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Abstract

C DEHEDHTIE Mills, Robbins, Rumsey 12 & % 1986 fED L “Self-
complementary totally symmetric plane partitions” J. Combin. Theory Ser.
A 42, 277-292) DI H 5 totally symmetric self-complementary plane par-
titions (TSSCPP) B ¥ 2 FREZER T3, R4 1Z. ThsDFRICOVT,
Pfaffain - 75N & 2 RBL L constant term identity I &k 3 RHEE5 X 3,
CDRBEOF TR, BREBRBICLED, BLOLIEHIZAFRL “On refined
enumerations of totally symmetric self-complementary plane partitions I, II”

(11, 12)) #BELTEE 72\,

1 FEIE 2RSS

[25] D#X DT Mills, Robbins, Rumsey 1 totally symmetric self-complementary
plane partitions & alternating sign matrix I2B§ 32 7 oD FHRERBEL, D)
L DEEIZEET 5 FH (25, Conjecture 1)) i G.E. Andrews ([2]) I & - TRKHIC
MRS i, (see also [31]). 7 [34] DHFTD. Zeilberger &, TOFHIET 3
constant term identity 287z, ¥7:, 9 120 Alternating sign matrix (2B 3
FROUBRL:, CORXDENIZ, BY OFRICET 3 Pfaffian ¥ 72751
X BRE L Zeilberger D constant term identity I & 2HEBEZRBRBZ L TH 3B,

%913, plane partition DEED SIHD & 9, partition ZDEHE LI 1 Mac-
donald DA [23] IZHE 9., plane partition & i¥. FEREE%E FHE LI ~R7TF
T = (m;5)ij>1 Ty BREZERWT 0 THH, ETRE»SEBOEERTOREA.
B LD S TAFORETORPTEHDODI L THB, Fle T, oymj=nD
L& |r|=n LB\E, 713 n D plane partition, E7ziZ 7 D weight I n TH5B &\
3o Plane partition 7 = (m;);j>1 ® 0 THRVRIE 7 D part ), m OF i 17
D0 TRVEIOMEED N HTH 3 & % partition A = (A, Xg,...) 2 7 D shape
EV), r=f\) DEE 73 r BOTEFHOILVLL, s=¢N) DEE 7 iE s lHD
F% > L9, Plane partition BTN DT LD S TICBOLEKTRI D L &
column-strict £ V3%, =& Z ¥
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1 column-strict plane partition ¢ shape (6,5,4,1) THH, 4 HDFTE, 6 HDF
2L weight I& 40 TH 5,

PP D/ % R® O lattice points & RAET Z &icL & 9, 7 D Ferrers graph F(r)
& & k < my; W79 lattice point (3,5, k) € P2 DEATH B £33, PP OWYE
& F »3, & 5 plane partition ? Ferrers graph T % 7- D LE-+5&4:12

1 <22, Y1 Y2, 21 < 22 and (22,2, 22) € F = (x1,91,21) € F.

WY ETHB, LU plane partition & Ferrers graph 2 A—#L T F(r)
DRODIC 7 LB LEIRT S, NFREE S; 28 P ICEEEOBERRE LTHRICHE
ALTWwW3 9%, &5 plane partition 33 totally symmetric TH 5 L1XS; D 6
B DR TD permutation I& & o T Ferrers graph BFETH I L THB LT3,
PDrxsxt DR X,pp=[r] x[s] x [t] LB, 7,8, ¢t BTRTEBKLT
5, z—1/2,y—3/2, z—t/2 DERIEK>T, 2O X,,; % 8 BOFRIZ2TT
X Xt Xt X, X X, Ko Xei LB, To £ 208 Xt =
[1,r/2]x[s/2+1,8]x[1,£/2] TH B, oI X, = X wX i wX i FuX
ot = X WX WX X b REERES, Tho—fbe LT
(a,b,c) ZHINTT B rxsxt DFEZ X, ,4(a,b,¢) = [a—7/2+1, a+r/2]x [b—5/2+1, b+
s/2x[c—t/24+1,c+t/2] LB T LITT D, LERMRRICLT X355 (e, b,c) BED &
I REEFHE) ., FIRIE X (a,b,0) = [a+1, a+7/2) x [b—s/2+1,b] X [c+1, c+1/2]
Tha, XE (0,bc) DEIBET LEARCERTESC LIZE) ETLRL
THA9e ZTTopes: (4,9,2) > (r+1—2,5+1—y,t+1—2) i3 involution T
complementation Lt EbL %, r=s=tPDa=b=c THHLE X, DRHD
I X, XEEE DR Y I XEE, XE  ORb YT XZ, o, for oy, BED LI RE
BEzRAVv3, ¥ X.(a), XF*E(a), XZ(a) B EDRFTHRAMBIHSNS,
r,8,t >0 2B L T 3, Plane partition 7 C X,.,; 2% (, s, t)-self-complementary
THEELREBDpe X, oy KNLTpenm & o pi(p) € BRDIUDZ L TH B,
MITE Xon ICEE NS (20, 2n, 2n)-self-complementary T4 totally symmetric
T® % plane partition 2FBDEE% 7, L&,

