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1 Introduction

In this short paper, we shall show our recent results on the asymptotic sta-
bility of the stationary solution to a simple one-dimensional fluid dynamical
model of semiconductor which describes the motion of clectrons along a thin

chancl connecting the source and drain in a n-type uniporlar transistor like
MOS-FET (cf.[1]):

pt + (pu)ft =0,
(1.1) (pu)e + (pu? + p(p))z = pdz — 1pu, (z,t) € (0,1) % [0, 00),

d’zz =p- D )
where p = p(t,z) > 0 is the density of electrons, u = u(t, z) is the velocity,
¢ = ¢(t, z) is the electrostatic potential, D = D(z) is a given doping profile
(positive charge density of impurities), p = p(p) is the pressure, and 7 is the
relaxation time. We assume the pressure has the form p(p) = p7(y > 1) and

7 = 1 for simplicity. As for the initial boundary value problem to (1.1) with
the initial data

(1.2) (p, u)(,0) = (po, uo)(2), z € (0,1),



and the Dirichlet type boundary conditions

p(O,t) = P1, p(l,t) =p2, t20,
(1.3)
6(0,1) =0, ¢(1,6) =&, t>0,

Degond, Markowich(’93,[2]) studied the existence and uniqueness of the sub-
sonic stationary solution, then H.-L.Li, P.Markowich and M.Mei(’03,[5]) showed
the asymptotic stability. However they showed the stability under the vari-
ous smallness conditions (|p; — p2l, |po — p1l, |®1], |D — p1| € 1) ,that is, un-
der the situation everything are very close to the constant states (p, i, qAS) =
(7,0,0)(p := p1 = p2). In particular, sincc actual data of semiconductor often
read the ratio of the maximum of the doping profile D to the minimum is of
order 10%, a smallness (flatness) condition to D as above seems almost unreal
in a physical and engineering point of view. We also note that even in all
recent researches on quantum fluid dynamical models(cf.[4][3]), the stability
of stationary solutions is studied under similar strict smallness conditions.
In this paper, although so far we have not had satisfactory results on the
problem (1.1)(1.2)(1.3), we instead treat the problem (1.1) in R with the
periodic initial and boundary conditions

(1 4) (P, u)(:c, 0) = (pO»UO)(x)a T€ER
| (pud)(to+1) = (oud)(tz), z€R, t20,

and investigate the asymptotic stability of the stationary solution under as
less smallness conditions in particular on the doping profile D as possible.
We assume that

. 1
(15 (0w) € B i) >0, [ mla)dz=1

1
(1.6) D€ Hyppi04, uelf2 D(z) > 0, / D(z)dz = 1.
€ 0

Here H,’fm.od is the usual k—th order Sobolev space of.the periodic func-
tions with the period 1, and denote the norm by || - ||s. First we should
note that for any doping profile D satisfying (1.6) the unique sationary so-
lution corresponding to the problem (1.1)(1.4) is easily obtained in the form

(ﬁ, a’ é’) = (ﬁa Oa &)(I) Then we have
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Theorem 1.1. Any smooth global solution in time of the initial bound-
ary value problem (1.1)(1.4) satisfies the following:
i) If v > 2, there exist positive constants v and Ey such that

1
/ pu+ (p— p)? + (¢ — ¢)al*dz < Egexp{—vt}, t>0.
0

@) If2 >~ >1and M := supp(t,z) < +oo, then there exit positive
x,t
constants v(M) and Eo(M) such that

1 . R
[ o+ (o= 87 +1(6 - 817 do < Boexp{-wt), 20
0

Here we should note that the above a priori cstimates are not enough to
insure the cxistence of global smooth solution in time. On the other hand,
by the arguments in [6](’98), we can not expect the cxistence of the global
smooth solution for general large data. However we still have a possibility to
have the global smooth solution around the stationary solution even if the
doping profile D is very large. An answer is the following.

Theorem 1.2. Suppose (1.5) and (1.6). Then there exist positive con-
stants 6,C, and 3 > 0 such that if ||(po — p,uo)l|2 < 9§, the initial boundary
value problem (1.1)(1.4) has a unique global solution in time satisfying

(p,u) € C°([0,00); Horia)s & € C°([0,00); Hperioa)s

period

and further'rriore

1o — By u))ll2+ I(& — B)()lls < Cli(po — By uo)llzexp{-pt}, t=0.

