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1 Introduction.

1.1 Notation. AWH THEAT 3 affine Lie algebra (T 3 BERLUTOE
hThs (BEL X [Kac] 22R).

g : affine Lie algebra over Q,
h C g : Cartan subalgebra, d € b : degree operator,

I : index set of simple root,

0 € I: the O-vertex (see [Kac, §4.8, Table Aff1 ~ Aff3]),
IV = {h; }je ; C b : simple coroots, I = {aq }je ; € b* : simple roots,

¢= 3 ierajh; € b : canonical central element,

0= icraja; € b* : mull root,

{Aj}je ; + fundamental weights (i.e., A;j(hx) = 6% for k € I, and A;(d) = 0)
P= @je 1 ZA; @ Zag's C b* : integral weight lattice,

)

r; € GL(h*) : simple reflection with respect to a;,
W = (r; | i € I) C GL(h*) : Weyl group of g,

Uqg(9) : quantum affine algebra g, with the degree operator g2,
Uq(9) : quantum affine algebra q(,) without the degree operator ¢@.



1.2 Littelmann’s path crystal. Path &3, ROHICRECERLER «
[0,1] - by :=R®qbh* T, 7(0) =022 7(1) € P 2T HDDI L TH 5. B
TTEICHK) DI, Lakshmibai-Seshadri path (LS path L B&) L#EN 3 path
#ETH%;shape A€ P D LS path &1, H 2 HACRILEGEHT, WA D
DIy, va,...,v, EEBEEDIg:0=00<01 <0< - <0,=10D
(v; @) TEE 3 path ThH 5 (FH#iZ §2.1 22MH). B()\) % shape A D LS path &
BORE LTS5, B(A) i3, root operators e;, fj, j € I, AT, BRIC crystal
DEEDHSA B T & HH G?’LT‘Q %. (root operator DERIT §2.2 ).

1.3 What is the crystal B(A\)? Affine Lie algebra @ integral weight i3,
canonical central element ¢ € § & @ pairing DEIT & > T, positive level D H D,
negative level Db D, # LT, level-zero Db DD 3 ERIaBEIND:

P=\{AGP|>\(c)>01uiAeP|A(c)=0}lujAeP|A(c)<0}J.

—— v
(1) positive level (2) level-zero (3) negative level

A 2% positive level (resp., level-zero, negative level) C&% % 7% &, W i3 dominant
integral weight (resp., level-zero dominant integral weight, antidominant iqtegral
weight) DHE—DEENTWB I LICEBL LY. TIT, A € P ¥ level-zero
dominant T&% 5 & i3,

AMc) =0,  A(hy) €Zy, forevery j € Ip:=1I)\{0}

THBLEITWY.

LS path DE&EP S, ERD w e W N L TB(w)) =B(\) £%5 I LHEH
353 (Remark 2.1.6 ). ETlR~AZ L LAbE S L, B()) P crystal &
LTOMERRET S L) RIEIZ, A e P 28

(1) dominant integral weight,

(2) level-zero dominant integral weight, % 7= i3,

(3) antidominant integral weight
DPEIEZNTRVZ L2359 5. 2D I b, (1) dominant (resp., (3) antidom-
inant) DJFAITDV>TiF, B(A) & highest (resp. lowest) weight A @ integrable

highest (resp. lowest) weight U,(g)-module @ crystal base &, crystal & LT, @
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Bt s 2 LIS T3 ([J, Corollary 6.4.27), [Kasl, Theorem 4.1]). £ 2T
RREIC % B D3,

Q. ) € P ?%level-zero dominant ? & ¥, shape A @ LS path & »
727 crystal B(A) i2ED & ) % crystal THAHI 0 ?

& T, level-zero fundamental weight w;, i € I, = I\ {0}, %
Wi :=A,'-'~a.,\;/Ao i

TERT S, B4, £7, 8O [NS1), [NS2] 28T, A =mw;, m € Ly, i € I,
DFEIZ, B(A) D crystal & L TOMEZAR, £t extremal weight U,(g)-
module ? crystal base L AR TH B I EZRL 7 (BF7 7 4 VRED extremal
weight module 122V T3 [Kas2] Z BRI N7z\). Z D8, B [NS4] icBWT,
A 23— D level-zero dominant DHFAIC B(X) D crystal structure ZRET 2
EITERIIL 7. R, B0 [NS4] 0@ TH 3.

2 Littelmann’s path crystal.

CDx 7 ¥ a vy Tid, Littelmann 1T & > THAI N7 path crystal i 2WTHET
5. B, [L1) P [L2] 2B ENw», 2B, IOk IvaryTid e P T 5.

