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Pieri’s formula for generalized Schur polynomials

BH RE(ILBEREREREEFRAR)
NUMATA, Yasuhide (Hokkaido Univ.)

. BR

Generalized Schur operators ®BB{E¥ & U T generalized Schur polynomials
ZEETS. I3, Pieri’s formula iZHYTIRRNEETS.

1 Introduction

Young’s lattice & Stanley [9] iZ &k > T# A /= differential poset ® prototypical
2HTHS. Young’s lattice Tid Robinson xi &FEIEN %, standard Young tableaux
DRT LIEF E DO ——RERAMSENTNB A, ORI Fomin [3] IZ&K>T
differential poset % O—BLTH 3 dual graphs IZBNTHHEINTNS.

¥ 517, Young’s lattice T3 Robinson-Schensted-Knuth 3§ i & i E1 % semi-
standard Young tableaux O R7 & & 2175 & QM O—x—xEMNH SN TV S. Fomin
1 [4] \2B T generarized Schur operators Z# A L, dual graph iZ#8V}% Robinson
%D F ¥ % Robinson-Schensted-Knuth 3t ~#LE| L 7z, |& 13, generalized Schur
operators % f V3T Schur polynomials D—#LICHY T HLHRZEERT 5.

SEEMHEERIZ, —~TOAN 523 Young diagram WKHHEY S Schur FHRTH 5.
i R HR hy &—BO Schur HIER s) & OFEI Pieri’s formula SMEIEN2EFX2
WL TW3B, ZZTWD Pieri’s formula EIILATOX I 2 TH %!

Zs;&(tb T 7t‘n) = hi(tls e ,tn)S)\(tl, s 7tn))
p

U, ELD p 3 p/) 7% i #5725 horizontal strip 1272 5#k7X Young diagram &
2TH<.
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Z DHERITH YT B%A Schur polynomial D—BLICHY T HLERICHRIL LT
W3 ZEERT.

2 Definition

ZOHT, 2 MEOSEREEHTS. —DI3 Schur polynomials D—RLIH4T 2

b ® (Definition 2.3) TH D, b5 —DIIFEEMHFZRNITHLT 2 b D (Definition 2.6)
ThH5.

2.1 Generalized Schur Operators

ETHPDIT, Schur polynomials D—RYLITH LT 2 D% EHT 52912, Fomin [4]
IZK > THA SN/ generalized Schur operators ZEHT 3. R4 ODBHRIX general-
ized Schur operators DRBFREE L TERINS.

KZ2EB0DEKETS. Kidtt tty,... EERETHIERKESATNE LTS,
BFIeZizHLT, V, I 3BERRIT K- MERETS. YV, 2V, OREELL fix T 5.
V=@V, Y =U,Y; &£75.

ETDI<ORBVYT, Y, =0ThHD, Y, = {0} THBEEIZ, Y IIB/NT o 28>

BOBILT 5.

()& (Caey O ey AOA) = D sey Orch ERETHRBIRTY L/ ET S,

AR > 0ITHL, D;, U; 2V LOBBERE UERD j 1ML T Di(V;) C Vi,
Ui(V) C Vjps #BELTWBETS. {0} 3 K DTEORETS. 5l {A)} 2B 2 1
HUT, A(z) THBBK Y5, Adix* 2T

Definition 2.1 (generalized Schur operators). &5, DU (t) = a(tt\U(t)D(t")
DRI LTV BEE, D(ty)---D(t,) & Ut,)---U(ty) %, generalized Schur operators
with {a;m} EFEXR.

Remark 2.2. D(t1)---D(t,) & U(tn)---U(t1) % generalized Schur operators with
{a;} ELERAARTYT (1, ) THIET S conjugate & » &BL. T D&%,
U*(tn) - -U*(t1) & D*(t1) - D*(t,) Wd%R U*(t")D*(t) = a(tt)D*()U*(¢) %
7= U THB Y generalized Schur operators with {a,,} TH 3.

Definition 2.3 (generalized Schur polynomials). D(t,)--- D(t,), U(t,) - -- U(t1)
% generalized Schur operators &9%. A eV & peY IZHLT, sf,p(tl, coytn) &



st (ty, ... tn) B, TREND() - D(ta)A E Ultn)---Ut)A © p DK EEHL
generalized Schur polynomials EMERZ &I12T 5.