2 Stationary solution

In this section, we study the basic properties of the smooth solution of the
problems (1.1)(1.4), and the corresponding stationary solution. In what fol-
lows, let us assume v > 1 for simplicity, since the case ¥ = 1 can be treated
by properly taking limit v — 1. First, we easily have

Lemma 2.1. The smooth solution of the problem (1.1)(1.4) satisfies

(2.1) /lp(t,z) dz = /lpo(a:) dr=1, t>0,
0 0
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(2.2) p(t,z) >0, z€R, t>0,

1 1
(2.3) / u(t,z)dz < e“/ uo(z)dz, t2>0.
0 0

Proof The equality (2.1) is shown by integrating the first equation of
(1.1) with respect to z. The positivity of the solution (2.2) is proved by a
property of the ordinary differential equation for p(t, z(t)) along the charac-
teristic curve z'(t) = u(t, z(t)). For (2.3), we can rewrite the sccond equation
of (1.1) as

1
(2.4) us + (§u2 + Y i lpﬁy_l)m =¢; — U
then the integration of (2.4) with respect to z casily implies (2.3). Thus the
proof is completed.

By the above Lemma 2.1, we can see the natural stationary solution
(p, G, @)(z) corresponding to the problem (1.1)(1.4) is described the following
system

(ﬁ'&)l‘ = 0’
(2.5) (P2 + p7")c = pds — pit, z € R,
&mz = ﬁ -D
with the boundary condition
(2.6) (5%, )(z +1) = (b1, 8)(z), TER,
under the additional conditions
1 1
(2.7) / pdz=1, infp>0, / idr = 0.
0 z Jo

Here we also assume that the doping profile D satisfics (1.6). By the first
equation of (2.5) and the conditions (2.7), we can casily have & = 0 and

{ .Y—')_‘_Iﬁ’y*l)w = &.‘L‘!
ez = p— D.

Then the boundary value problem (2.5)(2.6) is virtually reduced to the prob-
lem only for 5 : '

(2.8)

(2.9) { _(3%'1'/37_1)1&: +p=D, z€R,

pz)=p(z+1), z€R
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Thus, by the arguments of the Maximum Principle and the Shauder’s Fixed
Point Theorem as in [2], we can have the following lemma. We omit the
details.

Lemma 2.2. The boundary value probl@m (2.5) (2 6)(2.7) has the unique
solution (p, 4, @) such that p € HZpypg, =0, pecH Seriod AN

(2.10) D < p(z) < D, z€R

where .
D := inf D(z) >0, D :=sup D(z).

- T€R xGR)

3 Asymptotic behavior for large initial data

In this section, we show the proof of the Theorem 1.1, that is, show an
asymptotic behavior of the smooth solution (p, u, ¢) of the initial boundary
valuc problem (1.1)(1.4) toward the stationary solution (4, 1, #), which holds
without any smallness conditions both on the initial data and the doping
profile. We first note that the equation for u is written in the form

(3.1) ut+uum+’yz 1(pv—l ~ P Ve — (¢ —¢)e +u=0

which follows from (2.4) and (2.8). Now we multiply the cquation (3.1) by
pu and integrate with respect to z. Then using the relation

(3-2) Pt = (¢ - ‘z)wzt

which is derived by the third cquations of (1.1), and taking careful integration
by parts, we can have the first basic energy estimate
Lemma 3.1. 1t holds that
odf o, L1 o\ 12 oy
(3.3) — —pu® +G(p, ) + =@ — @)o?dz p + | puldz =0, t>0
dt | Jo 2 2 Jo

where

Glo.p)i= 5 [(€ - e

To obtain the second basic energy estimate, we in turn use the equation
for u written in the another form

(3.4) (ou)e + (pu + p" = B")e — (pdz — pbe) + pu =0
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which follows from (1.1) and (2.5) with & = 0. We multiply the equation (3.4)
—(¢ — ¢), and integrate with respect to z. Then using the relation (3.2)
again and carrying careful integration by parts, we can have the estimate

