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Schur @ Q-B8%(® factorial analogue
EREZEIREAQAY !

MHE & — RUBERRE - B
Takeshi Tkeda, Okayama University of Science

1 B —oshot>H—

Schur B8, REROMAZTI TR BAZOFERICHEEHT. 20flE LT, =
T Tl “Schubert calculus” IZOWTEZX &9, BROBETE L, EERBBD LI
Grassmann #EEE0 3 F 2 —BIC BV THEEICRGHLZHE2T22LTH 3,
bo bt EAEarenY —DEE® LT Schubert HOMEHETL2FRTH S,
Grassmann ZREDOFE, FEOERNLER L L T Giambelli DAR & Pieri DJL—
WDETD3H 5, Giambelli DARIZ Schubert 2 RRTAH L =ARTH Y, Pieri
JV—)VlZ Schubert ¥ 9 L OWEIBMNICHE T 2 5252 5. Schubert %13 Schur
BI% D L&) TH->T, Giambelli DARDKEEFIE Jacobi-Trudi DAREDH D, Pieri
DNV —)Vit Littlewood-Richardson DNV — VORI LBETH B, 2ot 2 L% IFH
T3, BERED2FE0Y —%2BRT 3 Schubert ZIEADERICHL LIF T,
Grassmann ZRREOHFICHET 5 HFENT o2 LT3,

RN, TZTF =285

Schur B DOH T 28Iz Q-BIBIRBE - L 5 3,

Q-BI%Z Schur 2N HHOHERAOBNBREL2ER T 2 0HLEERE LTRRALED
DTHD, 12 5IIR% Schur B D7, Hhhk S-BBICEERS L, PRMbkLE
ETHII Lizvwidiy, ARROMATIZ S-BI%M KP BB ~-Blick->Tw
501N L, Q-B%: BKP BB r-Bifick-oTw3, RidhMitktidd 22, EE
LTROVITBRWEERL L WIRFLICR 5, AREIZ TQ-Bfuc—F, L) BHEHED
EThH5, .

3T, HHEHOED Q-BBlE, $TIT Pragacz [P] X W FEE XN T3, Lagrangian
Grassmann ZRED IR —%#E X 3 L Schur HEBR-TOLL{AURHES
Schur @ Q-BEH R 7.

—7%, BRI i, TKRAICE ST, Giambelli DARDOEZEIREQY—IRIE
L 7:, Lakshmibai, Raghavan, Sankaran [LRS] 238 \>7: R i3 Schur B D % 3 TR
TH3RFRESEHEAME N, Kz Knutson, Tao [KT] 2 EBD3IAX D bLICAL

1z DFMIZRERY VRT Y L (2005.11 BRAREIITE) KBV THF-HMBE 575087y - 75
ARV HREOAE2FERS—L QB OFHLEL(RA—TT. KERFHAERICBVLTIIEAED
EROLBARICOVTOIBEL LI L, 2ORRIZIOEMCIZATNTOERA, BMIZRLAR
DRI A L DHERL (BEMF) K TRBLEVERVET,




ARZL2L N ARFETEO TS DRSS, Lakshmibai 725132 D 2 LICKRB»T0R
Wk,

%9723 & Schur @ Q-FIROEHEIEHNS & I RHAH 51337, ZOFRITIE
LS, HBHNS-Z N EEZBRIPo7, 29 LTHRRL KL EB-REHR Q-8
Ivanov [Iv] 239 TICR2IFTE D “factorial Q-function” EFEEFN T3 I &3 I
HEAL 72, Ivanov BT DHFERZEZ LRI EIAERNRICH 5. BALHLRED
5 ZDEHAVHTENDORSEDFHEREZ 6 R UHTTH 3,

2 Lagrangian Grassmann SRtk

BB REET 5 HN%2FHL T, Lagrangian Grassmann FREICOVTRERI LR X
EDHTEL,

2.1 EXRFE

V 28R EE C L oan RILORI P VERMLET S, HEEER e,...,6n.65,...,67 &
L, VEOyrIv o574y 7R %