Definition 1.1. 7, DJTid size n O totally symmetric self-complementary plane
partition (TSSCPP) &\25, FHEBEHE m L n>1 KL T
(T) each p € * N X (n) must be contained in Xntmy*

WM 7€ Toym EBDREE T, LB 1€ Tm DEE TN Xop(n) i3, LD
FFE(T) KE>T—BRTHEZ LITERL L), TRDB 7N Xom(n) = X5,(n)
TH5,

BIZIE T2 42D SR Y Figure 1 2%, 245D Ferrers graph T& 3,
Definition 1.2. m & n > 1 RFRBBMET S, P, K Lo TROZMEZHT
column-strict plane partitions ¢ = (¢;;)1<i; EBEDEEEZRDH T,

(C1) c k&4 n F;
(C2) c DB FIDBDFEn+m—j BT TH3,
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Ppnm DIL% restricted column-strict plane partition (RCSPP) &WEE, R m =0
DEE P DROHDIZP, LFEL, BLY cDjHDEZ n+m—j (le o=
n+m—j) THBEELITIDET% saturated part LWL, 651, UTD2
D P DEIREREZLD, Popm DI ¢ T, TORIVIRTAKTHD LI %
plane partition 2E0RER ’Pf}m L&, AR PP, KEoTHIDRIBTART
BRTHD L% ce Py EBEDESEEDLT, ’ PR, (resp. PS,) DR1YIT
PR (resp. PO) L &S,

BIZIEPro 12, RD 4 D plane partition 2*57% 5,

0 1 2 2
1

D420 RCSPP OHTKRFED 2 I3 saturated part ZHHKT 5,

p % strict partition &35, T % shifted shape p D shifted plane partition T

b5 L3 p D shifted shape DEFEIC, FERBEEZANTEST., EIITOVLTHY
BRCHABDICTZZLTHB, ZDHRIXDHTIE shifted shape p & BHICEE
LTHICAZEFIZ 0 bFEINDZ LT3,

Definition 1.3. (cf. [18, Theorem 1]). m & n > 1 2 AR L T3, ROFKH%
ﬁt’.‘;. shifted plane pa.rtition b= (bij)ISiSj éﬁ;o)ﬁéé Bn,m b § ( °

(B1) b @ shifted shape 1& (n+m —1,n+m—2,...,2,1) TH 3;
(B2) max{n —,0} <bj;<nforl1<i<j<n+m-1

FCm=00DLEB, DRbHIZ B, LB, TITIE By NILDT L% trian-
gular shifted plane partition (TSPP) LR Z LiZT 3,

PZIEn=1»2om=20DLEB, i3, RDLBOTLIE%5:

111 1]l 110 [0]0
1] 0] 0, 10,

Mills, Robbins, Rumsey i [25, Theorem 1] DHT T, & B, ORIOME £#
ﬁZLf\-o b \-vc‘i 3@50)%’&%";, Bnm, an @Fﬂwé‘%ﬁ%ﬁmj_a

