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1 Introduction

In this speech we discuss the property of the Morrey space with non-doubling measures.

The doubling condition has been a key condition for the Carderén-Zygmund theory. We
come across the geometric observation in dealing with something on the singular integral. For
example, when we use what is called 5r-covering lemma below, we have to five times as large
cubes as original cubes.

Lemma 1.1. Let {Q;};cs be a family of the cubes in R?. Suppose that the diameter of the
cube is bounded. That is, we assume that sup{(Q;) < oo. Then we can select a subfamily
ieJ

{Qj}jes, such that {Q;};es is disjoint and that U Q; C U 5Q;.
Jj€J j€Jo

Let us see how this covering lemma is used as an example.

Theorem 1.2. Let M be a (non-centered) Hardy-Littlewood mazimal operator with respect to
the Lebesgue measure | - |:
1
Mf(z) = sup —f |f(y)l dy.
Q1 Jo

Q:cube
z€Q

Then we have |{z € R? : Mf(z) > A}| < ;/ |f ()] dy.
Rd

Proof. Let us look over the proof briefly. For the purpose of applying the lemma above, we
prove the theorem for M instead of M, where we put ME by the formula

Re(r) — 1
MA@ = mp /Q F @)l dy.

:cube

z€Q.L(Q)<R



Thus what is going to be proved is reduced to showing that
5d
[tz e Rt MRf0) >0 < [ 1rwlay

with the constant independent on R. If we obtain this estimate, letting R — oo, we will have
the desired formula by the monotone convergence theorem. Put E = EF by

E:=Ef :={z e R : MRf(z) > A}.

Then by the definition of E for all £ € E there exists Q. such that —— o] / If(y)|dy > A,

£(Q:) < R and z € Q. The authors have to apologize that they have used 5r-covermg lemma

in the actual talk without verifying the assumption sup £(Q:) < co. Now we are restricting
z€E
the sidelength of the cube less than R we are in the position of using 5r-covering lemma. By

applying 5r-covering lemma we can find a subset Eq C E such that {Q:}z¢E, is disjoint and

that | ] Q. ¢ | 5Q.-

z€E z€Ep

With this covering {Q; }:z¢E,, the measure of the set E can be estimated as follows.

U@ U Q.| < Y 15Qa

z€FR z€Ey z€Ep

|E| <

Since we are considering the Lebesgue measure | - |, we have |5Q.| = 5¢|Q.|. From this identity
it follows that

Bl<5* Y 1< E/ If(yldy<—/ |F(3) dy.

z€Ey IGEQ
This is the desired. 0

In the proof we used the dilation property |kQ| = k%|Q|. Let u be a Radon measure and
let us consider the corresponding maximal operator:

M'f(z)= sup N—(IQ—) /Q 1F @) duy)

Q:cube
z€Q
What happens if 4 is not the doubling? That is, if the estimate u(5Q) < 1(Q) does not hold, do
we still have the weak-(1,1) boundedness of M ? The answer is No. If u violates the condition

u(5Q) < Cu(Q), we cannot apply the proof above. In fact there exists a Radon measure p
such that M' is not weak-(1,1) bounded:

sup Au{z € R? : M'f(z) > A} =0
A>0

for some f € L!(u). For this example we refer [13].

We have seen that in the proof of the weak-(1,1) boundedness it is essential that we pose u
the doubling condition u(5Q) < Cu(Q) for all cubes Q centered at the support of 4. Thus it has
been believed impossible to develop Carderén-Zygmund theory with non-doubling measures.
Recently Nazarov, Treil and Volberg showed how to overcome this difficulty: It suffices to
enlarge the denominator. They defined a modified maximal operator M.

- 1
M) = 5;’2 o, /Q £ @) duy)-
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By using the estimate u(5Qz) < -/1{/ | f(z)| du(z) instead of |5Q;| < -5-/\-/ |f(z)| dz, we
Q= Q

T

have the desired conclusion. The output we will obtain is
~ 1
plo € RY: J1f(@) >N < 5 [ 1@ du).
Finally let us note that interpolating the results with a trivial inequality ||Mf : L®(u)|| <

IIf : L®(u)||, we obtain ||[Mf : LP(u)|| < Cullf : LP(u)|| for all 1 < p < oo as a corollary of
this result.

M can be considered in the metric measure space by the analogous definition with cubes v

replaced by balls. Since 5r-covering lemma holds true for any general metric space (X, d), we
can consider the modified maximal operator on the metric space and the same conclusion.

But why do we have to eliminate the doubling assumption at all? There are non-doubling
measures in various contexts.