35) 5{ [ -8+ gi6-durach - [ o dulant
+f pu(p - )+ (o7 - 7)o — )+ 5(C2L + D)6 -~ P dz =0,

Although the sign of the integral [ —(¢ — $)2,dz in (3.5) seems a problem,
it turns out that the important inequality

1 1
(3.6) [ # =16 e = ([ puce 20
0 0
holds, which plays an cssential role in the estimates in this section. In fact,

the inequality (3.6) is proved as follows. By the formula (3.2) and the first
equation of (1.1), we have

(37) (pu + (¢ - (;)xt)w = 0’

~ which shows that we can set pu + (¢ — $)et = k(t) for a function k(t)
depending only on ¢t. Then we can see

k(t)=/1pudx,
0
and can prove (3.6) by
1 1 2
2u? — -—Amt2d = k - _Azt - —Aﬂzd
[ o =l6=datas = [ (kv (¢1¢)) (6~ Dl da
= k()% — 2k(t) /0 (¢ — P)medz

= k(t)%.

Hence, applying (2.10) and (3.6) to (3.5), we have the following sccond basic
energy estimate.

Lemma 3.2. It holds that

38 5 [ -6 -+ Fl0- P - [ oo dz
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1 3 N
+ [ =)=+ Dl ez <0, 120
0

We are now on the stage where we can prove the desired estimates. For
any positive constant A, multiplying (3.3) by A and adding it to (3.8), we
have

d

(3.9) 5

Et)+Q() <0, t=0

where

310) B = [ 3002+ G(o.)+ 216 = Bl = Mpu)(6 - Do

(3.11) Q)= /0 (1= Ap)pu? + X(p" — p")(p — p) + %r\_lzl(cb — §).|* dz.

In order to estimates the terms in E(t) and Q(t), we need another two lem-
mas.

Lemma 3.3. It holds that

(3.12) l /0 pu(g — B)uda| < /0 (5o + 50— P dz.

Proof By the equality (2.1), the Sobolev’s lemma and the Poincare’s
inequality, we have

1

A pu(d — qg)w dz

1 , 1 A g
< Pl +§p(d’m’¢w) dz
0

IA

1/l %4z + - sup s — dal?
2 pu ) sup x z
1
< / pu2d$+ / l¢m: ¢x:r|2 dzx

= /Puzdn:—%- /\p pI* da.

Thus the proof of the Lemma 3.3 is completed.

Lemma 3.4. It holds the following:

i) If ¥ 2 1, there emists a constant ¢ > 0 such that for any p > 0 and
- pe[D, D],

(3.13)  G(p,p) < c(p” =P —B), 5(p—5) < clo” = p")(p — B)-



w) If v _2 , there exists a constant ¢ > 0 such that for any p > 0 and
p€[D,D],
(3.14) Glp,p) = cH(p—p)*"

w) Ify > 1 and sup p(t,z) =t M < oo, then there exists a constant
ZER,>0

¢(M) > 0 such that for any p > 0 and p € [D, D),
(3.15) G(p,p) = c(M) (p— p)*.

The proof of the Lemma 3.4 is given by standard arguments of the Tayler’s
formula, so we omit it.

Now suppose that v > 2 for simplicity, becausc the case where v > 1 can
be treated on the same line. Applying the Lemma 3.3 and 3.4 to (3.10) and
(3.11), and choosing A suitably small, we have

(3.16) /0pu2+(p—ﬁ)2+l(¢—<f>)xlzdwSCE(t), £>0

and also

(3.17) E(t)<viQt), t>0

for some positive constants C' and v. So we finally obtain
(3.18) %E(t) FUE() <0, t>0.

Thus, by (3.16) and (3.18), we complete the proof of Theorem 1.1.