Theorem 1.4. m & n>1 2 EEBEKLE L. (i) €ETam LT 5. ZDEE (a;) I
XL T a4 — (n+2m) (1 <i<j<n+m-—1)iZ &> shifted plane partition
ZEET 5, T2, IO shifted plane partition iZ. By, DTLTH D, DX
& DT Ty & Bam OHEOSBEESNS,

Theorem 1.5. m & n > 1 ZERBEL L. a = (a;;) € Tom £ T 5, Plane
partition a 12X U THTH aiynim; — (n+m)—i+1(1<4,5 <n+m) 2E5, T

2L, 0 LEDBTEZR/EAT LI LITX 2T DITHIR Py DEAF% We72F plane

partition £ %%, ZOMBICL ST T, & Prm DEDOLEHDMESNS,

¢ = (Cij)1<icn+m,i<jcn € Pam E L. Kk ZIEBEETZLE, >k TH5 part &
54272 plane partition % c», & HL, ¥

Oi(exk) =#{l: ciy 2 k} (1.1)

&2 Teor DEITORIERT, THbL cOBiTDICHS >k TH2 part
DEBTHS, ChoDEHLD, ROKR2B3,

17



Corollary 1.6. m & n > 1 ZIHFRBHE L. c = (a))icicnim,i<icn € Pram £F
Z)o Plane paxtition c= (Cij)15i5n+m,15]'Sn ‘:)N‘L'Cﬁyﬂ b= (bij)1Si§j$n+m—1 ’:‘3

= bij = bnym—j(C21-i45) (1.2)

KEOTERT S, CIT(,j) R1<i<j<n+m-1%E{, ZDLEbe By
T&HY, RCSPP ¢ iZ TSPP b= ppm(c) ZXIEZXE 25K o, IZEBHTH 2,

2 Mills, Robbins, Rumsey O %8

BREDIC alternating sign matrix 12DV TOE AR OWTHEEL L), (cf. [4, 22,
24, 26, 27, 28, 33, 35)) A, %

n—1 .
(3i+1)!
A, = 11 EEnE (2.1)
ICLOTEEL &), Thid, HA% alternating sign matrix conjecture (cf. [4]) i
BItR L Tv>3, Totally symmetric self-complementary plane partition D{E#iZ [25,
pp-282, Conjecture 1] DT A, TH % & FHEI 31, p.p.127, Theorem 8.3] & [2]
IS &> TRRIRENT:, (seealso [, 3]), £7: [18] THRFEHME X ste, n 2EE
EL, 1<r<nt¥3, A" %

n+r—2\ (2n-r-—1 n+r—2\ (2n—1—r
A; = ( n—l(z)n(_zst—l )An-—l = ( n—1 3)7,,(—2;—1 )An (22)
n—1 n—1

CE>TERT 5, ([20, 22, 26, 35]) £/, HHR A,(t) = " Ant™! 2 EHT
Bo BIRITAi(t) =1, As(t) = 14¢, As(t) = 243t +2t2, Au(t) = 7+ 14t + 142 + 743
THb, n ZIEBERE L, AF (1<k,1<n) %, OH&E ‘

0 ifk=1
kl_ ALk _
A =4, {A,’:j f2<k<n (23)
&, WL
A,’:+1'l+1 _ Aﬁ’l — Aﬁ—l(Af;H - Ait) + A%—I(At’?}-l — Aﬁ) (24)

AL
1<kl <n—1) RE>TERINIE LTS, A 2FiT. ZoW{ERIZ

Stroganov [33, Section 5] IZ k> THA XNz, /. I alternating sign matrix -

DRETEBTTO 1 ODH/E—RTHILBHONTYS, flRiZn=340

-3 .
, 0 11 2453
X _ k)l o
(A3 )1_<_k,153 - i (1) ’ (A4 )15};,154 13 5 4 2
2320
TH5, FHER Au(t,u)  An(tu) = Yf,, AWl iIC ko TEBET 3, BRI
As(t,u) = 1+t+uttu+tPu+tu?+t2u TH 3, w = /3 32 & # Di Francesco
& Zinn-Justin DX T

