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Nakano Semipositivity of the direct
images of pluricanonical systems

Hajime TSUJI

1 Introduction

In this paper, I would like to explain my recent works on the direct image of
pluricanonical system and adjoint line bundles ([T5, T6]).

1.1 Semipositivity theorem
Our starting point is the following theorem.

Theorem 1.1 ([Kal, p.57, Theorem 1]) Let f : X — C be an algebraic fiber
_space over a projective curve C. Then Fr, := fuOx(mKx,s) is a semipositive
vector bundle on S in the sense that for any quotient sheaf @ of f.Ox(mKx/s),
dego @ 2 0 holds. O

Theorem 1.1 has been used in many contexts in algegraic geometry ([Kal, Ka2,
V1, V2]). The original proof of Theorem 1.1 is based on the fact that the
hermitian metric '

Inla=([ @AmH)¥ne HX, Ox,(mKx.)

on the tautological line bundle on P(F};,) has semipositive curvature. It is na-
trual to consider the following problem.

Problem 1.2 Does F, admits a natural hermitian metric with semipositive
curvature ¢ O

The purpose of this paper is to show that F,, has a natural continuous metric
with semipositive curvature in the sense of Nakano:

Theorem 1.3 ([T5]) Let f : X — S be projective family such that X and S
are smooth. Let S° be a nonempty Zariski open subset such that f is smooth
over §°. Then Kx g has a relative AZD h over §° such that ©p, is semipositive
on X.

And Fr, = fLOx(mKx/s) carries a continuous hermitian metric hr,, with
Nakano semipositive curvature in the sense of current over S°.

Let x € S — S° be a point and let o be a local holomorphic section of Fr, on
a neighbourhood U of . Then /—1881log hr, (0, ) extends as a closed positive
current across (S —S°)NU. O

By the L2-extension theorem ([0, O-T}), Theorem 1.3 immediately implies the
following theorem. ,



Corollary 1.4 ([T8]) Let f : X — S be a smooth projective family. Then
Prn(X,) = dim H(X,, Ox,(mKx,)) is independent of s € S. [

1.2 Variation of Bergman kernels

One of the main tool of the proof of Theorem 1.3 is a generalization of the recent
results of Berndtsson ([B1, B2]).

Theorem 1.5 (/B1]) Let D be a pseudoconvex domain in C} x C¥. And let ¢
be a plurisubharmonic function on D. Fort € A, we set Dy := QN (C™ x {t})
and ¢y := ¢ | Dy. Let K(2,t)(t € CF) be the Bergman kernel of the. Hilbert space

A(Dy,e=%) = {f € O() | /D =% | f |P< +o00}.

Then log K (z,t) is a plurisubharmonic function on D. O

This is a generalization of the former result of Maitani and Yamaguchi ([M-Y]).
As in mensioned in [B2], his proof also works for a pseudoconvex domain in a

locally trivial family of manifolds which admits a Zariski dense Stein subdomain.

He also prove the following positivity theorem.

Theorem 1.6 (/B2, Theorem 1.1]) Let us consider a domain D =U x Q and
let ¢ be a plurisubharmonic function on D. For simplicity we assume that ¢ is
smooth up to the boundary and strictly plurisubharmonic in D. Then for each
t €U, ¢y := ¢(-,t) is plurisubharmonic on Q. Let A? be the Bergman space of
holomorphic functions on  with norm

|7 12=1l £ 2= /Q i

The spaces A? are all equal as vector spaces but have norms that vary with t.
Then “infinite rank” vector bundle E over U with fiber Ey = A? is therefore
trivial as a bundle but is equipped with a notrivial metric. Then (E,]| |¢) is
strictly positive in the sense of Nakano. U :

In Theorem 1.5 the assumption that D is a pseudoconvex domain in the product
space is rather strong. And in Theorem 1.6, Berndtsson also assumed that D is a
product. Our first aim is to remove these assumptions and generalize Theorems
1.5,1.6 to the case of adjoint line bundles smooth projective fibrations.

By using this generalization we can study non locally trivial algebraic fiber
space.

