR —ADEME (4) 2
b, C LOERRCG = P o Co, PEHTE, Zh% C LD G OEHE
KE LS, R 0 DR LOBEREDEEMTH L Z LidmbN TS
[3, Theorem 4.1.3]. CG DERIAD b —2% G O EE LMEZ &ITT
o REBBEHOLE, B8IEL B Tho v\, G OSENEE2AOR
&% Ir(G) THRY, £, BREIE x € In(G) ORMERBIZBIT 5 BEE
% m, TRT,

WE, (X,G) 2T YV —va A% —AET3, xeln(G) LT,
1
w() = X3 —x(og?).

nex(1) gec

TED, ZH%E x @ Frobenius-Schur indicator ¢FESZ &2 5, G
BERBENROEZDNDHEE2E2DLE, ny = Lng = |G|,m, = x(1) T
HDH5, BEREED L XIZEDT x @ Frobenius-Schur indicator &% 1L <
B, oT, TVvT—varAFx—Lhlx L TEDH Frobenius-Schur
indicator IZEWT, G BHEMWFENLEZ LD & & »x) € {-1,0,1} &=
5 &V OPETREED Frobenius-Schur DEBECh otz Z L™ N5, £Z
T, A ERT YV vo— g VAF— ROV TEZRVIES I B, &
WO DORERIOT—<THB,



2 FTYLI—3RAF—LIZHEITSH Frobenius-
Schur DO EIE

TOvy g TR, BREFICEBITS Frobenius-Schur DEEZT YV ya—
avAF—LIZHEREL, ZOHEREE XD,

Theorem 2.1 (Frobenius-Schur Theorem for association schemes).
(1) valx) € {-1,0,1} TH%,
(2) m(x) = 0 ThBEDOBE+REAL, x BERE TRV L THS,
(3) x BEEE LORFATELLNDIRLIE, n(x) =1 Tdd,

)
@ thec m=11= Y nXx1) TH5.
x€Irr(G)
= #51%. Linchenko-Montgomery @, & v 7HREICET % Frobenius-
Schur MEBE R LR 2, Theorem 2.7 2o/ LN LD, T Z T,
FNEEDEILCT Y vo—a A —ACHEAT 2 PEBAT 5,
ERBEOREEMU L TRMNGEHT LI LB TE D,

k %, B 2 THRWVWMELZ L. A % involution S % b oA MRKILO 57 HE
W25 78R ( split semisimple k-algebra ) &5, bbb, S S? =idy
LD o RURAEEET, Ak L0V ONDORITFIROEM & FET
H3, ¥, (| ) & A _EO bilinear, associative, symmetric, nondegenerate
form L. W %7 AMEEL+5%, feW* :=Hom(W,k),a € A, weW
LT, (af)(w) = f(S(a)w) TEDD, Tn&E W* bElk, £ A-TNEE
THb, £B {a,b} (r=1-,dimA) KTH LT, (g |bj) = by g
TOrj CHRYISLE, {a,b} &, TO form (B9 % dual bases O
RP— LFEE, O & &, involution & b2>%7E ED Frobenius-Schur @
EEE UTRPBELY 32,

Theorem 2.2 ([2, Theorem 2.7]). Vi,---, Vs %&. BB RN A-NEE
Py oy, X BRISTBEREELT D, £, {o b} E A rodbs
bilinear associative symmetric nondegenerate form {2 B¢ % dual bases D

T—eTh, TOEE,

N Xi(l) ) S b
7/2(Xz) : Xi(Zj ajbj)Xi (ET (a'f”) r)
X, REWELT,
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(1) x; € Ir(A) KX LT, v(x) € {-1,0,1} TH B,
(2) ) £ 0 THALDDOKRBEFZEHE, Vi =V (AL LTH
) ¢h3,