Example 1.3, The following example is very similar to that in the article of Verdera [45]. Let

p = dz +dl, where dz is a Lebesgue measure in R? and d! is a 1-dimensional Hausdorff measure-

of {0} x R. Then p is not a doubling measure. Thus the sum of the doubling measure is not
always doubling.

The weighted measures can be non-doubling as the following example shows.

Ex;-«zmpaole 1.4. Let dz,dz; be a Lebesgue measure in R2. Then the weighted measure p =
e*1"*+*2"dy, dx, is not a doubling measure.

A Riemannian manifold is a typical example of the metric measure space. But when the
curvature is strictly negative, the Riemannian measure is not doubling.

Example 1.5. Suppose that M is a unit disk in R%. Let g be a Riemannian metric defined

as g = 3 (dz1 ® dz; + dzy ® dz2). Then we have the Riemannian measure is not
2

1- 312 -
doubling.

In this way the non-doubling measure arises. The maximal theory which we have just
seen goes very well with the aid of 5r-covering lemma. For the Carderén-Zygmund theory
with non-doubling measures, we need to introduce the assumption called the growth condition
2(Q) < col(Q)™. Here, co and n are fixed positive constants with 0 < n < d.

The condition u(Q) < cof(Q)™ appears, for example, in the following well-known example.

Proposition 1.8, Let u be a measure with its support K. If the measure u satisfies the growth
condition u(B(z,r)) < cor™ with 0 < n < d, then the Hausdorff dimension of the set K is more
than or equal to n.

Recent researches have been showing that the doubling condition is not indispensable for
the Cardeén-Zygmund theory. Nazarov, Treil and Volberg developed the theory of the singular
integrals for non-doubling measures [20], [21]. Stemming from their pioneer work and X.Tolsa’s
Carderén-Zygmund theory, the research of this field has been developing in many ways. Orig-
inally they considered the measure with growth condition to investigate the analytic capacity
on the complex plane. X. Tolsa has shown that the analytic capacity is subadditive [40] and
that it is bi-Lipschitz invariant [41]. The subadditivity of the analytic capacity has been left
open for a long time. Now X. Tolsa has proved it in the harmonic analysis method. The growth
condition appears, for example, the following definition.
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Definition 1.7. Identifying R? with C, we can consider the following maximal operator with
the measure u with pu(Q) < £(Q): M,(z) = sup H(—B—(:—’—r)—), where B(z,r) denotes a ball with
r>0

center  and radius r > 0.

Recently the measure with growth condition has been shed light on from the other point of
view because we begin to notice that the Carderén-Zygmund theory can be recovered without
doubling assumption. Garcia-Cuerva and Eduardo Gatto defined a potential operator [7].
X. Tolsa defined RBMO space and its dual H(u) and the Littlewood-Paley decompaosition
operator for the growth measure [36], [38]. He also gave the characterization to his H*(u)
space in terms of the grand maximal operator [37). Chen and Sawyer have generalized the
definition of RBMO to investigate the commutator of the potential operator and the RBMO
function. Yang, Han and Deng have defined the Besov space and the Triebel-Lizorkin space [3],
[4]. They also considered the multilinear operator [11], [12]. The authors also defined a Morrey
space for non-doubling measures [27].

The first part of this report will be devoted to the survey of the theory of Morrey spaces
with the underlying measure u satisfying the growth condition.

2 Morrey spaces with non-doubling measure

In this section we will define a strong type Morrey space. We will define its norm. For
1 € ¢ € p < oo the (classical) Morrey spaces are defined as

MERY) = {f € Lf, (RY) : ||f| ME(RY)|| < oo},
where the norm ||f | ME(R?)]| is given by

1

Ifl?dy) :

The Morrey spaces can describe local regularity more precisely than the Lebesgue spaces LP(R?)
(c.f. [10]).

Definition 2.1. Let 1 < ¢ < p < co. We define M5 (k, 1) by a set of y-measurable functions
with the following norm finite:

FIMERY] = sup  [Bla i3 ( [ .

z€R4,1>0

I : MG 1= sup u(kQ)E3 (/ Ifl”du) . 1)

It is easy to see that MP(k, u) is a Banach space with its norm and, if u is doubling, then
the space M?(k, u) coincides the classcal Morrey space.

We remark two properties that can be seen from the definition.

Proposition 2.2. Let ki,k; > 1. Then we have M5 (ky, pu) = M5(ka, p) in the sense of the
equivalent norms.

In what follows we will make a full use of this fact. For simplicity of the notation, we
sometimes write M5 (u) = ME(2, p).