To state our theorem, let us introduce the notion of the Bergman kernels
of adjoint line bundles. Let X be a complex manifold of dimension n and let
(L, h) be a singular hermitian line bundle on X. Let Kx denote the canonical
line bundle on X. Let A%(X, Kx + L, h) be the Hilbert space defined by

A2(X, Kx + L, h) = {o € H(X, Ox (Kx + L)) | (V=) / h-oAG < +oo},
X .
where we have defined the inner product on A%(X, Kx + L,h) by

(o,7) := (\/:-1—)"2 / h-oAT.

JX
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We define the Bergman kernel K(X, Kx + L, h) of the adjoint bundle Kx + L
with respect to h by

K(X,Kx+ L,h) := (vV/=1)" Zcrz/\az

where {0;} is a complete orthonormal basis of the Hilber space A%(X, Kx+L, h).
Then K (X, Kx + L, h) is independent of the choice of the complete orthonormal
basis {o;}. In fact

K(X,Kx + L, h)(z) = sup{(v=-1)" o(2) A6 (2) [l o ||= 1}

holds.

Now we shall state our theorem.

Theorem 1.7 ([T5]) Let f : X — S be a smooth projective family of projec-
tive varieties over a complexr manifold S. Let (L, h) be a singular hermitian line
bundle on X such that ©y, is semipositive on X. Let K, := K(X,, Kx + L |x,
b |x,) be the Bergman kernel of Kx, + (L | X,) with respect to h | X5. Then
the singular hermitian metric hp of Kx;s + L defined by

h B|Xs=K 5 1
has semipositive curvature on X. []

Theorem 1.7 follows from Theorem 1.5 by a simple trick as follows. We may
assume that S is the unit open disk A cetered at O. f: X — S is not locally
trivial. We shall embed X into the trivial family p: X x A — A p(z,t) =
z(z € X,t € A) by

i: X —XxA
defined by

i(z) = (z, f()).

Then i(X) is a hypersurface in X x A and not a domain in X x A. So we shall
thicken ¢(X) by replacing X;(t € A) by f~(A(t,¢)), where A(t,£) denotes the
open disk of radius € centered at ¢. In this way we construct a thickend family

fe: X(e) — A(1/2)

- which is considered to be a pseudoconvex domain in the product family X x

A(1/2) over A(1/2), where A(1/2) denotes A(0,1/2). Then Theorem 1.5 is
applicable to the family of Bergman kernels of the adjoint bundle of p*(L, h)
over A(1/2). Letting € tend to 0, with the rescaling constant me?, we obtain
Theorem 1.7.

By entirely the same method, we also generalize Theorem 1.6 as follows.

Theorem 1.8 Let f : X -— S be a smooth projective family of over a complex
curve S of relative dimension n. Let (L,h) be a hermitian line bundle on X
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such that ©;, is semipositive on X. We define the hermitian metric hg on
E = f*OX(Kx/S +L) by

he(o, 1) = (\/:T)"ZL h-oAT.

Then (E, hg) is semipositive in the sense of Nakano. Moreover if ©p, is strictly
positive, then (E, hg) is strictly positive in the sense of Nakano. O

After I completed this work, I have received a preprint of Berndtsson [B3],
which proved Theorem 1.7 under the assumption that h is C*. His proof is
more computational than the one in [T5] and it is not clear whether his proof

works also for a singular h.
The proof in [T5] is very simple and based on the original proof of Theorem

1.5 in [B1].

2 Preliminaries

Definition 2.1 L is said to be pseudoeffective, if there ezists a singular her-
mitian metric h on L such that the curvature current Oy is a closed positive
current. Also a singular hermitian line bundle (L,h) is said to be pseudoef-
fective, if the curvature current ©y, is a closed positive current. O

Here we shall introduce the notion of analytic Zariski decompositions. By using
analytic Zariski decompositions, we can handle big line bundles like nef and big

line bundles.

Definition 2.2 Let M be a compact complex manifold and let L be a holomor-
phic line bundle on M. A singular hermitian metric h on L is said to be an
analytic Zariski decomposition, if the followings hold.