2.1 Lakshmibai-Seshadri paths. Path i3, RIS CBML 5E& «
[0,1]] > b =R®qbh* T, n(0) =022 (1) e P 2T HbDDI L ThH5. =
DY Ty avytid, LTTHkY 2 L2k 3 Lakshmibai-Seshadri path 122\
THHET 3.

Definition 2.1.1. 7 = (1; ¢) % integral weight DFly : vy, vy, ..., v, L EEK
DIlg:0=0p<01<- <0, =1DHELET3. 7= (v;0) CUTORFHICH
CERLRES: (0,1 - by ZHEZ ¥ 3:

u—1

w(t) = Z(aur = Ow_1)Vy + (t — Oye1)Vy

u'=1

(2.1.1)
for oy—1 <t<o,, 1<u<s.
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Definition 2.1.2. p, v € WA KN LT, UTO&RHEEL AT WA OO u =
Vo, V1, ..., Vg = v & positive real root DF &1, &, ..., & BEET SR LE, u>v
EEBDD: 1=1,2,...,k IKHLT, y =rg(v-1) 2 uoa(§)) <0 DEILT 5.
T TT, positive real root & IZXF LT, e & € ICBET 3 reflection 2L, €Y 1& ¢
D dual oot 2RT. p>v TH B L ¥, dist(u,v) CLOFRKEZAZETHOI LR
ROLDODRE bk 2RT LTS,

Definition 2.1.3. 0 <o <1 Z2FEEE L, p,veWA p2v 55, (gv) I
#F % o-chain & i3, T (1) 7l (2) 2W7T WA DTDF p =15 > 14 >
> U=v DI ETHS:

(1) p=w=v (bbb, k=0),

2 k>1THD,1=1,2..., kI HLT, dist(si,u) = 1, 2, n_a(e)) €
0" %o BBRILTB. TITT, & 1y = 1 (v-1) 2T HE—DD positive real
root TH 5 (-1 >y, BL U, dist(y-1, 1) = 1 ITHEXR).

BT, mn=(v;0) 2, ATOEHE (LS) 2% d, WA DDy : vy, ve, ..., s
EEBEDIg:0=0y<01< <0, =1 DHEL X

(LS) T RTDu=1,2,...,5=1120T (U, 41) KNT 3 0y-
chain SFET 5.

Lemma 2.1.4 ([L2, Lemma 4.52))). & (LS) 27§ 7 = (1;g) WL T
(2.11) CEEIROWICHRE CERLER 7. [0,1] > by EEZX B L, n(0) =0
PO r(l)eP 5. Tigbb, n ik path &% 5.

Definition 2.1.5. & (LS) 27 ¥~ = (v; ) KL T(2.1.1) TEES
path 7 : [0,1] — b} %, shape A ® Lakshmibai-Seshadri path (LS path & #&
§) LPEE. B()\) T shape A D LS path 2B DEEZRT.

Remark 2.1.6. LS path DEB»SHUTDOZ LBEB DS HEEBD A e P
L weW ERLT, B() = B(w)\) RT3
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2.2 Root operators. meB(\) & jel IKX¥L T,

H}(t) == (n(t))(h;) for te[0,1], m]:=min{H](t)|te[0,1]},

&8,

Remark 2.2.1 ([L2, Lemma 4.5d)]). Bi%t HT(t) DBAMEIZ TR TEETSH 3.
LeoT, m] 2 0 UATOBETHY, HF (1) —m] i3 0 M EOEEKTH 3.

ST, EDRERZEE X T, (raising) root operator e;, j € I, DEBZBZ BN &
7. ET, mI=0DLER, em:=0 LEDS. TIT, 03B\ K&ETARWL
symbol TH 5. m] < -1 DHAI,

(t) if 0<t<ty,
(e5m)(8) = § m(to) +r5(m(t) — w(to)) if to <t <ty,
m(t) + o ift, <t<1,

LEDS. L,
t; :=min{t € [0, 1] | HF (t) = m7},
to := max{t € [0,4:] | HF () = m] +1}
(Remark 2.2.1 & b, HF(t) i [to,t1] TIRBEFABS LT3 Z L35 3).

RIZ, (lowering) root operator f;, j € I, 7#%, HF(1) - m] = 1 DHA,
fim=0 &Ed, HF (1) - m] > 1 DHFEI,

7(t) if 0 <t<ty,
(f5m)(E) = { m(to) +r5(m(t) — m(to)) - if to <t <y,
m(t) — oy if t, <t<1,

LEDS. HL,
to := max{t € [0,1] | HF(t) = m]},
ty:=min{t € [to,1] | H} (t) =m] + 1}

(Remark 2.2.1 & D, HI(£) W& [to, 1] CHRBHFMML T2 5 2 L5355 3).