(ei;ef) = '—(67, ei) = (sija (ei,ej) = (377 8{) =0

LEDD, BEORTEA {1,...,n,7,...,T} KBWT, #¥07,...,.1 20K n+
L,n+2,...,2n LRABEZL B LEHNLZOTEEZI TS, 2%, BEZWCTn+i=
n—i1+1 EWHRA—EETE, FELHI LOKDIERD, ZOR—HOD L THRICE
25, D¥Ehl<-i-<n<ii<--- <1 LW BREEFEZ ANTELC,

V OBIR7 PR W HBEAR (isotropic) TH 5 L i, EBDuve W IZHL T
(u,0) =0 THBILTH3. R n RLOFHWHS Y F VEMIE Lagrangian F2
M LN S, Lagrangian O RMLBDEEE LG, TEDT. LG, BHERRLH
EESRMBOBERZRDL, 2ORTIE n(n+1)/2 TH 5.

2.2 FEHZMELT

G=Sp(V) & V O Y FU 2T 4y IHRARBOTHEREEROLTHET S, G
BE»S LG, wHRIIEAT 3. HAREBNZOT LG, 2FEBRLARTI LY
TED, NATHLORZHIB T i3 n RTOKEWEF—F R (C) LtABTH 3.
B={g€G|gxE=ATTH} 13 T 2&¥ Borel MOHELT. LG, DERLLT
Ly = Z?=1C6i E8BL, P= {g G l g(Lo) C LQ} BT LG, = G/P &‘l):)ﬁ—"ﬁ
2175,
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23 M;—SREADOEER

S BURFEE{1,...,n,7,..., 1} ONHREEHOHTEDET S, Sy, OBAREW =
{w € S | w(i) = w(@) (1 <z<n)} BR7 (G, T) D Weyl BLEFA—BTES, ZZi
TEREN—) BEFRELONEL LTHRLTVE, W O w id {1,2,...,n} DFF
&% (w(l),...,wn) KEO>TRESZDS, UTTRULIFLIZ w = (w(l),...,w(n)) r
BETD. WOBIHEW, 2 Wp={weW|1<wl@)<n 1<i<n)}s, &
(. W OEIEL

WP={weW|wl) < <wn)}

SEIRES W/We ORERBERIE TS, WP ORORMKIE 2 Th3,
weWPIZHLT i
2 Ceu

i=1
i3 V O Lagrangian AW TH 5. LG, DRELTe(w) BT, 2D e(w) i3 T-E
ERIZBRSTED, w b LT WP OLEESED L e(w) M T-EERERL T,

2.4 Schubert &

e(w) ® B-#il% X(w)° &5, X(w)° & £(w) RIEDT 7 4 VM AW r AFc
1 Schubert BIALIING, T IIC L(w) X w D Weyl BOTLE LTOBI2ET
% Schubert BEIZIZ7 72V L2 T-BEEA L LT e(w) BEENTVLE I LICERLT
8. X(w)° D Zariski FE%E X(w) & U Schubert S8k & B3, X (w) 13 X (w)°
&, 0L D BRITDOE { 29D Schubert filfk7: L DFEAIZ B> T3,

X (w) BHERBHCHBEFTE L TES, 20kDIV, =T Ce; (1 << 2n)
E8L. BTV, = Lo 13 Lagrangian Y EETH 5. we WP kTZv ZDLE

X(w)={L € LG, | dime(LN Vi) 24 (1<i<n)}
A/ RYASN

3 Schubert ZREDIEFERN

BRRIZAZE Schubert $% T-EER~LHIR (BAHL) L7BOBRRAREDRY,
T, REROERE L OBMMELZEHL TE 0tb I PT L LERY,



3.1 RNFEEE WP ofiAEhEmNeE (EE1)

WP OBz n=5 %51 w=(1,3,452 DLHIZ, XFL2,...,n DV
2 (B DTHE) KN—EDIFTRADIEICHEREZ 2 bDRDT, Ki(1<i<n)
BEAR=DBH2R0hEV) T ERBETIUIRES, 22 Twe WP ITHLT

&2{1 (i € {w(1),...,w(n)})

(1<i<n)

0 (¢¢{w(1),...,w(n)})