{Plw+)w+u)I™?! gn 14wt 1+wu . ) 05
3n(n-1)/2 d(n—1,n—1) Wt ) w +u ( . )

[ S Y

An(t,u) =
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THBEIEPBRENTRS, 22T s (zy,...,z,) i& n D Schur function &
?%OVS([G, pp'4]: [26])

2n+1

3 17 (66 = 2)!(2k = 1)
AVS n? e U 2.6
iz = (73) 1<.~111n+19—2+2n+1 o H 4k—1 @ 0

205

KE>TERINIELE TS, 7 AT %

vs,r_ A1 v ik (2n+k—2)(dn — k- 1)!
A2n+1 = )

(an —2)1 4 (k—1)!2n - k)!

KE>TEBINIHET S, & 0)& AYS | 13 RIT 2n+1 D vertically symmetric
alternating sign matrix DA E L TRHIG TV 5, (see [22, 26, 28]) B 2L AYS
DBRFID L 2dId 1, 3, 26, 646, 45885 £ 2 5, HER A¥,§+1(t)

(2.7)

2n
A¥r§+1(t) = ZA¥3+’1't’ ' (2.8)
r=1

KE>TEET 3, FlRIE(2.8) DBEIDV 2biF AYS(t) = 1, AYS(t) = 1+t 412,
AYS(t) = 3+6t+8t2+6¢3+3t4, AYS(t) = 26+ 78+ 138t2 +162t3+138¢4 + 78¢5 4261
t3,

CDBMXDFRTIEb = (bij)ISiSan+m—1 € Bn,m DEEEBD i IINLT bi,n+m =
n—i, e, EBD jITNLThy; =n EBBELTEL, b= (bij)icicj<nim—1 € Bam
Por=1...,n+mDLEU() %

n+m-—r n+m—1
U (b) = Z (Bttr—1 = beeer) + Z X{btnim—1 >n—1t}.  (2.9)
t=1 t=n+m—r+1
WE>TEETS, DU () iEm=0DEE [25 pp.282] TEHEI N M)&-»
éﬂ“%o COBBU 30E n+m-10MOEEIMBZZLERBDIIH L,
U, Ur(b) =n+m—1-U.(b) £&X, Ppm PILE Bom @m%ﬁ“ﬁﬁf%ﬁbt
%Qﬂ‘ On.m &;J:o"(‘ﬂ-*ﬁ‘?’% EWRE 2T € Pum WL TU(c) = Ur(@nmlc))
EUMNS) =Ur(pnmlc)) ZEBT B LNTES, 2D ERDEENRD LD,

Theorem 2.1. m & n>1 ZHEABHRLEL., cePopn T3, TDLET,(c) I
cDHRED r OEE & r & H/ANE o saturated part DEETH 3, T2bbL

U.(c) = #{(3,5) e =1+l <k<7:Cipnimi =k} (2.10)

KHS Ui(c) 1 c DFD 1 DFEETH Y, Unim(c) 1& ¢ DO saturated part DIE
#qThH3,

< T3 Mills, Robbins, Rumsey 23EE L 2027 2 0DFH L WEIKZ EEL
X9, CEPom KILTVR() % c DRRDORS EHOFOEEK, VO(0) % c OF
BORIZROFIDEH LTS, HLITP: 13, RO 7O SRS,

0 1 11 2 21 2 21
3 b} ’ ) ’ 1)1 *

2T, B Ui(c) (k=1,2,3), VR(c), VO(c) DDFid Table 1 D & H iz’ 3,

19



20

U0 o] 1] 2] o] 1] 1] 2
U0 || 0 0] 1] 2] 1| 1| 2
Us(c) | 0] 0| 1| 2| 1] 1| 2
VEQ) 0] 1] 0] 1] 0] 2| 1
Ve o] 1] 2| 1| 2| 0] 1

Table 1: The distribution statistics table in P

Z Tl Mills, Robbins, Rumsey = & 32 FPE%25HL X9,

Conjecture 2.2. ([25, pp.282, Conjecture 2]) n ZIEEHKE L. 1 <k < n »»
1<r<ntT5, COLEB, OTbTU(b) = k-1 2WET b0l Ak ETH
3. Tabb Y, (00 = A,(t) DR Lo,