Generalized Schur polynomials 82 Lt te) 1, D(t) & D(t) DRI T & 5, Bl
B D(t)D(t') = D(t') D(t) DVRIALT BRFITIIMHFZARNE2S.
XEEBRID, \,pe Y IZMLT

Sgp(th ce atn) = (D(tl) T D(tn)xaﬂ)
= (A D*(ts) - - D*(t1)m)
= SDf(tl, t )

NRALLU TS,

Ezample 2.4. Prototypical 72 example i Young’s lattice Y T$ 3. Y; % i f® Young
diagram NWHR38EY; &L, V; ELTY, # basis 295 K-BHERETS. ZD&
& Young’s lattice Y I3 0 #® Young diagram @ ZB/Nt& L TH->TW3.

M p €Y IZHUT, skew Young diagram A/p B&FIE L4 1 UL ERFZRVE,
A u B horizontal strip THDEWNWD. iz, A\/u N&fTE L 1 BLABEERELIZVWE,
A/ p %% vertical strip THD &3,

D; Z Dip =3 5\ 7L, A& p/X 4% i M 572 % horizontal strip £33 K572
Young diagram 2§1<, 2B LD CEHT 5.

X2, U 2 Us(p) =Y, A, =ELU, ME N/ p B i #5725 horizontal strip £7/2% X
572 Young diagram %281<, ER2B3 LS ZEHT 3.

ZDEE, {am = 1} TXRLT, DEU@R) = a(ttYU(@)D(t') Z2W=L TWBDT,
D(t1)---D(tn) & U(tyn)---U(t1) V& generalized Schur operators with {1,1,1,...} T
H5. |

ZOB, \p e Y RHUT, sR,(t,...,ta) & sp*(tr,...,tn) BHHEBIT skew
Schur polynomial sy/,(t1,...,t,) TH 5.

Ezample 2.5. ZIHNR K(z] # K-vector space FEBWV &F 3. V; i ROFHK
MERBEMETS. ZOB, VI 1KITTHD, basisY; &L T {2'} 2&BIENTE
5. £, Z0EE1 =20 2RANTELTR>TWNS.

D; U % L 105 XNEHTS, L 013 z DRBSZRT. ZORCEHRT
5& D) & U(®}) Li%?’t’i’h exp(td) & exp(tx) &725. D(t) &L U®) & DH)UF) =
exp(tt")D(t)U(t') 272§ DT, D(t;) --- D(t,) & U(tn) - - - U(t1) i& generalized Schur
operators with {am = %} TH3.



E5I2, 0 (£ 2) & t BIHZOT, KARILL TV S,

D(t1) - Dlta) = exp(dt1) - exp(Otn) = exp(d(ts + -+ + ta)),
Ult) - Ult:) = exp(ata) - exp(ats) = exp(a(ty + - +t)).

COTEMBEBEHEICLD,

i+t tn) o
——
j=0 .(1’ ‘7)"7‘

exp(x(tl e 4 tn))z’b — Z (tl + J' + tn) mz+]
; !

exp((t1 + -+ + ta))z* =

Z+
) = ( .7)

33+J’,zi (tl’ vy (tl +...+ tn)J

1+_1 [

iz (tl, tn) =37(t1+.-.+tn)'7

NINS.

2.2 Weighted Complete Symmetric Polynomials

RIZ, EENHEFERDO—-BLITHETILZRAZERT 5. JOZHEXIBMKNTTE
#ZIN5.

Definition 2.6. {am} & K OJLDFIET 3. i-th weighted complete symmetric poly-
nomial hz{a"‘}(tl, cotn) 2

Rty . ta) = Yo B (oo tac)REZT (80),  (for m> 1)
hz{am}(tl) = ait} (for n=1)
KD EETS.

FE#HBELD i-th weighted complete symmetric polynomial h;“’"}(tl, sy ty) RERE
MBEHATHS. :

—fiz, BRI T, Lo (1) 13 BRI a(t) = D ait? KWELW I EREHENS S B,
7z,

a(tr) - alta) = Y by, )



ERHOTVW3S,

Example 2.7. €T®D a, M1 DL E, hfl’l""}(tl,...,tn) EE OTENHFEHR
hi(ti, ... tn) EBB. ZOBE T hi(t) =alt) =3, t' =15 TH 3.