LEDB, TIHILTOLE 1DF§=(6,...,0,) ITES, EOHTIX §=(1,0,1,1,0)
ERD, oI bppi=1-0p1-i (1<i<n) EBL, BRAKIIVHIFIZY Y FE
BAOERERTIX Maya I LR, EoFITIZ (1,0,1,1,0[1,0,0,1,0) &v>5 5T
&5, TRAM, Tizgh b5tz Ans., 3T, 2hds

di= E»5 i BEDOLHIERLHS 1 DEK

EBL, BT (4L, = (5,4,4,3,1) L3, Th® Young KL A L72b D2 D(w)
LBZLIRT S, 29 LTTE D(w) i3—Adn DEAHOFICEENS, Ldb, N
ARICBIL TR bDICR S, Rz d, & we WP OBREEEEITIE 4 =n+i—w()
E%%, 8T Maya B X 2EERDLBLROTI DX ) ZIEFTHAL %,

Young B D(w) ® "XHABRZE&DTEEZART) 2 A(w) £ T3, Aw) B3
“shifted diagram” T® 5, EOHITIX Mw) = (5,3,2) &% 5,

| |

D(w) Y

3.2 Bruhat-Chevalley JEF & Chevalley DEERE (EE2)

T-EE R e(v) #% Schubert FRRE X (w) ILEENB7DDORMEIF A = Mw), p = p(v)
L% 3% L ¥ shifted diagrams E LT ACpu ERBZETHS, B2 A=9¢ (BORW)
IZIZBAR D Schubert £1RME LG, £BBMIEL, p = (n,...,2,1) (BkUOE )
ICi3ME—D B-EERTHS Lo=Y ;. ,Ce; MIET 5., BT X(\) = X(w), e(u) = e(v)
EWIHEBOBAZITY. THHELL N O2VEIMAT uWTES) )T
LiE X(w)Cc X(\) THoT, g_o)f@&):l\.«?f@%ﬁmb*l THE:DDBBTIFRHETH
5, DR u—o )\ LLEEHODT,

BIEME A = Aw),p = p) €T3, BT, " —rROFELMES. Bourbaki DR
HRLRSEMIZLICEIERGH S, T pu—- A EIRRTR v=wsg VI
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V=1 BBEETEIENODD, s i3 B ICNIET B reflection THB, DL X
Chevalley OE#HE

c(w,v) = 2(wmﬁ)/(ﬂ’ﬁ)
EEBRTD. w, =", 5 ik n BH) OBRL— L THB, AR (1<i<n)
ERERTSE)ICADTRS, BELTIE2 dLEe+e (i#75) F4TDHDL
PERNT, c(w,v) ZENFNR1DLIZ2 43,

3.3 EHE

Schubert ZREVBVOIEFRTH 2D L VI T LIZDVTRE L DHEZEDRBRND
%, E5ITFL { Schubert #RE X (w) KEEND T-EEN e(v) DEMERZRD S &
V) MR EARRTH 3, Schubert FIRE X(w) LDK e(v) DEEER m,(w) L)
BB TRLITZLIZT 3B,

R % Lakshmibai, Weyman [LW] DR TH 3.

Wil 1 EHE m,(v) (w € WP) BRROBIFRRE AT :
deg(w, v) - my(w) = Z c(w, w') my(w').

whiw' —w
SR w,v BENEN (G)L), (0)5, WKHIBT S & Z deg(w,v) = Y0, |oi — 6| TH 3,

COMRZRAVT [LW] TR X(w) BHERETH 2D DLBE+IE#EEI TV,
weW?P &L D(w) % 318 CHAL 7:04H7% Young B L §5. D(w) i3—ddn ®
EAFCEEND, ZOBKRTOMESEZ D(w)° LB(<.

R 1 X(w) BFHEBRTH 2 OOBETHREE Dw)® BESHTHEZ LTS,

4 RBAZEIREQI-—

AEaFEn S —OHRMEL LT [GS] 2##if 53, de Rham BEHROIEL SER
BB DD, RERCEETIHNLS VR Br] bwAABEBIckS, RAEakE
Y —DEEPELNZHERIZOVTRINS OXXMPZ D5 AXEZEHEL TwukE
i,

T DERZROZRE LG, itk T-AEareny -3 Hi(LG,) HERIND,
HA(LG,) REHRAR S = Zey,...,e,] LOMBOMEL G,