The proof is obtained by geometric observation. For the proof we refer to [27].
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Proposition 2.3. The following inclusion holds for all 1 < g < gs < p < o00:

LP(p) = Mp(k, p) C ME, (k, p) C MG, (k, ).

The proof is easy by the definition of the norms and Holder’s inequality. This proposition
will be recalled later when we discuss the sharp maximal inequality.

Counter example
Before proceeding further , let us see what happens if we define the Morrey norm M2(1, u).
We will construct a counter example showing M2(1, 1) is not isomorphic to M2(2, ).

Let d = 2 and H* be the s-dimensional Hausdorff measure. We denote H*]A as a restriction
of H* to A. For k € N set Sk := {(z,¥) : max(|z|, |y|) = 27 %1}, Dy := {(z,y) : max(|z|, |y|) <
2—k+1} and Ay = {(x’y) : 27k < max(|z|, ly]) < 2—k+1}‘

Example 2.4. Set u kg n’H |Ak + Z 2= )'27{ |Sk.

To see that this measure u gives a counterexample, we need the following lemma.
Lemma 2.5. Let Q, R € Q(dz) such that BQ N R # 0. For such Q, R we set
a(Q, R) := H'(dQ N R), B(Q, R) := H*(2R\ Q). -
Then

a(Q, R) < 8v/B(Q, R).

Proof. Devide equally 2R into 16 squares and call them R;, Rs,..., Rjg. Then by assumption
R; does not meet  for some j =1,2,...,16. Thus ‘

a(Q, R) < 4(R) = 8L(R,)) = 8,/H2(R;) < 8\/H?(2R\ Q) = 8/B(Q, R).
O
| Proposition 2.6. Let u be in Example 2.4. Then M3%(1,pu) is not tsomorphzc to M2(2, ).

Proof. Let fi, = xs, and k € N be large enough. Then

Ifx s ML)l > sup (@) 3u(Sk N Q) > w(Dr) u(Sk) > con(Sk)?.
QeQ(u)

Here we have used pu(D;) < 2u(Si) for large k£ € N.

Now let us estimate ||f : M2(2,n)||- By the definition of norm we have
If - M32,m)ll == sup p(2Q)"¥u(Q N Sk).
QeQ(n)

Let @ € Q(u) be such that € meets Si.



Set a := H'(Q N Si). Then we have f(a) := H?(2Q \ Ax). By Lemma 2.5 we have
a < ¢py/f(a). Then - :

w(BNSy) = @—j’_‘ﬁ w(2Q) > vFl@)(2k - 2).

Using this obsevation, we have

L (2k-2)! 1 a 1

\/—* k-1~ @k - DIk-1 /f(@) = 2 @E- DIk -1

u(2Q)~*u(Sk N B) <

Hence we have

. 2 _ -1 (Zk - 2), _ 1
and 1
. 2 > —_—
e s ML 2 g
Thus the isomorphism M2(2, u) ~ M2(1, 1) does not hold. O

The next proposition shows how Proposition 2.2 can be used. The proof is a typical example
which needs the geometric observation.

Theorem 2.7. Suppose that 1 < ¢ < p < 00. M is bounded from ME(p) to itself.

Proof. Firstly let us verify what to prove. For the proof we fix a cube @ and estimate

(300)5-3 ( /Q Mf(z)"n(x))%

. 1
We are going to obtain u(300)slv"% (/ Mf(z) p(z)) ) SCIf : ME2, W)
Q

Decompose f according to 50Q. Set f; = fxso@ and f» = f — fi. By triangle inequality we
have only to estimate

w003~ [ sy u(w)) wd ooy~ ( A Mfz(w)qn(m))

respectively.

For the estimate of the first term we use the result on L? space. We will have
u(300)3~ % ( / M A (z)? p(w))
l ;
< (3004 ( [ ih@r ue ))

< Cu(300)7 % ( /R ) lfl(x)w(x))“

= Cu(300)7"s ( /5 0 | f1(z)]? u(z)) )
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The last term can be bounded from above by ||f : ME(2, u)]|. So that the estimate of the first
term is finished.

The second term requires a geometric observation. We can obtain a pointwise estimate. Let
y € Q. Then we have, writing down explicitly

M f3(y) = su

yeg 1(5R) Jp\soq ()l dutz).