Ezample 2.8. EEBE m IIHL T, a,, = % DEE, h,{%’}(tl, ciytn) = %(tl 4.4
ta)! THY A (8) = a(t) = exp(t) TH 3.

3 Main Results

Z DT, generalized Schur polynomials & weighted complete symmetric polyno-
mials DWW DONOWEZRT: B/ITERED & EITIE, weighted complete symmetric
polynomials A% generalized Schur polynomials ® 5 5 D&Y E L TEERT I &
MTESZ & (Proposition 3.2) /77, £/, EFHERTH D, —MRD generalized Schur
polynomials IZ%t 9" % Pieri’s formula (Theorem 3.5) ¥, W< DNHONJIL— 3 »
(Teorem 3.10) 5% %. & 51T, —MD generalized Schur polynomials IZ3%49 % Pieri’s

formula D% &L THS NS, B/NTE2F OB A O Pieri’s formula (Corollary 3.6) 25
Z5.

3.1 Pieri's Formula

¥T,U; & D(t1)---D(t,) ORBERZEETS. COXRBEBENSCERRTHS
—f#& D generalized Schur polynomials iZ%f9" % Pieri’s formula (Theorem 3.5) IX#H
N5, ki, VRB/ITERED & EI1ZIE weighted complete symmetric polynomials At

generalized Schur polynomials ®F1& U T&EF 3 Z & (Proposition 3.2) b Z O3 MBI
NHEMND.

Proposition 3.1. D(t1)---D(t,) & U(tn)---U(t1) % generalized Schur operators
with {am} £T5. ZOLEEBED i THLT

D(t))---D(t,)U; = Z hjﬁ;‘}(tl, .. ,tn)UjD(tl)f -+ D(t,)

=0

MERIALY %.

Proof. SEHDH#DHBRXB. Generlized Schur operators with {a,,} Dz TXER
D@)U(t) = a(tt)U(t')D(t)



M5, DOU; = 5o a;tiUi;D(t) BN Z B, LRI,
D(t1)---D(ta)Ui = ZHi,j(tla -5 ta)U;D(t1) - - - D(tn)

EURREE, Hyjtr, ... ta) B AT (b1, . 1) ERUHHERE WL TR BEMNNE,
INSMNE D Proposition ARENS. |

Z @ Proposition 1 5, &/NT @ 213 HEKFITIX, weighted complete symmetric poly-
nomials &R ® Proposition 3.2 O X 31T generalized Schur polynomials DEERES &
LTEIFAZ ENbn3.

Proposition 3.2. @ Z®&/NTEL, D(t1) - - D(t,) & U(ts) - U(ty) ¥t generalized

Schur operators with {an,} &35 &, HBED i > 0 TROFRMRILTWS:
sgiz,ﬁ(tl’ coytn) = h’;’(am}(tl, -+ tn)dguo,

tfil/, weK &doe KiZU2 = oD, Do = dp@ EWHETHOETS.

Proof. EADFEHDBBRRSB, D(t1) - D(tp,)U;@ 2BV 3 & OBRKELETZHET
Proposition 3.1 MERTENTE 5. O

Ezample 3.3. Young’s lattice Y D35, Proposition 3.2 1 745725 Young diagram
I SY % Schur polynomial si;) MTEEMHEHEN h; THD T LERL TS,

Ezample 3.4. K[z] DHIDRE, Proposition 3.2 1L exp(d(t1 + -~ +t,)) - & "@0) 20 D
FRgght Gt ttn) TH Bz LEHRLTNS.

—ROBE (BNTEFD LIRS BNWHEE) 2#& X 5. Proposition 3.1 XD, eV
EpeY izl T

(D(t1) - - D(ta) Ui, p) = <th_;=} ...,tn)UjD(tl)---D(tn)/\,u>

MEZAS. ZO%HRITLD Theorem 3.5 BIED.

Theorem 3.5 (Pieri’s formula). y € Yy, & X\ € V IZW# U T, generalized Schur
operators 1 '

s&A,,xtl,...,tn)—Zh{"m}@ ota) D (Ui, w)sR (b, s ta)

3=0 v(€Yk-;)



BWET.
BIE/NT 2 BBZOTHNE, ROREES.
Corollary 3.6. A € VIiZ LT, ROERMNRDILD;

sPas(try - sta) = K™ by, o t)uosR o (b, - - ta)

= S[DI.-Z,Q(tl’ e 7tn)u05£2(t1) ceertn)y
t’jfl/, ug € K =4 UQQ = yod BWErETbHDETS.