1. © is a closed positive current,

2. for every m > 0, the natural inclusion
HO(M,Op(mL) @ I(h™)) — H(M,Op(mL))
s an isomorphim. O

Remark 2.3 I 'f an AZD exists on a line bundle L on a smooth projective variety
M, L is pseudoeffective by the condition 1 above. [

Theorem 2.4 ([T1, T2]) Let L be a big line bundle on a smooth projective
variety M. Then L has an AZD. .

As for the existence for general pseudoeffective line bundles, now we have the
following theorem.

Theorem 2.5 ([D-P-S, Theorem 1.5]) Let X be a smooth projective variety
and let L be o pseudoeffective line bundle on X. Then L has an AZD.
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Theorem 2.6 (/O, Theorem 4]) Let M be a compler manifold with a contin-
uous volume form dVi, let E be a holomorphic vector bundle over M with
C®-fiber metric hg, let S be a closed complex submanifold of M, let ¥ € §(S)
and let Ky be the canonical bundle of M. Then (S,dVy(¥)) is a set of inter-
polation for (E® K, hg ® (dVar) ™1, dVag), if the followings are satisfied.

1. There exists a closed set X C M such that

(a) X is locally neglighle with respect to L?-holomorphic functions, i.e.,
for any local coordinate neighbourhood U C M and for any L2-
holomorphic function f on U\X, there exists a holomorphic function

“fonU such that f |U\X = f.
(b) M\X is a Stein manifold which intersects with every component of

2. ©On, 2 0 in the sense of Nakano,

3. ¥ e f(S)NC®(M\S),

4. e~ (Y ho has semipositive curvature in the sense of Nakano for every
€ € [0,4] for some d > 0.

Under these conditions, there exists a constant C ‘and an interpolation opera-
tor from Az(S,E' R Kuyp |5, ® (dVM)—.l |s,dVa[¥]) to Az‘(M,E R Km,h ®
(dVar)~1.dVar) whose norm does not exceed C6~3/2. If ¥ is plurisubharmonic,
the interpolation operator can be chosen so that its norm is less than 24m'/2. O

The above theorem can be generalized to the case that (E, hg) is a singular
hermitian line bundle with semipositive curvature current (we call such a sin-
gular hermitian line bundle (E, hg) a pseudoeffective singular hermitian
line bundle) as was remarked in [O].

Lemma 2.7 Let M, S, ¥, dVa,dVa[¥), (E, hg) be as in Theorem 2.6 Let (L, hy)
be a pseudoeffective singular hermitian line bundle on M. Then S is a set of

interpolation for (Ky @ EQ L, dVJ\}1 ®hg®hr). O

3 Proof of Theorems 1.3

3.1 Dynamical construction of AZD

Let X be a smooth projective variety and let Kx be the canonical line bun-
dle of X. Let n denote the dimension of X. We shall assume that Kx is
pseudoeffective. Then by Theorem 2.5, Kx admits an AZD h.

Let A be a sufficiently ample line bundle on X such that for every pseudo-
effective singular hermitian line bundle (L, hr),

Ox(A+LY®ZI(hy)
and
Ox(Kx +A+L)®ZI(hr)

are globally generated. This is possible by [S, p. 667, Proposition 1].
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Let h4 be a C*® hermitian metric on A with strictly positive curvature.

Let B be another ample line bundle on X and let hp be a C° hermitian
metric on B with strictly positive curvature. Let ¢ be an arbitrary positive
integer greater than or equal to 2.

We shall construct an AZD of B + {Kx as follows.

Let K(A+ B + Kx,ha - hp) be the Bergman kernel of A + B + Kx with
respect to ha - hp. We define the singular hermitian metric h; on A+ B+ Kx

by
hi:=K(A+B+ Kx,ha- hg)~t.
We define the singular hermitian metric on A + B 4+ 2Kx by
hy:=K(A+B+2Kx,h1)"".