Conjecture 2.3. ([25, pp.284, Conjecture 3], [33])) n > 2 £ 1<k, I <n 2EH L
T%o:@&?Bn@ﬁbTme=k—1#OUMw=n—l%ﬁk? DD
‘i A,ﬁ’l VQI) 50

Size #% n ® monotone triangle ¥ IZIEREZ =AHIcE 7

Mn,n
Mp—1,n—1 Mp-1n

my ... ml:,;_l Man
TROFGRZMITHODOILTH 3,

(M1) EEDEREN TS & 2HIC my; < my o

(M2) FABEREN TS & EEIT my; > miyyy;

(M3) MIDERIN TS L EHIT my; < mypr e

(M4) BTBROT (my1,mig,...,mia) & (1,2,...,0) TH 3,

M, % size n ? monotone triangles 2HEDELH LT 2, MIITM; Z. XD 7HE
DIE» SR 3B,

1 2 1 2 3 2 3
1 2 1 2 1 3 13 13 2 3 2 3
123 123 123 123 123 123 123

k=0,1,...,n—1 &% 3%, Monotone triangle m = (m;;) TRED n—k FD
;%ﬁm”ﬁ%mmbx6§¢mﬁg-z+1L%Lwﬁméw@&?%A%Aﬂ
o Flb=(by) € B, TREAD n—1-k FIDRL b b3% DEY A B BAOME
n k%Lb)bO)éﬁiO)f;‘?‘ﬁA’& BE &<,

Conjecture 2.4. ([25, pp.287, Conjecture 7)) n > 2 & k=0,1,...,n— 1 28K
E9%, ZDLEB OTLOMBEIE ME OTOBEIZHEL v, ’
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k= 0, . .,n+m——1 &‘g-%o b= (bij)l§i$j$n+m—1 € Bn,m <. ﬁ*]]@ n+m-—1-—k

SUDRRST by 5. ZDEY ZBBADMEn TH2 LA bD2BDOREEE BE,, T

T, Ehc=(cy) € Pam T kFTUTTHZ bORMEE P TELT, BIAW
=30 m=0DEEB; I

313 1313 33 312 13]2 2]2 212

3] 2] (1] vi 1] 2]
ThHh, P ik
0 1 11 2 21 2 21
1 1

THD, $oTP; DILEDIBL 0T THBDIZ0 DATHD., 1TTUTTH2dbD
Z5@HD. 2TTFUTTCH2bDI7THHZ, TDLEE, ROBEMRY I,

Theorem 2.5. m & n > 1 ZFEREHE L. 0< k < n+m—1 &F 3, Corollary 1.6
DR TEHI N LBH Prm W& DT By DEDRE BE,, 13 Po DETEE

Pk BB, Kic
Z tUr(b) — Z tﬁ,-(c) .
beBk ., c€PE .,

TH 5,
¥ 7 Mills, Robbins, Rumsey D#3X [25] ICB> TV 2 WROFELEN S,
Conjecture 2.6. n > 1 2IEEHL L 1<r<n &t$3, ZDLE

3 0@ = AYS. - AYS (1) ifn=2m,
cePE A¥7§t+l A2m+3(t) ifn=2m+1.

DY D, FiTt=1 DL E PR OTLOMEEIZ

A2m+1 A2m+3 if n= 2m + 1,

\’C‘ﬁao

3 The generating functions

EF. COMTEITIOEE»SHBD L), n REDERET S, n KD skew-
symmetric matrix S, = (8ij)1<ij<n 2 (5,5)-BT 8;; 1 <i<j<n) BRI 1T
HBITINE TS, £ n RD skew-symmetric matrix S, = (5i)1<ijen & (6, 5)-BR
5 (1Y (1<i<ji<n) THETHLET R, O, lZnxn OBTFFIET
5o Jn = (Oins1-j)1<ijcn ZRNATIILTSE, 22T 6i; B7ORYH—DTFTN
SR THD, Bl a 2B D THSARD % rem(a,d) "C’ib'?‘ tZERET
%, n x n skew-symmetric matrices Rn(t) = (7i;(t))1<i,j<ns Cn(t) = (cij())1<ij<ns
B (t) = (Fis())1gi,j<n, Cn(t) = (G(t)rgijsn By ZNEL1y(8) = gromti=1Dtrenlia),
Cij(t) — tj—i—l, 'Fij(t) = (_I)J—z—l tg—a—l’ E,J(t) (__1) j—i—1 trem(n+1—1 2)+rem(n—j3,2) ‘v