4.1 [AZ Schubert & BEEAANDEIR

Schubert %1k i3 T-AEGWIERE R DT T-AEEAENEE 5. thz@HEOE
FHELARDET (X (w)] TROTZ LIcT %, ThEFEZE Schubert LS, Hi(LG,)
X S LOBHEMBETH> T [X(w)] (we WP) BEELZZT I ENMoNTVR3,

T-EIERH 7% T8E LGT % LG, [CHHRAUER i LGE — LG, 55| ERLER

Hi(LG,) — H3(LGL) = @ Hi({ew)}) = P S
veWP veWP
PHBBIND, ZOBMBUIBETH I I ENMONTVRS, LidioT, £ e(v) DE
DRABER i, : e(v) — LG, DO HUINBER it : H(LG,) — Hi({e(v)}) =
BELTRONZSHERADEE Y i([X(w)])) (ve WP) ZRETIUL, FZE Schubert
(X (w)] 2RAKERTELIEITR S, BT 2((X(w)]) € Ha({e@)}) Z2HFERALLT
EARICHRET S LW Z LR EEICT 3,

4.2 T-RZEEEE

BEHE m,(v) L) FERBEEEBELLSERLZ LI IEZOb LI, X-1LTFE
RRAVT my(w) = ([X(w)]) LB EIRTS, ZZTCRT-AEEEE LS, UTOD
BHEZTBLZIRUL RS, FZIE [MS] I2BWT “multidegree” EIFIFN TS
DEAMLH DTH 3, T-AEEHEECOWLWTEENLRZ LB WTHSXEE LT [Ros]
%%, [Ros) T Joseph iC & 5 REWLER L AERTIC L BTN EES—KT
5 EMNRENTWS, [CG] D 6.6 fiTIXAE Hilbert FHA LT TS, ZO&
VI, EMCERNLTERDIZTO T-AEEHENSY, WAILLRXIRTHERATYS
WA RARMTIRENTERER2H Y, B THoIBENTETORVRUNT S,
EHITEE L WIRPEEIC DV TiE [MS), Chap. 8, note I tHTH 3D THENTH 5.

5 UT oi=—¢ 8L, ) TI3EHRZ—BOEMEICSH 3.

W1 e(v) 2 TEERLTS. v KHET 3 Maye K% (o), T 3. SEAOHE
D my(w)(we WP) IZROBRRE H7-F

deg(w,v) - m,(w) = Z c(w, w’) m,(w'),
T w bt (&), ki‘ﬂﬁ'?’% & & deg(w,v) =231 (pi — b))z LBV,
BEHESA - THRAOBEMN 2RI ORICEET 3, Chevalley i & % Pieri BI%E

BORZER (D Grassmann fR) V223, SEHICOWTR [ 28REI ke, KL
ZITR, HHMEE LD LRI ETEMOTB,
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5 Factorial ¢)-functions

r = (Il?l,...,iL'n) %%&t L, %%}{5}—7 & LVC'?‘"i D$ﬁﬁ® a = (ai)‘i22 %m
BY5. Fla=0E8L, —RIEERZRTEDS !

k

(zla)* = [[(= - a).

=1
ERBEDORBRIII N = (A > -+ > X > 0) 2L 3, Ivanov [IvV] I£& 3 & factorial
Q-function DV LDDRRNIIRTEZ SN S ¢

%1 A(.’L‘) % nxn 175 ((l’, - xj)/(x,- + xj))lgi,js'n &L B,\(xla) % nxk 1151 ((:z:,-!a)’\kﬁﬂ“l)
E95. 360
A B
Ax(alo) = [ v ]
EBLE (ntk) x (n+k) ORREFFITHD. 22T

Pf(Ax(z1,...,2nla)) if n+k is even;
Pf)‘(mla) =
Pf (Ax(zy1,...,24,0|a)) if n+k is odd.
B, PERAYIZIA7VERDLTVRS, Z5LT
_ x Pr(z]a)
Qx(zl|a) =2 _Dn(x)

EBL, T Du(z) = H15i<j_<_n (@i — 25)/(zi + z5). THB.