We continue this process until we obtan the singular hermitian metric hy on

A+ B+ (K.
Next we define the singular hermitian metric hgy1 on A+ 2B + (£ +1)Kx

by
hey1 = K(A+ 2B+ (¢ +1)Kx, he- hg)™!
And we continue as
hepo = K(A+ 2B+ (£+2)Kx, her1) ™"

until we obtain hgs—1.
It is clear that h,, has semipositive curvature in the sense of currents for

every m 2 1.
We set

K10 7= 1/hm,1/e-
Proposition 3.1 (c¢f. [T3])
Koo,1/e = Mmoo T/ (m!)~"Kpn 1/

exists and

‘ hoo,1/e = 1/Koo,1/¢
is an AZD of Kx + ¢~ 'B. O
Proof of Proposition 3.1. There exists a positive constant C’ such that

hO(X,Ox (j(B + tKx) + kKx + A) ® Z(h)) < C(j¢ + k)"
holds for every 721 and 0 £ k < £. We set
m:= jl+ k.

Let dV be a fixed C*® volume form on X. Then by the submeanvalue inequality
of plurisubharmonic functions, we see that by induction there exists a positive
constant C; such that form =4+ k(0L kS €-1)

Ko S CF - (m)mdV™hg hy (1)
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holds. .
Now we shall consider the lower estimate of Kp, 1/¢. We note that for every

z€ X and m=jl+k,
h-l(z) = K(A+ jB+mKx,hm-1) =

sup{| o [ @) € (X, Ox (4 + 7B + mKx @ T(k™)), /x bt | 0 [2= 1}

holds by the extremal property of Bergman kernels (cf. [Kr, p.46, Proposition
1.4.16)).

Let h be an AZD of Kx + (1B,

Since (Kx + £~'B,h) | V is big. By Kodaira’s lemma, h is dominated
by a singtlar hermitian metric A’ such that ©p is strictly positive on V. For
0<e<1weset

he 1= h'¢ - (B))E.

Then h < he holds.
Using the L2-extension theorem (Theorem 2.6 and Lemma 2.7 ), we see that

there exists a positive constant Cy such that
' k
Km 2 (ml)"Cphg hERT™ (2)

holds by induction. Here the factor (m!)® appears by the fact that ©p, is
strictly positive hence we can take local frame e of £Kx + B around z € V and
coordinate 2z, - ,2, so that

he(e,e) = (1— || 2 |*)h(e, e)(@) + ofll 2 I*) (3)
holds (cf[Ti, p.105,(1,11)]). and the equality

V "—1 2 -
— 1- |t |)"dt Adt = —.
2 |t|<1( £ m+1

By (1) and (2), moving z and letting € tend to 0, we have that
K10 = limy,— 00 m
exists and
hije = 1/Keo,1/e

is an AZD of Kx +£¢71B.
Now we shall construct an AZD of Kx. We set

| J—
c) = %limm_,oom““ho(X, Ox(m({Kx + B)).

The following proposition follows from (3).
Proposition 3.2
Koo = limg—oo(C(€) - Koo,1/¢)
exists and
hoo = 1/Koo
s an AZD of Kx. U



3.2 Completion of the proof of Theorem 1.3

Let f : X — S be a smooth projective morphism. We perform the construction
of AZD for Kx, (s € S) simultaeneously for all s € S.
Let A be a sufficiently ample line bundle on X with C* hermitian metric
ha with strictly positive curvature. Let B be another ample line bundle on X.
Then as in Section 3.1, we construct a family of Bergman kernels K, ;/¢,,(s € S)
of Alx, +(jB |x, +(j¢+ k)Kx, (s € S,m = j€ + k) as in the last subsection.
By Theorem 1.7, we see that if we define K, 1,4 by ‘

Km,1/e 1x.= Km,1/¢,8

hmise =1/Km1/e

is a singular hermitian metric of A 4 jB 4+ mKx,¢ with semipositive curvature

current by induction on m
Then letting £ tend to infinity, we obtain a family of AZD {h s} of Kx,(s €
S). If we define a singular hermitian metric Ao on Kx/g by

hoo !X, = hoo,sy

then hoo is & singular hermitian metric of Kx,s with semipositive curvature
current. We define a continuous hermitian metric A, on F, = f,Os(mKx/s)
by

ben(0,7)0) = (V7D [ hlons
Then by Theorem 1.8, we see that hAr,, has semipositive curvature in the

sense of current.

To complete the proof of Theorem 1.3, we need to consider the asymptotic
behavior of h,, around the singular fibers. This can be treated by considering
the thickenning of fibers, since the theckened fiber is smooth.