Theorem 2.2.2 ([L2, §2, §4]). EED 7 € B(A\) & j € [ iTNRHL T ejm, fym €
BO)U{0} %%, S5,

wt(m) == m(1) for m € B(\),
gj(m) == max{n > 0| efr#0} for 7 € B()\) and j €1,
pj(m) :==max{n > 0| ffr #0} for 7 € B(\) and j €I,

EED B L, B()) & (P % weight lattice £ 3 3) crystal &% 3.

3 [NS4] DE#ER.

3.1 B(\) @ connected component ICDWT. ¥ 7, level-zero dominant %
A€ PITXHL T, B(A) O crystal graph < connected component 23ED K 52 d
5%, ¥£7:, #® connected component FEMED & J REARICH B0 2BRS.
29, UToZ LiciERT 3.

Remark 3.1.1 ([NS4, §3.1]). Level-zero dominant integral weight A ¥, A =
Dvicr,Miwi +nd (m; € Zyo fori € Iy and n € Z) LWL T EMHRS. T
TN = e, E8BC. ZOLE LS paﬁh DEHE L root operators DEZED
5, B(XN) & B(X) i3, crystal & LT, IZIEEBRTH B Z L2353D 5. (crystal graph
ZFELICAE. BV I3 weight 23—FIZ nd-shift STV SE7I1T.) LdtoT, BA
DEBRD7DITIE, n=0 DBEEELNTTITH 3.

LAF, level-zero dominant integral weight A = 3, ,miwi Z fix §5.
Supps,(A) = {i € Ip | m; > 2}

Turn(}) := U {g/mi|1<qg<mi—1}

i€Supp>y(A)

EB. s:=#Tun(\)+1 & L,
Turn(A\)U{0,1} = {0 =t < <7 <+ < Tyu1 < T :=1}

EXFRTEBL. 6, 1<u<s—11220T, 7, DEMNDEBETRE 7, = ¢u/Du
» &L, Io()\,pu) = {Z el | m; EpuZ} EBX.
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Theorem 3.1.2 ([NS4, Theorem 3.1.1]). (1) B()) ® crystal graph D% connected
component (ZMT D% L 7z pair TEE % LS path 2 5T HE—D &L
(>‘ - N16> ey A— Ns—167 A y T0s Tiy « vy Ta—1, Ts))
. (3.1.1)
with Ny, — Ny € Z m;d;Zyy for 1<u<Ls—1
J'EIO(A,Pu)

::'C, N, I=Ov@bb,dj,j€10 &i, {neZ]wj+n6€ij}=Zd,- ?%i%
ENBRTHS.

(2) #iZ (3.1.1) DD pair i3 shape A D LS path ZEH 3.

& T, LS path DEED 5, straight line my(t) = tA, t € [0,1], 4% shape A D
LS path TH 5 T & P339 %. Bo()\) % straight line m), 22 B()\) D connected
component &3 3.

(a) %7, root operators DEBEP S, By(\) & (3.1.1) DD LS path &L
connected compoenent (&, crystal & LC, iZISABTH S Z L 9D 5. (crystal
graph (352 2ICEEL. B\ 3 weight 23—FIZ § DD shift INTW BT
L 7% T, Theorem 3.1.2(1) & b, B(A) D crystal graph i, Bo(\) ? crystal
graph DA —NEWo> T3 T L4195,

(b) ¥ 51T, Theorem 3.1.2 &V, BN 6D =3I T DFEM % TIHEARED
5 (N1, Ny, ..., Ny_y) 26T parametrize N2 Z L0330 5
Nu"'Nu-i-le Z mjd_,-ZZO (1_<_u$s—1;N,:=0)
j€lo(Xpu)

ED (a), (b) 225, Bo(A) DEEF T NUT, B(\) 2BORF LB 0nH Z
Litiz 5,

3.2 Bo(A) @ crystal strucure ICDWT. ZOY 77 a T, connected
component Byo(A) D crystal & L TOWEICOWTHERS., 2D, 7, 5
SDMEME [NS3] DEFRICOVTHEHERT 3.

cl : hg — bp/RJI % canonical projection & 5. path m : [0,1] — b i
MLT, c(r) : [0,1] — by/RE % (cl(n))(t) := cd(n(t)), t € [0,1], TEEL,

136



B(MN)a = {cl(n) | m € B(A)} &€&, #X [NS3] KB 2 ERRIGLUTOEET
5.