4 Asymptotic stability of stationary solution

In this section, we give a rough sketch of the proof of Theorem 1.2, that is,
show the asymptotic stability of the stationary solution (p, 0, ). First, for
any fixed stationary solution (p, 0, ¢>) constructed in the section 2, we set

(4.1) Y=p—p e=¢—

and rewrite the initial boundary value problem (1.1)(1.4) in terms of (¢, u, e)
as ‘

P+ (.5 + d))um + (ﬁm + wm)u =0,
€zz = Y, (I>t) € R x [01 OO),
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with the initial data and boundary conditions

(w7’u’)(0?$) = (wo,uo)(x) = (pO - ﬁa UD)(:E)’ TE Ra

(4.3)
(¢,U,€)(t,$+1) = (V),U,G)(t,l‘), z € R, tZO

Then, for suitably small (1o, u0) € HZ g We look for the global solution
in time (1,u) € C°([0,00); HZ,.00) € € CO([0,00); H,i5q) Which stays in a
neighborhood of

(4-4) |(w, u)ll2 < & = D/4

and exponentially decays as the time goes to infinity. To do that, we use
the typical arguments to construct the global solution by combining the lo-
cal existence theorem together with the a priori estimate. As for the local
existence, we omit the arguments, because the principal part of the system
(4.2) for (1, u) is a symmetrizable hyperbolic one and so standard arguments
on the Cauchy problem for quasilinear symmetric hyperbolic system are ap-
plicable to our casc. The a priori cstimate we need is as follows.

Proposition 4.1. There ezist positive constants eo(< &), C, and
such that if (1, u, ) € C°([0, T]; Hzorioa)® X C°([0, T); H}piga) for some T > 0

eriod

is the solution of the initial boundary value problem (4.2)(4.3) and
(4.5) sup ||, u)(t)ll2 < eo,
0<t<T

then it holds

(46)  N@,w)®llz+ le®lls < Cll(Wo, uo)ll2exp{-5t}, 0<t<T.

To show the Proposition 4.1, in what follows, we assume that the initial
boundary value problem (4.2)(4.3) has the solution

(¥, u,e) € C°((0, T]; Hperioa)® x C°((10, T; Hyerioa)

period

for some T > 0 and also assume

(%, u)(®)ll2 < &

sup ||
0<t<T
Then, using the equation (4.2) and (4.4), we can first show

Lemma 4.2. There exist positive constants e(< €) and C such that if

sup ||(%, u)(t)l|2 < e,
0<t<T
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then it holds
(4.7) (@, u)lli S Cll(%,u)llzy 0<ELT

and

(4.8) [I(¥, w2+ llells < CUIW, W)l + (W u) | + 1 (s wa)l), 0=t <T.

By (4.7), we may assume ||/(v,u;)||1 also as small as we want in the
process of a priori estimates, and by (4.8), it turns out that it is enough to
obtain the exponential decay estimates for ||(1, w)|| + || (W, we) || + [} (Wers wer) ||
to show the Proposition 4.1.

Next, by the arguments in the proof of Theorem 1.1, we can casily show
that there exist positive constants C and 8 such that

(4.9) (%, w, ez) )* < Cli(wo, uo)|* exp{—Bt}, 0<t<T.

In order to obtain the estimates for the higher derivatives, we differentiate
the system (4.1) with respect to ¢ to have

Ve + (6 + V)ws)s + (Yru)e =0,
(4.10) g + Uplz + Utk + Y((B+¥) 2 P1)s — et + e =0,
Ctex = wt-
As in the arguments in the proof of Theorem 1.1, we multiply the second
equation of (4.10) by ((p + ¥)u: — Aes:) and integrate it with respect to z.
Noting the relation
1 1
[0+ wulp+ 07 0ads = [+ Wa)o)(p-+ )" onda,
0 . 0

we may carcfully carry the intcgration by parts. Then, choosing the A and €
properly small, we can prove

(4.11) | (e, ue) (®)]|% < Cll(Wo, uo) ||} exp{—pt}, 0<t<T

for some positive constants 8 and C in the same way as in the section 3.
Similarly, after differcntiating the system (4.10) with respect to ¢ again and
multiplying it by ((4 + ¢)uy — Aezu), we also can prove

(4.12) 1(Wus u) OII* < Cll(Yo, wo) 7 exp{-pt}, 0<¢<T

for some positive constants 8 and C. Thus, combining the estimates (4.8)(4.9)
(4.11)(4.12), we can complete the proof of the Proposition 4.1, and then The-
orem 1.2.
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