In order that the integral is not 0 it is necessary that RU (R?\ 50Q) # 0. If we assume that
y € R, it means the sidelength of R is “very large”. More precisely we may limit ourselves to
the cubes with y € R and with £(R) > 204(Q), for example, which implies that R engulfs 2Q.
Thus we have

B80S swp —s [ 110 dute)

R:2QC RH

Inserting the above estimate, we obtain

u00)} 7+ ([ (e u) " < 0@ Hu@)t s [ @ aue)

RIQCR B 5R)
Recall that ¢ < p so that the last term is less than or equal to

i_1 1 1 1 1
WQFHUQF sp e [ 1@t < e u5R) s [ 17 auco)
This term is also bounded by ||f : M5(5, p)|l, hence, by ||f : ME(2, u)]|. O

We will summarize the result on the maximal operators. In proving the maximal inequalities
we do not have to pose the growth condition on p. For k > 1 and f € L}, _(u) we use the
following modified maximal operator:

1
M. f(z) = —_ dp.
f@) scQe o) HRQ) /o | du

By our new notation it follows that M = Ms;.

Theorem 2.8. For all k > 1 there ezists an integer N = Ny, depending only on the dimension
and k, that satisfies the following condition:

Let {B(zx,7x)}rca be a family of balls in Euclidean space. Suppose that supry < oo.
AL

Then we can take disjoint subfamilies
{B(:Bp, "'p)}pebx ) {B(xpv rp)}pGLz’ ) {B(zp’ Tp)}pELN

such that U B(zx,m\) C U U B(z,,kr,).

el j=1,...,N p€L;

We use the next results of this operator in our theory. By using Theorem 2.8, which is
sharper than 5r-covering lemma for our purpose, we have the following result.

Proposition 2.9 ([24], [36]). If x > 1 and 1 < p < 00, then we have
IMcf @ LP(ul| € Capllf = LP(u)ll-



We also have the inequality of Fefferman-Stein type. This type of inequality is useful when
we consider the Triebel-Lizorkin space with non-doubling measure [4].

Proposition 2.10 ([24]). Ifk > 1,1 < p < 00 and 1 < g < 00, then we have the vector-valued
maximal inequality :

1/q 1/q
(E(Mnfj)") : LP(p)|| € Caypg,n (Z lf;-l") : LP(u)| -

JEN JEN

The modified maximal operator M, is weak-( 1,1) bounded on our Morrey space.

Theorem 2.11 ([27]). If k,x > 1 and 1 < q < p < 00, then we have
Mef : ME(K, Wl < Capanillf = Mk, .

The corresponding vector-valued inequality is also obtained.

Theorem 2.12 ([27])). Ifk,x>1,1<qg<p< oo and 1 <r < oo, then we have
(1Mefi = 17l 2 MER, W] < Capygurmt 5 2 Ul MR, )]
The next maximal operator is called the fractional maximal operator. To control the frac-
tional integral operator I, appearing in the next section, we use this maximal operator.

Definition 2.13. For 0 < a < n. We set

MEf@ = s e [ 11@)dw)
seqea) B 'CQ)
The fractional maximal operator M2! is also bounded from M? ().

Theorem 2.14 ([27]). Let 1 < g<p< 00,1 <r<o0,1<p<l/aandl/s=1/p-a.
Assume further that 1 < t < 8 < 0o and s/t = p/q. Then we have

MMZf; = I = MEWI S CIS = 11 2 ME(w)] -
3 Weak-type Morrey space

~ In this section we define a weak-type function space. Weak-type space is often used to
describe the limit case of the strong-type space.

Definition 3.1. Let £ > 1. Then we have
1
If = Mk, w)llw := sup sup p(kQ)F ™% (Mufz € Q : |f(z)| > A})7.

0 Q:cube

r(Q)>0
Let w-M¥(k, 1) be a totality of u-measurable functions with ||f : M5 (k, p)||w < 0.

The following proposition holds, whose proof is obtained in the same manner as that of the
strong-type space.
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Proposition 3.2. Let ky,k; > 1. Then we have
”f : Mg(kla“)”w ~ “f : Mg(k%“)”w

in the sense of the equivalent norms.

Thus in view of this proposition we omit the parameter £ > 1 again and we will denote
w-M>(p) =w-M>5(2, p).

The maximal operator is bounded from M?%(u) to w-M7¥(p).
Theorem 3.3. Suppose that p > 1. Then we have M is bounded from MZ(u) to w-M2(u) to
itself.

Proof. The proof is similar to that of Theorem 2.11 and we omit the proof. O

4 Boundedness of the linear operators and their vector-
valued extension.

In this section we consider two linear operators, the singular integral operator and fractional
integral operators.

4.1 Singular integral operator

Definition 4.1. ([21] p466) The singular integral operator T' is a bounded linear operator on
L?(p) with a kernel function K that satisfies the following three properties :

(1) For some appropriate constant C' > 0, we have

K (2,9)| < —— forall z # y, @
lz -yl
where n is a constant in the growth condition u(B(z,r)) < cor™ for all z € supp (u).