Lo TERT S, 2IT1<i<j<n &T 5, éf%cb R, (0), C,.(0), R.(0), CA(0),
DROYIZ, ZNEFNR,, C,, R, C, LEL, Iz

0 1 t 1 0 1 t ¢
-1 0 ¢ t -1 0 1 t
Rt)=|_; p o (| ad GO=|_, | 5 1
-1 -t =10 -t —t -1 0

THd, m,n k®l1<m< nﬁ300<k<n—m W ITERETE, £
e BEHLT S, LT (e) = (5)(€))1gijen % 1 X n skew-symmetric matrix .
(4, 7)-BR53 %3

) — {1 ifl<i<j<m+k,

Y e fl<i<j<nandm+k<j.

BEZoNBHD & 3 3, nxn skew-symmetric matrix L{™ (e) = (_(m’k) (&))1<ij<n
D (3,7)-BBERDEIICERET S, dL k BEERSIT

‘(mk)( ) = (-1y*1e ifl1<i<j<nandi<m+k,
(-1 ifmtk<i<j<n,

Thh, ARELIE

1)) = (—1)1e f1<i<j<m+k,
(=11 fl1<i<j<nand m+k<j.

TH5, Iz

0 € - 1 -1 1 0 € —e € -—¢

Egz’l)(s)= e - 0 1 -1 1 Zgz,z)(€)= e —¢ 0 ¢ —€

ThH3,
Krattenthaler D#%R (see [18, Theorem 2]) & Corollary 1.6 243 &

n—1
_ (3k + 3m + D! T o(k + 24)!
WPom = kI:IO @k +m)(2k + 3m + ) "o (k + 2 = 1) (3:1)

EVR) TEBODBH, RICBRLDEREBREB, n & N ZIEEHE Lm 2R
®ET%, nx(n+N)F5 B m(t u) = (b(m (t,u))ogign-1, 0gj<n+n-1 % (3,5)-Bh
pa g /AN V}('C‘E-x’.t’oh%ﬁ?ﬂk?‘%

60,]' lf 2 + m = 0,
856 = { (77 + () fitm=1, (2

('H;T;J) + (z;:m_- )t +u) + (’J‘*_’:‘_":)tu otherwise.



100 0 O
Bit,u)=|{0 1 tu 0 O
00 1

TH%, ¥k nx (n+N) 50 BY, (t) = BY,.(t,1) & BY, = BN, (1) ¥ BT
5, £2T BY.(t) D (s, 5)-Bisrid

50 , ifi+m= Oa
sy %o | 3.3
i3 ( ) {(H;T:l) + (1‘;0'_"::11)t otherwise. ( )

RE2TEX SN, BY, D (i,j)-Bri () ikk->THELSND, TIT, 70
WMAFIZ iR 0<i<n—-12HE, FIOFIFjI20<j<n+N-128¢ 2
ERERIN, ROFEHEIZ Conjecture 2.3 D Pfafian BRTDEE R B,

Theorem 3.1. m & n> 1 2FEBELLNZ N>n+m—-1 28 5EKE
T3,

() r22<r<n+m 2WETERERETE, COLE ceP,,, DEESIZ

7 o JuBY_ (t,u)
tUl (€),Ur(e) = Pf ( n n=nm\" ) 3.4
Z v _tB}z\{m(ta u)Jp, Snin (34)

¢€Pn,m
ThH5,
(i) r22<r<n+m 2WMTEBRL TS, DL EcecPS, NEMEKZ
Tile) T ) JuBY _(t,u)
010+ = py ( n nZnmb ) 3.5
=" B0 Fex @
TH5,
(iii) r 2 1<r<n+m 2WETEERL TS, ZDLEcEP,,, DRI
D70 On  JBY (1 |
c;;mt u" @ = pf (JB,’Zm (00 Corta) (3.6)
Th3,