Ezample 3.7. Young’s lattice Y @4, Young diagram A € Y IZH LT, U;A i’ /X
A% i M 5723 horizontal strip £72% & 372 Young diagrams k DM TH 5. %> T
Dot i tn) =2 8xlty, ..., tn), REUATLORE £/ 5% i §i22 5725 horizontal
strip &£72% X 572 Young diagrams x 281<. —H T up = 1, hfa"‘}(tl,...,tn) =
hi(t1,...,t,) THDDT, Corollary 3.6 DEDIX hi(ty,. .., ta)sa(ts, ..., tn) &7 D,
Corollary 3.6 138 % @ Pieri’s formula 272 572, & 51 Theorem 3.5 1 skew
Schur polynomials iZ%$9"% Pieri’s formula T&% %: Bl'5, skew Young diagram A/p &
1€ NIZHU, RMVRILLTNWS;

Zsﬂ/y_(tl, ceytn) = ZZh,‘-j(tl, . ,tn)S)\/,,(tl, ceostn),

=0 v

T UEZOME k/\ B i D horizontal strip l:f&éﬁf& k 28 <; ALOFX p/v
A% j F O horizontal strip 12725872 v 281<.

3.2 Some Variations of Pieri's Formula

Z T°TI3, generalized Schur polynomials IZ%§9"% Pieri’s formula DWW < DN D/)NY
I—arER3.
R® Proposition I& Proposition 3.1 12 » 2MdERECKDRES.

Proposition 3.8. D(t1)-- - D(t,) & U(t,)---U(t1) % generalized Schur operators
with {a;} £T5%. TOEERMNERILTS:
DU(ta) - Ults) = Y hi®2}(t1, ..., ta)U(tn) -+ Utr) Dy,

3=0



UrD(t,)* - D*t)—Zh{“’"}(tl, t)D*(t) - - D* (1)U

U*(ty)---U*(t,) D} = Z R (b, . ) DIUP () - - U (tn).
Z @ proposition 5 5 Corollary 3.2, Theorem 3.5, Corollary 3.6 ®/NV) T—3 3 ¢
HWmh5. Corollary 3.2, Theorem 3.5, Corollary 3.6 &Rk DG ETIHATES.

Proposition 3.9. D(t;)---D(t,) & U(ts)---U(t1) 2 generalized Schur operators
with {a;} &L, @NB/NTTHBETS. ZOEE, RVRIALTS:

Draalt, o tn) = B (1, . ta)uBdo,
f.’.f:’:b, wekK Edoe KidUp2 = upD, Do = do@ EHriboETs.

Theorem 3.10 (variations of Pieri’s formula). f£EE® p e Yy, & A e VIiZHL
T, generalized Schur polynomials IR E W= ’

Z(D K, u)s (t1y--- tn) = thﬁ;"}(t Iyeves tn)s“D '\(tl, tn),

s€Y j—O
s%}A,,‘(tl,...,tn)—Zh{“m}@ veeatn) Y (Divy sy (- tn),
J=0 v(€Yk_;)
. K am 1U
D (Ui )sB2 (b, tn) = Zh{ Mt s t)she (b ta).
K€Y 7=0

Corollary 3.11. £&D A e VIZHL T, RMVKRIT 5

Binati s tn) = BE™ (b, ta)dosY s (b, - )
= S%Ez,z(tla <o atn)dos)U\:g (tl, ces ,tn),

72U, do € K W& D@ = do@ ZWlzTHDETS.

4 More Examples

Z OHEITIX, generalized Schur operators D# % %15,



4.1 Shifted Shapes

Fomin [4, Example 2.1] EEU#%#& X %. Y % shifted shapes 2N 5228 G &
T3, (e, Y & {G, )i <5 <M+ ilA=(a>ha> )\ € Zsg} ET3)
D, Z2AeYiTHLT,

D)\ = Z geco(Mv)y,

(727U cco(A/v) i main diagonal Z& X2 \/v OEKERX component D &L, Fiid
Av Wi M B725 horizontal strip ERB & DR v ZETHEHSHETB) &RBLII
EHTS. |

UiiddeYicHl T

U = Z 2cen/N) .
P

(722U cc(A\ ) W& A/pu DE#7T component O E L, FAE p/A 2 M523
horizontal strip &725 KD/ u Z2TE<HET D) ERDRICERT 5.