(2) There exist constants € > 0 and C > 0 such that

|z = 2[°

|K(a:,y) - K(z,y)l + |K(y1m) - K(yv z)l < c Iz - y!n+e

iflz—yl>2lz-2]. (3)
(8) If f is a bounded measurable function with a compact support, then we have

Tf() = [ K@) du(y) for ae. o ¢ supp (1) @

Nazarov, Treil and Volberg showed the boundedness of the singular integral operator on
L?(u) space.

‘"Theorem 4.2, Let 1 < p < 00 and T be a singular integral operator. Then we have T can
be extended to a LP(u)-bounded operator. T can be also extended to a bounded operator from
L'(p) to w-L*(p).
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Our first work is to extend the domain of 7.

Definition 4.3. For f € M?(u), we define

y{22m

Ti(z)= lim (Tfm(z) + /{ K(z,5)f() du(y)),

where fm(z) = f(z) if |z] < 2m and f(z) = 0 otherwise.

The following lemma shows that the integral above converges absolutely.

Lemma 4.4. Let1<g<p<oo. Forall f € M8(u) andz € R? with |z| < m, we have

[ K@ W dut) s CmRlS MWL
{ly|22m} '

Proof. In [27] we have proved the following lemma with ¢ > 1. But the same proof holds with
g = 1. The straightforward calculation using (2) yields this lemma. a

Now we show that the singular integral operator is bounded on our Morrey space.

Theorem 4.5. Let1 < g < p < oco. Then the singular integral operator T is a bounded operator
from M5(p) to itself.

The weak-type function space appears in the case when g = 1.

Theorem 4.6. Let p > 1. T is a bounded linear operator from M¥%(u) to w-M?%(p).

Theorem 4.5 was proved in [27]. The proof of Theorem 4.6 is proved similarly. For conve-
nience for the readers we prove Theorem 4.6.

Proof. For this purpose we fix a cube @ with positive y-measure. We will estimate

u#(100Q)* ! (ufz € Q : |TF(2)| > A}).

For this purpose we decompose f according to 10Q. Let f; = fxio@ and fo = f — f1. Using
this decomposition we have to estimate

p(100Q)» ™ (Mu{z € Q : |Tfi(2)| > A/2}) and p(100Q)*~* (Mu{z € Q : |Tha(z)] > 1/2}).

As we have seen, T is weak-(1,1) bounded from L' to w-L!, the estimate of the set near
the cube is over: -

u(100Q)3* (Au{z € Q : [Th()| > M2}) < u(100Q)3 /1 ) uw)

As for the estimate of T f; we have for all z € Q

ITfa(z)| <C |f ()l du(y)-

R4\B(z0,4(@)) ¥ — 2QI"
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it XB(zq,l) (y)

Note that / ot

0

dl = c|y — 29|™". Hence we have

/ 1) du)
RI\B(20.4Q)) 1V ZQ!

= 1
- c/ (/ F,;Tlf(y)ldu(y)) di
0 B(zq,1)\B(2q,4(Q))

Q)7 : MEWII
Thus, assuming that {z € Q : [Tfi(z)] > A/2} # 0, we have \(Q)? < C||f : ME(w)|l.

IA

Using this estimate, we obtain

p(100Q)F (ufz € Q : [TAH(E) > M/2}) < @FA < CIlf - ME()Il-

So we are done. O
4.2 Fractional integral operator

Fractional integral operator was introduced by D. Adams. Fractional integral operator for
the Lebesgue measure is of the form

Lf@ = [ L )

. Note that for 0 < a < d the fractional integral operator I, is an inverse of Laplacian A%/2,
If the measure u is a growth measure, Garcfa-Cuerva and Eduardo Gatto defined a fractional
integral operator for u.

Definition 4.7 ([7]). For a with 0 < a < n, we define a fractional integral operator as

I f(z) := /R —-f—(-@——du(y),

4 & -y

where n is a constant in the growth condition of u.

The following result is known due to Garcia and Eduardo [7].
Proposition 4.8 ([7]). Let1<p<n/a and1/s=1/p—a/n. Then I, is bounded from LP(u)
to L°(u).

In this section we shall extend this result to the Morrey spaces M?(u). As is the case with
the classical one ([2, Theorem 2}), I, is bounded operator on Morrey spaces. More precisely
we have

Theorem 4.9 ([27]). Suppose that the parameters satisfy
1<g<p<oo,1<t<s< o0, t/s=q/p, 1/s=1/p—a/n.
Then we have I, is bounded from ME(u) to Mi(u):
Maf : Mi(k,WI < Cpetanllf : My, pll, k> 1

We can readily extend this result to 1% valued version.