Theorem 3.2.1. (1) B(\)gq IKBLT® (3.2.1) i&>T (Py = cl(P) % weight
lattice &3 %) crystal structure 2 E&ET % Z & HHIEK 5:
ejcl(m) = cl(ejm), f;el(m) = cl(fym),
gj(cl(m)) = g;(m), p;(cl(n)) = @;(m), formeB(A)andjel. (3.2.1)
wt(cl(m)) = cl(wt(m)),
HL,cl(0)=0 LED 3.
(2) A= Y, miwi % level-zero dbminant integral weight £ 5. TDEL¥E,
B(A)a 12, Uy(g)-module @,c; W(w:)®™ D crystal base EABTHS. 2T,
W (w;) ¥ [Kas2] ic &> THA & 17z level-zero fundamental Uj(g)-module TH 5.

RIT, B(A)q @ affinization U T D & I IZEET 3. 7, B(A)a := B(A)a X
(a5'Z) LB (Thbb, B\ & a5'Z DERES). IT, 0 &

1 if g is not of type AD,
ap= (0 KBTS oy DRE) = 2 *
2 if g is of type A;e) .

BT, B(Na O (n,n) 2 n@ 2" B EizT 3. B(\)g iK% Kashiwara
operators e;, fj, j € I %,

ei(n®2") = (en) ® 259%  fi(n@2") = (fym) ® 2%

TEETS. 51T, wt: BN — P % wt(n ® 27) = aff(n(1)) + nd TERT 3.
TIT, aff 1 §*/Q0 — b* i3, aff(cl(qy)) = 04, j € I, B, aff(Pa) C P Z2HiT:
Fcl:bh* - h*/QF D section THB. BRI €, pj : B(N)a — Zxo %

ei(n®2") ==¢;(n)  pi(n®2") = p;(n)
TEDS. DL &, [NS4, Proposition 4.1.2 and Theorem 4.2.2] & b,

Theorem 3.2.2. A =), m;w; % level-zero dominant integral weight &3 5.
DL E, B(\)a i3 (P % weight lattice &9 3) crystal I2% 5. E6iT, BITD
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crystal isomorphism 23EHET 3

e

0 :B(\)gy > |__| Bo(\ + M)
Meag'Z
0<M<dy

T, dy€Zs 4 {m,-d,-}ielo @ﬁj{ﬁﬁ&?% 5.

L 72%%> T, connected component By()) I, affinization m @ subcrystal &
CWHTriekd. 2hTR, O~ 1(Bo(N) BT B350 ? REBR BN,
UToxEE27 3. |

Remark 3.2.3. (1) fEB®D 1 € B(A\)g iNL Tl () NBo(\) # 0 TH 3 (see
[NS4, Lemma 4.2.3)).

(2) meB(A) DEE, m(1) RATDHZ LT3 (see [NS4, Lemma 2.6.4]):
m(1) =A—a+n's, witha € e;'Q, and n’ € a7'Z.
22, Q, = et Z20 .
Theorem 3.2.4 ([NS4, Corollary 4.2.7)).
07! (Bo(Y) = {n® 2" € B(\a | &# ()}
(C) m e ™ (n) ﬂiBo()\) L, 7(l)=A-a+nd tT3 (ac a516(,>2+, n' € ag'Z;

Remark 3.2.3 2). TDL & n' —ned,Z

3.3 F&H. (1) B()) D crystal graph iX, Bo(A) ? crystal graph D2 ¥ —%5
BoTRYD, 206D a - 3T DR M7 TIHEBEDT (N, N, ..., N,_;)
28T parametrize ¥93 (Theorem 3.1.2):
Ny— Ny € Z miZyz (1<u<s—1;N,:=0).
J€Io(Apu)

(2) IE—DFETH B Bo(N) K, £ (C) HWFFTLHED%T B = B(\)a x
(ag'Z) D subcrystal IKFBTH 3 (Theorem 3.24). = T, B(A)a 1%, level-
zero fundamental Uy(g)-module D7 ¥V VIR®D crystal base IcAET%H 3 (The-
orem 3.2.1).



34 BOoTWEME. X\ = mw; DL E, B()\) i extremal weight module ?
crystal base L RBITH 5 Z £33, 3 [NS1], [NS2] icBWT, RENTWV» 3. &
A5, A Bmw; DI TR E ZFiZ, B()) & extremal weight module @ crystal
base & RBITIFRL TRSAR ([NS4, Appendix]). A H3—BD & FiT, B(A) i
FIE7% crystal base 28§D Uy(g)-module BEET E0E I »IRGDE 530
TWVLRW,

BEIC. SH, CONARKLTHIRTIREEZEXTT I o K/IIBT R4 I
HMOLLET. HHBEHITIE L.
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