(8) TrS = 3 yenmay 2 (0x(1a) THB,

(X,G) 27V vm—varA¥—rbk$h, CHEER S: CG—CC
% S(0,) = 0 TEDB, ZDEE, HHHIZ S 1T CG O involution TH
%o {0y | on) = ngbgpe &THIE, CG LD form &i bilinear, associative,
symmetric, nondegenerate form T %, ¥, {a,, 2 s Og* SJIE, T form i
B3 % dual bases DT —TH D, = - = CRE AT,

(mare) - w{mmarie) - (5 (2]

-

d

= 2 x( ZEXj(Uf*)Xi(of) — nGXi(1>27

i=1 Fige My
THBND,
X'L(l) 1 My, 1 2
v(xi) = Xi — GO | = ¢ —xi{,?).
X'(EQEG nlgggag ‘) (QEZG Tig e nexi(1) QEZG Tg !

eﬁéof:zib\iﬂzumﬁﬁaﬂéoitX%£§thiﬁf
Bz 552612, wx) =158 (BE 2.1(3)) i, [1, Corollary
4.15] LRBRIZ U CORT Z EMNTE, EH 2.1 OFERMEY L2,

3 Questions

D wmx)=10,E, x IRBELORERTEZNDHM?

G BERENLE2 N3 L &X, ARBOEREF LOEBEORIEIT
2o Z YRBREFUEICRD EVWIEERFESTRINTWNWEZ L TH DB,



FIT—Y g AR —ADEEFa=F YERBRIZRGRVWEZABE LN
LIATHSB,

n
0(og) = Z n_ipih

heqd

LB, Thut. G BEBRENELLND EEEB L, ﬁiﬁﬁi@ Frobenius-

Schur DERTEBENT W 6(g) LB RDIEVBIND
(2) 6 1%, FAHEO— KL TETBM? |
ERBE D, RITHLLTH D,

Proposition 3.1. § BSEHEEO—REE TET 5261,

o= m)x

x€lrr(G)
DY ST, ZaviE, ABREED Frobenius-Schur DEED (4) DA TH S,

* EAZRAMR
x, @ € Irr(G) ix LT,

nex 1) Z X(%)‘P Og+) =

4 Applications

Z D7 a T, Frobenius-Schur DEEM LA LN DERERNT D
IQ)={geGlg=g#1} LEL.

Proposition 4.1. |G| >1 &T5%, TDEE,

&)

dime Z(CG) = |Irr(G)] > Gl -1

+1

A o, Zit, %< @ symmetric relation 27 V¥ L— g VA
F— ADBEAREOPLIIREIRDBZLEERLTND

25



26

Proof S={xe€lm(G)|x=x#1lg} £TDH, TDLE,
0< [I(G)] =3 mlx)x(1) <Y x(1),
x#1 YES

£729, [1, Lemma 4.10] &Y

(&) < (Z x(l)) <181 x(@ < 18|61 - 1)

X€S X€ES
EL Y LD, WE,
i ISIC =D (161
Sxr < iel-1< P Ve -n <ist (1)

XES

THENH, |S] <|r(G)| -1 &1,

61~ 1< (i) -1 ()

Li2k, #oT, (@) 2 | HG)PR/(G - 1) +1 ThB, O

Corollary 4.2. G DFHAH#TH Y, |I(Q) = |G| - 3 Thbb, non-
symmetric relation D7 —B—HETHEETERLIE, G O—RTRWV
FHREER—OETTEL, ZOREKIE 2 ThH 5,

Proof.

H(G)I*

Gl -1 |G

Thd, O
|Gl <5 26T (X,G) BRFTHHZ L5 TWA, [3, Theorem

4.51]. |Gl =6 OL &, FABRRAX—L (X,G) BFET 5, Frobenius-
Schur DEENS, TOMEERHDHZ LB TE S,

Proposition 4.3. (X,G) 3FEFAHRTHY, |G| =6 LT, DL %,
I(G) =3 ThHB.

Proof. BERHEROREUI, 1,1,2 THB. iz, B 5HT Frobenius-Schur
indicators 1X 1 THINE, [[(G)|+1=1+1+2 ThH 2D, O

[Irr(G)| > +1=|G| -4+ 4_1 > |G| —3.
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