Z OB D(t) & U(t) 12

D)) = 2L v D)

BMELTWBDOT, D(t) - D(tn) & Ult,)---U(t)) 13 generalized Schur operators
with {1,2,2,2,...} TH 3. ZOHE, \, u € Y I U T, generalized Schur polynomials
sP, & syt BENEN Q) ults, . ta) & Pajulty,... ta) £735, RELZZTP- -
& Q-+ 13 shifted skew Schur polynomials &7

ZDBE, Corollary 3.2 i

2Qi(t,- - tn) i>0
AR te) = {Qi((if,%. ytn) ) i=0
Z&EP9 3. £/ Corollary 3.9 £
REVB2R b (b)) = Pry(tey - - -y t)
Nan5.
Corollary 3.6 13X %Z#77=7:

h§1’2’2’2""}Q,\(t1, ) = chc(x\u)Q#(tl, oo tn),

I



JePZURNE N/ p 0t & #7572 horizontal strip &35k 572 p 22 TH B ET3)

4.2 Young's Lattice: Dual Identities

KiT Fomin [4, Example 2.4] EFEUHIZZEZXS. Y & LT, Young's lattice 28 X 3.
U; \& Example 2.4 TEXT=WERUYET B, (ie., UL = Yo B U p i p/ ANt
D horizontal strip &72% X 3 178< )

DiZAeYHUT, DId=3, u, 72IZL pid X/p A% i FD vertical strip 723 &
SIEEL, LEETS.

ZOEE D) & Ul) i

D'hU(t) = (1 + ') U(t)D'(t))

ZWIZG DT, D'(t1) - D'(tn) & U(tyn)---U(t1) 1& generalized Schur operators with
{1,1,0,0,0,...} THB. TD&E A\ pu €Y I LT, generalized Schur polyno-
mials s, 1 sy (ty,. . te) KELW, ZELN & /R A& p0EBEERL,
Sx/w(t1, ..., tn) i shifted Schur polynomials &Y &7 5.

Z DR, Corollary 3.2 I IKRZEKRT S:

h§1,1,0,0,0,--.} (tla AR tn) = 3(1")(t17 ey tn) = ei(tla cee atn)’

22U ei(ty, ... tn) 13 i REFHHEEREERT.
Cororally 3.6 IZRXD X 3 12/25:

ZS,‘(tl, .. .,tn) = ei(tl, e ,tn)sA(tl, .. .,tn),
u

72720 p i N/ A% i FD vertical strip &725 X S5 128<.
Skew Young diagram \/u 2% U T, Theorem 3.10 {&XZ &K T 5:

an/p(tlﬂ n) = Z Zel—J (tla . )tn)s)\/u(tlv ey tn)’
K

j=0 v
722U kB k/X A% i FED vertical strip 725 XD, vid /v A j FD vertical strip
ERBEDITEL.

4.3 Planar Binary Trees

F % alphabet {1,2} THREND word EENERIRELETS. ES0DT—K2
0LBLFRTS. v, we FITHLTv<ovw &TBHETF X poset £725. Poset F O
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ideal T le,veETEwWe FRMLTwevRBweT ER>TWERE) % tree &
RZEWTS. Tree TOTLwe T % tree D node EFER. Y; % i D node M 5725
tree EROESETS. V 2 basis MY THBLI2 K-BEEHET 5.

TeY,ve FItHLT, T, ={weTjv<w} &7T5.

Definition 4.1. T % tree, m ZIEOBKETS. B p: T — {1,...,m}

e p(w) < p(v) for we T and v € Ty
o p(w) < () forw e T and v € Ty

Z#HI LU TWBRIT, ¢ & left-strictly-increasing labeling &FEA.
E35d

o p(w) <o) forweT and ve Ty
o p(w) < () for we T and v € Ty

Z7z U TWBRHT, right-strictly-increasing labeling &FEA.
IHIT,

e p(w) > () forw e T and v € Ty
e p(w) < ) forwe T and v € Tyo

27 LT BRFITIE binary-searching labeling EFER.

X7, increasing labeling ® trees DFE L TORTRES X 5.