4 Applications

As immediate consequences of Theorem 1.3, we obtain simple intrinsic proofs
of the following theorems.

Theorem 4.1 ([Sch1]) Let T, be the Teichmiiller space of Riemann surfaces of
genus g. Let g be the Weil-Petersson metric is 7,. Then the curvature Oy,
of the Kéhler metric gwp is strongly neagative. [

Theorem 4.2 ([V1, V2]) Let Mcan be the moduli space of canonically poralized
varieties with only canonical simgularities. Then Meqn 18 quasiprojective. [

References

[B1] Berndtsson, B., Subharmonicity properties of the Bergman ker-
nel and some other functions associated to pseudoconvex domains,

math.CV /0505469 (2005).

164



[B2] Berndtsson, B., Curvature of vector bundles and subharmonicity of vector
bundles, math.CV /050570 (2005).

[B3] Berndtsson, B., Curvature of vector bundles associated to holomorphic
fibrations, math.CV /0511225 (2005).

[D-P-S] Demailly, J.P.-Peternell, T. Schne1der, M. : Pseudo-effective line bun-
dles on compact Kéhler manifolds, math. AG/0006025 (2000).

[Kal] Kawamata, Y.: Kodaira dimension of Algebraic giber spaces over curves,
Invent. Math. 66 (1982), pp. 57-71.

[Ka2] Kawamata, Y., Minimal models and the Kodaira dimension, Jour fiir
Reine und Angewande Mathematlk 363 (1985), 1-46.

[Kr] Krantz, S.: Function theory of several complex variables, John Wiley and
Sons (1982).

[M-Y] Maitani, and Yamaguchi, S., Variation of Bergman metrics on Riemann
surfaces, Math. Ann. 330 (2004) 477-489.

[N] Nadel, A.M.: Multiplier ideal sheaves and existence of Kéhler-Einstein
metrics of positive scalar curvature, Ann. of Math. 132 (1990),549-596.

[O] Ohsawa, T.: On the extension of L? holomorphic functions V, effects of
generalization, Nagoya Math. J. 161(2001) 1-21.

[O-T] Ohsawa, T and Takegoshi K., L?-extension of holomorphic functions,
Math. Z. 195 (1987),197-204.

[S] Y.-T. Siu, Invariance of plurigenera, Invent. Math. 134 (1998), 661-673.

[Schl] G. Schumacher, Harmonic maps of the moduli space of compact Riemann
surfaces, Math. Ann. 275 (1986), no. 3, 455-466.

[Ti] G. Tian, On a set of polarized Kahler metrics on algebraic manifolds, Jour.
Diff. Geom. 32 (1990),99-130.

[T1] Tsuji H.: Analytic Zariski decomposmon Proc. of Japan Acad. 61(1992),
161-163.

[T2] Tsuji, H.: Existence and Applications of Analytic Zariski Decompositions, -

Trends in Math. Analysis and Geometry in Several Complex Variables,
(1999), 253-272.

[T3] Tsuji, H.: Deformation invariance of plurigenera, Nagoya Math. J. 166
(2002), 117-134.

[T4] Tsuji, H.: Refined semipositivity and Moduli of canonical models, preprint
(2005).

[T5] Tsuji, H: Variation of Bergman kernels of adjoint line bun-
dles,math.CV/0511342 (2005).

[T6] Tsuji, H.:Strong negativity of the curvature of the Weil-Petersson metrics,
preprint (2006). :

165



[V1] Viehweg, E.: Weak positivity and stability of the certain Hilbert points I,
Invent. Math. 96 (1989), 639-667,
IT, Invent math. 101 (1990), 191-223,
111, Invent. math. 101 (1990), 521-543

[V2] Viehweg, E.: Quasiprojective moduli for polarized manifolds, Ergebnisse
der Mathematik und ihrer Grenzgebiete (3) [Results in Mathematics and
Related Areas (3)], vol. 30 (1995), Springer Verlag Berlin.

Author’s address

Hajime Tsuji

Department of Mathematics

Sophia University ‘

7-1 Kioicho, Chiyoda-ku 102-8554
Japan

e-mail address: tsuji@mm.sophia.ac.jp

166