X EHARIA—F a ¥UIZL B L Schur ® Q-BBUICc—FT 2, DioDiy T4
TYTELTILLTES, MAGDERURBRTELEED, #LR V] 2880
Z &,

6 FHER
BRI RA—FERD & IR :
a1=0, a;=2Tp_is2 (2S’i$7’l+1).

BE1wveW?P L35, witHET 3 shifted diagram 2 A &L, v KHET 3 Maya
B2 6 = (61,...,6,) LT3, ZTDLE

my(w) = Qa(0121, . .., 0,7s|a),
235 AIRVASR

AR Qa(zla) KX 3 Pieri AR (Ivanov it & 3) L | DBIRR 2 KT 2 =
tiT& s,



7 {Tjﬁ — Grobner Bitic k2 T-REEEEDHE—

FUTFEED7A F72E) L, b= REERNOHIRESR L BAWICHETS C
LT ES, [LRS| oL 7o T2 R4 3.

BE2 REBEEF—F X T = (C)™ 8 d RILOIERMLAFHEORESRE X REH
WEALTWw3ET 3, T-EERRERETHE LTS, ZOLE REERILIC, %
N2EL T-AELEEE U ThoT, TOHAERHREMEABICR>TWE LI R
DVFEET 5.

Z D#ERIZ Bialynicki-Birula 12 & 3, HZIT [CG] D 2.4 #iicid Morse B DIMED 5
DEBDD 5,

Y % X O T-AERBSERETHNRDDOLTS, Y ILEEND, 5 T-HERZ
y T3, BEICI) T ORRBM AL ¢ OBBESE U tehs, URT74 V&
A LRET y BEA 0 HIET 3, U DBE X,,..., X; TH>T, TOHEANT
DEERZ I TH2E5 b0 LB ENTES, y 3L EERR O THER
BEAD T OERIRERETERL I LICERTS. 774 vSREYNU LTHZL3%
HABEM LT R:=C[X1,...,Xa) DAF7NVE T LT3,

DT, V7 FRECET 2 RANRAEEZAVS, SV TREORSHEBIRISHD S
b, Miler & Sturmfles I & % #RHE MS] i, W& Z I TRO &> T HHEK
SLTIRBETH 2 LEBDbNS, 2T, LEABMR CEEFZVLBATJ 2Z20H
JEREICET 3 I D=L - AFFPILETS, JRBEERAIFPILTHEI D5, B
HRA F7 Ao R 2 HEA FPNDRE2RED. p(i=1,...,p) 2 J ORNKRETFLT
L, 2hoidp = (XI5, ,X3%) (2L ap Z0bLLIEL EwIHIBTHEIL
Wbdb, 4 % R,/JR, DRELT 3,

Xi [LRS] ® Theorem 3 & L TRRINI-METH 3,

R 2 BORHER i: [y} o X k3, AEERE Y] 05 FRLIAR

4 d
() =Y & T

=1 j=1

TEIZONDE, T xR X, DY XA FTHB,

SRS (LG, DEEICEAL T) RMELD LD ¢
mw(w) = H (xw(i) - xm)
(i.5)ex

T AR we WP IicHHE T B shifted diagram TH B, TOBAIET 7 4 YERIC K
2800 i E% 3 BREFEORD D ik 3 O CMHBEICHANTE 3,
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Bl w=(1,3,5,4,2). £T5E A=(53). DL E

my(w) = 221 (xy + x3) (21 — 25) (21 — T4) (21 — T2) X 2z3(73 — T5) (23 — T4).

1 3 5 4 2

1 | 221 [rr+zap a5 -z4frs -T2
3 2x3 @3-T5iT3-Tq

)

-

4

2

£ Lakshmibai &3, FHD Grassmann FREDHEI, ZORER T m,(v) &

T 2EAEDERNLRA (attice path T DR L L) 252, 2 HECHFIIR
WCEM LT, FAZRD L) REEZET CHE 1 DBIRRZHA L 7= D738, Lakshmibai
SOHEREAT S LEASHOERNICIZAKECHENHTEZITH 3,

BTOXEY A Mici, SRENLL0P, BET2EErAIBIcRIcTIL 2S5,
ERNRD D2 D TR, REOHEEICEZEEFERS > TEELMKITITV2 D
DHHBDT, FNHICDWTIE [[| DEIAIRE BT %1375 LB,
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