TeYXHLT, nodewe TMNT, C {wl*ne N} 2L TWBRIZ, w2 T D
l-node R, %£72 T, C {w2"|n € N} THBHIZ, r-node £ D.

Increasing labeling ¢ ODFEN S, FBO n IZH LT, B8R o~ ({1,...,n}) L tree TH
%. Right-strictly-increasing labeling o WXt LT, o2 ({L,...,n+1)\ ¢ ({1,...,n})
DOE e ({1,...,n+1}) ® l-node TH 3. %/ left-strictly-increasing labeling ¢ IZ
HUTE, o7 1({1,...,n+ 1)\ e 1({1,...,n}) DT o~ ({1,...,n+ 1}) D r-nodes
Ths.

#€ > T, right-strictly-increasing labeling i& T¢t1 \ T* %% T%*1 @ l-nodes A 5725
m+ 1B trees M5RBF () =T°,T,...,T™) LE—-RWTDHIENTEZS. FAKIC,
left-strictly-increasing labelings id T*+! \ T¢ A% T%+! @ r-nodes M 5723 m + 1 @O
trees MBRRBFH (0 =T°,T,...,T™) ER—RTBIENTE3.

11



V tORBESR D & D %

DT = > T,

T’ ¢ T; T\ T’ consists of some l-nodes

D'T = > T
T' ¢ T; T\ T’ consists of some r-nodes
ERBEICERTS.
RIZ binary-searching trees iIZDWTH X 5.
Tree TMHLT, sr 2 {weTlw=vlw =>v2¢T. w2¢ T} &T5. £Esr 13
chain TH 5. sy Dideal s ITHL T, tree T O s %

T (s=10)
Tes {(T —max(s)) © (s \ {max(s)}) (s#0),

ELw2¢gTTHD weTITHLT
T—-w=(T\Ty) U{wv|lwlv € T,}
ETB.T—whd T AOBHRAR inclusion 7 MROLIICEHESINS.
_ wlv v =wveT,
V(’U') = {,U/ U/ ¢ Tw.
Z® inclusion # M5, inclusion v: TSs - T 7)*%75‘31%.

Tree T 5 {1,...,m} O Binary-searching labeling ¢ 1%, ZOEHN 5>, Y&
e ({m}) M sr D ideal THBZ EMNAMNB. Inclusion v: T 1({m}) > T & ¢
DEESNDIEB pov i, To g~ ({m}) 5 {1,...,m — 1} A binary-searching
labeling &72> T3,

> TIDHEIWTKD, binary-searching labelings ¢ &, m + 1 D trees O (§ =
0T ..., T™) THOTHIRHLT T =T o5 2WIT LS s D ideals At
FETH HLOZE—RTHIENTES.

VIOREE®R U %

UT = §: Tos
§; s @ ideal
ERBEOTRHTS.
D(t"), D'(t"), U(t) RROERZ M= T

1
1 -t

D)U(t) = U@®)D(t),

12



D'U@®) = (1+t"YUR)D'(t).

X2 TIN5 D operator M 5 R E N5 generalized Schur polynomials & Young's
lattice P & FBRD Pieri’s formula Z L TW5.

UL URMNS, ZOHE generalized Schur polynomials i, —RICHHFLERX T
W, Bz,

U*(t1)U* (t2){0, 1,12}

= U*(t1)({0, 1,12} + t2{0, 2} + t2{0})

= ({0,1,12} + {0, 2} + £3{0}) + t2({0, 2} + t2{0}) + t3({0} + t:0)
={0,1,12} + (t1 + 12){0,2} + (£3 + t1t2 + t3){0} + t:1£30

THHDT, ¥y 1 19y 9(t1, t2) = s00710(t1, 1) = 01t] LR DHBSBER TN,
TH5 {1,...,m} ~® labeling ¢ H LT, t¥ =[] crtpw) EEET S L, tree T
XFLUT,

7.0
sp (b1, .o tn) = > t%,
®; a binary-searching labeling
D
ST,ﬂ(tl’--'atn) = Z t?,
@; a right-strictly-increasing labeling
DI
sPo(tr, ... tn) = >, £
¢; a left-strictly-increasing labeling
ERoTW3S,
& R
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