4.3 Commutators and BMO

BMO space plays a substitute role in L™ in the classical space. X. Tolsa, as is remarked in
Introduction, defined the RBMO function space to develop Carderén-Zygmund theory. Many
authors defined a function space BMO. Nazarov, Treil and Volberg defined in [21] their BMO
space and obtained their T'(b)-theorem. But their function space depends on the parameter p,
while the John-Nirenberg lemma says the parameter p does not affect the definition of BMO
space. In [18] Mateu, Mattila, Nicolau and Orobitg considered BMO for nondoubling measures,
assuming p(H) = 0 for any hyperplang of the form H = {(z1,%2,...,24) : Z; = a}, where
i=1,2,...,d and a € R. But in their space the interpolation property does not hold. Chen
and Sawyer modified the definition of RBMO defined by Tolsa to consider the commutator with
RBMO functions and the potential operator [32]. Returning to the function space RBMO, we
do not have the similar property to

H(L*(R%)) + L*(Rd) = BMO(R“').

Here H is a Hilbert transform. Our future job may be to define a function space BMO to
recover the all classical property. But some researchers including the authors think that it
is appropriate to define a BMO space suitable for their purpose: RBMO is a nice substitute

for the Calderén-Zygmund theory. Now that we are going to develop the Carderén-Zygmund

theory, we believe that RBMO is the most suitable function space.
Definition 4.10. Let Q,R € Q(u). We define

Ng,r=min{j € No|RC 27Q}. (5)
Definition 4.11. We set

Qu,2) = {Q € Q(u)|Q is a (2,2%")-doubling cube. }. (6)

Definition 4.12 ([32], [37]). Let 0 < a < n. We put the coeﬂ'icientvKg’_‘l)li as

=it Z (e(zao)n)h%

For the sake of simplicity we put Ko g = Kg],)n-

Definition 4.13. Let Q € Q(u). Let jo defined by jo = min {j € No|2'Q € Q(p,2)}. We
denote Q* = 2/0Q. Note that the minimum always exists from the reduction-to-absurdity
argument.

Remark 4.14. By growth condition, for any cube @ there is a doubling cube R of the form
R = 27Q. By geometrical measure theory for any z € supp (u) and r > 0 we also have a
doubling cube S centered at z and diam(S) < r.

Definition 4.15. We say that a locally integrablé function is an element of RBMO if it satisfies

|mg(a) ~ mg(a)|
Ko,r

lall. = sup fta(w) mo-(a)ldu(z) +  sup < 0,
QCR

QeQ(n) I«‘
Q.R €Q(u.2)

where mg(a) is a mean of a over Q.

X. Tolsa showed the following result.
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Theorem 4.16 ([38]). T is a bounded operator from L?(u) N L>°(y) to RBMO(y). More pre-
cisely we have ||Tf|l« < C|If = L=(p)|| for all f € L?(u) L (u) with constant C independent

on f.
As for I,, Garcia-Cuerva and Eduardo Gatto proved the following theorem.

Theorem 4.17. Let 0 < a < n. Then I, can be extended to a bounded operator from LI(p) N
L™*(u) to RBMO(). More precisely we have ||Tf||. < C||f : L™*(u)|| for ali f € L™*(u)N
L%(u) with constant C independent on f.

The following theorem is a supplement for the limiting case. The result is somehow weaker.

Theorem 4.18. Let f € M"/ “(u) N L™(u). Then there exists a constants Cy,Co such that

u(ZQ)/ |f(y) — mg+(f)| du(y) <C1”f”M"/“(,,)

and that
ImaUaf) = ma(Taf)l < Ca KGRIl iase

for all f € MI*(u) N L™ ().

Proof First we will treat I := 2Q)/ o f(z) —mg- (Iaf)ldp(:r,) Decompose f = f + fo +
f3, where fi = fx 31Q and f3 = f XR#\3Q" Using this decomposition, we can decompose I as

s ol IIafa(-’b‘)—mq-(lafa)ld#(m)+-(21—@ [ et @) dute)

+ / o @)] () + —ome / imaenfi + o)l du(z) = I + b + Is + L.

(2Q
We write down I explicitly and estimate by using the mean-value theorem.

L
__1
p(2Q)u(Q*) Joxq-

__C [z~ yllf ()
ST Jo W [, W0 [, e o

ou@) [ o ([ Xetetl a) isceyance

o[ d
= 0@ [ 5w [ o FENE)

1
< cug) r“’u(B(zq,zz))%"%/ @ duz) ) | a
(Q*) B(zq.l)

= ClIf : M)

IN

du(z)dp(y)

f(2) f(2)
/; "= za du(2)

0@ lz —z|na y

IA

IA

The treatment of I, is simpler. We may assume that ¢ < n/a because we have a monotonicity

in the space M} for parameter q. And fix an auxiliary constant u such that % = 1 2. Then
q
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we have

1

L < (WIQ—) / (@)l dute))
< CuQ) :2(/ hie l“du(x))
< Clf = M2/

The treatment of I, is quite similar. It remains to estimate I3. We proceed as follows:

5@l
oS Of e i

* XB(2q.0)(¥)
< [ [ M) iy

<0 et If(y)ldu(y)) dl
«Q) (l ot 2Q*NB(z0.l)
QY a4 )
< C/ @ o /B(,Q lf@)duty) +C / ,MH 4. f Wl
‘e q e
< C</£'(Q) Il ”f”"f Mn/a(“)"‘f‘C”f”Mn/a <CKQQ..”f : Mq ([l-)”
< Clf = M=)l

Next we will treat [mq(If) — mr(Iaf)|, where Q@ C R and Q, R are doubling cubes. But the
estimates are almost the same using the technique used in the previous estimates but the one

f
° [m" = (Praranayy Q))I KGRI g

So we prove this only. Writing down the left-hand-side explicitly, we have

I, (fXQNQ RQ\3Q) (1’)|
_fr

< C / vamang 7= s

31 o (i) cauw)’
< O3 magrs Lo om0 3 55 ([, o am)

NQ R e 1

(ZJ-HQ - j a_ L q 9
< €3 Fmgpe w2 ([, rwr )
1-2
n/a d) . n/a
< (1+ Z( 2,Q)ﬂ) )I!f M)l = CKGRIS + MG/l
This is the desired. O

Remark 4.19. The condition f € L™(x) in the assumption of the theorem is added to avoid
the technical modification of I,. U we modify I, trivially, we can remove the assumption
f € L™ (u). We do not go into the detail.



5 Sharp-maximal inequality and its applications

In this section we consider the sharp-maximal operators.
5.1 Definition of the sharp maximal operator

In this section we state the main results. Before going into details, we recall the definition
of RBMO which recovers classical results such as John-Nirenberg’s property.

Definition 5.1 ([37]). Let 0 < @ < n. Then we define a sha.rp-maximal operator:

# o 1 ‘
Teflz) = se0ea( 1 (3Q) / 1£(2) — m-()ldu(a)
+ sup Imq(f) — mr(f)| 0
z€EQCR: Q,ReQ(p,2) K(C')

For the sake of simplicity we put T% := T3.

We shall distinguish the sharp-maximal operators T# and M*. To describe sharp maximal
inequalities we introduce one more maximal operator.

Definition 5.2 ([37]). Define N f(z) as

Nf@)= zeozug(y,z) P(Q)/’f 2)ldu(z)

Exarﬁple 5.3. If 4 = dz, then we have sup Imq(f) ~ mr(f)| < C’M”f(a:) and if Q@ C R are
2€Q,R Kq,r

concentric Ko r < Clog, (2 * lEg;)

As for a LP result, Tolsa obtained the following.

Proposition 5.4. [37] Suppose that f € LP(u) with 1 < p < oo. Then there ezists a constant
C > 0 such that for almost all = € supp u, we have |f(z)] < Nf(z).

Assume further that [ f = 0 if p(R?) < oco. Furthermore if min(1, N f) € LP(u), then we

have
INF L2l ~ NTEf | L2 (w)]l.

Now it is time to state sharp-maximal inequalities.

Theorem 5.5 (Sharp-maximal inequality A). Suppose that 1 < ¢ < p < o0. For any locally
integrable function f we have

INf | MBI ~ ITES | ME@IN + 1S | ME()l- ®

We would like to emphasize that this inequality is admissible for any locally integrable
functions. Furthermore assumption that u(R%) < co is also unnecessary.
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Next we shall obtain the inequality without the second term of the right-hand-side of The-
orem 5.5 by assuming even weaker integrability condition. As for this kind of approach, Fujii
obtained a result with u doubling via CZ-decomposition of M*f. We shall prove our results by
a good A-inequality.

Proposition 5.6. [6] Suppose that u is a doubling Radon measure. If there is a cube I such

that
) 1
Jim w(kD) /“ f(z)du(z) =0, 9)

v NFIZP) ~ UM [ LP(u)|| ~ || M £ | L2 ().
Here M" is a usual sharp mazimal operator-.

then we have

MYf(z)=  sup / (@) — ma(f)| du(z).

zeQeQ(u) H(Q

As a corollary of Theorem 5.5, we obtain another sharp-maximal inequality.

Theorem 5.7 (Sharp-maximal inequality B). Let 0 < o < n. Suppose that there are concentric
doubling cubes Q1,Q2,...,Qk, ... € Q(,2) with lim ——1——/ f(z)du(z) =0, and Q; T R
k=00 u(Qk) Jo,

IF | MBI ~ INF I ME@WI| ~ ITEF I MBI

Then we have
independently on f.

As a selfimprovement of this theorem, we obtain one more sharp-maximal inequality.

Theorem 5.8 (Sharp-maximal inequality C). Let 0 < a < n. If u(R%) < oo, then for all
pu-measurable function f we have the norm equivalence

I MBI ~ IITEF F ME) + 1 F | L ()]]-
5.2 OQOutline of the proof

In this subsection we will explain the outline of Theorem 5.5.

We prove this lemma by using a good A-inequality. We state our good A-inequality for

Morrey space. We have denoted Q(u,2) as a totality of doubling cube. (If the measure is -

non-doubling, a cube Q is said to be doubling if it is (2,2¢*!)-doubling.) For the proof we put

AQ(f)= sup mpg(fl), (10)
ReQ(Q,bad)

where for a cube Q € Q(u), we have put
Q(Q,bad) = {R € Q(u,2)|RNQ # 0, R is not contained in 3Q}.
We intend to say that a cube R € Q(2, @, bad) is difficult to control.
Theorem 5.9 ([28]). Let € > 0 and 7 > 0. There erists sufficiently small 6 > 0 such that
p{z € QINf(z) > (L+ e, THf(z) <A} <nu{zr € 3Q|Nf(z) > A}
Jor all A > Aq(f)-
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If we consider a doubling measure, then the following is a substitute for good-A inequality
for the doubling measure.

Theorem 5.10 ([29]). Suppose that;) satisfies the doubling condition. For all § > 0 and for
all A > Ag(f) we have

p{z € Q| Mf(z) > 2Co° ), M¥f(z) < 6A} < Cou{z € 3Q| M f(z) > A}, (11)
M"Y is given by (12) not by (7).

¥ () = qup L _
M (@) = sup s /Q 1£() - ma(f)| duly). (12)

In general we will obtain good-A inequality for all A > 0. Now we obtain our good-A
inequality for A > A. Thus the information for A < A is missing now. To fill the gap in our
situation we use the following lemma.

Lemma 5.11. Under the same assumption in Theorem 5.9, we have

w(Q)F Ag(f) < ClIf + ME()||.

Using this lemma, we can estimate

1
q

A
p(64Q)# % (/0 gA" u{z € Q : Nf(z) > A} d/\)

from above by .
p(64Q)F T p(Q)FA < CIIf = ME(w).

By the technique of the weight we can extend all the results in this section to the vector-valued
versions.

Theorem 5.12. Suppose that 1 < g < p< 0,1 <r< o0,k >1and0 < a < n. Let
fi € MB(p) withj=1,2,....

(1) Assume that u(R%) = oo. Then we have

1
r

(ZNf,-')  Mi(w)|| < C (ZM“"‘ff) : Mi(u)|. (13)
j=1 j=1 )

(2-a) Assume that p(R?) < co. If mga(f;) =0 for all j =1,2,..., then we have (13).
(2-b) Assume that u(R?) < co. Then we have for all {fi}521 € ME(p)
y |
o0
SONST| MR
=1
: H

e (EM”"’ff) : M) *C{Z(/R d!fj(z)ldu(w))r} . (1)

=1 =1
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6 Prospect for the future research

6.1 More general measures on R

In this report we have assumed that the measure satisfies the growth condition u(B(z,r)) <
cor™. But recently there are many attempts to remove this condition. In fact some of the results
involving the maximal operator can be obtained without the growth condition. For details see
(14}, (18], [16], [18], [24].

6.2 Metric measure space

In R4 there are good covering lemmas. But generally the metric space (X, d) does not have
covering lemmas as good as those in R%. Our problem is to apply our theory to the metric
measure space. For details we refer [21], [24], [35].

6.3 BMO function for non-doubling measure

As is referred in Subsection 4.3, given a Radon measure p with growth condition, we have
to define a nice BMO space. Probably we have to define BMO function space for each problem
one is considering.
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