RiZ, SOZL5RDFRMBTEND,

Corollary 3.2. m & n>1 2B L TE, rts®22<rs<n 2W-TE
BEL. k2 1<k<n 2WA-TEELTE, 2L E

Z tvl (¢ u’if, (¢) — Z tﬁl (c) uv.(c) _ Z tﬁk (¢ uVC (c)

cGPn,m ceps,m+l cepn,m

Corollary 3.1(i) Tu=1 & ERD (i) %5, Zid Conjecture 2.2 DE
0) Pfaffian BN TH Y. ¥ 7 (iii) i Conjecture 2.6 DED Pfaffian BRTH 3,
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Theorem 3.3. m & n> 1 2 EBRLLNZ N>n+m—1 2L TEKL
j‘%o

r2l<r<n+mZ2HETEELETS, DL EceP,,, DI

§ Ur(c) _ n n=n,m
& ¢ Pt (—tB,,lxm(t)Jn S.,H.N ) ) (31)

(i) r21<r<n+m ZWETEELTE, ZDLEcePl, DEEBUI

Ur(c O JnB,I:r t
> P =t (Lt "R, (@8

c€PS

(i) r 2 1<r<n+m 2WIERETE, DL Ece PR, ORI

T On J.BY_(t
> 0= (L, o). (39)

cEPE
(i) ¢ € P ORHEBIZ
VC(c) O, _‘_]nBTI:{m
2 O =Pi (—‘BﬁmJn Ruun(t)) (3.10)
CEPn,m !
(V) ¢ € P DEEBUT
vi@ _pef On JuBY,.
62; t I%(_%mm% oot ) (3.11)

(3.7), (3.8), (3.9) DAETIZ r KRELZ VI LICHEEL LI,

Corollary 34. m>0 &t n2> 1 2FRBHLELr L s 1<rs<n 2WHrTE
LGB, TDOLE

E t_U'.-(c) - Z tU,(c) - Z tVC(c).

c€EPn,m ce'P,‘f‘ mtl cEPn,m
B Pam = uPS,mH TH3,

Theorem 3.5. m &t n>1 ZIHEEABBLL. N2 N>n+m—-12ETEK:
5, r¥1<r<n+mBHTEERDL EFceP,,, DEEKIZ

: . N
Tr(c) =1 —L%JP On J:an m(t)
CEZPk = e (-tB,I;{m(t)Jn LA ) (3:12)

THEIBND, KiTt=10L %Pt OROBE
On '%Eh)

: -1 _
I W e 319

&L v,
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ZORBEDPBIER Topy 1070 B8 r KRELEOZ ETH B, WAE
n=3m=0k=10k % (3.12) OHELD Plaffian I3

( 0 0 00 O 1 14t ¢t 0 O \

0 0O 0|0 1 ¢t 0 0 0 O

0 0O o1 0 O 0 0 0 O

0 0 -1{0 € - € -1 1 -1

PE 0 -1 0|- 0 ¢ - 1 -1 1

-1 -t 0|l - O e -1 1 -1

-1-t 0 O0|— € - O 1 -1 1

—t o o}j1 -1 1 -1 0 1 -1

: 0 o 0f(-1 1 -1 1 -1 0

\ 0 o0 o1 -1 1 -1 1 -1 0 )

&&b\bnﬁW+%+m+uhka%Lmoaq0®t% Thid 2 +2t+2
[N Ting O

4 Constant term identities

[34] DX DHT D. Zeilberger &, RNDERETR L%, D 2, XTEZIL6N3
nx (2n+m—1) 79 X O n x n MIFIRLEEOML T 3,

Xij=(7;j;>, 0<i<n—-1, 0<j<2n+m—2,

¥hC%

MEONEDN s

1<iSj<n i=1 1<i<ign
DEPRET S, TDLE D=C MPEHILD,

COFDOBENIE. TOFRO—RETHD, RIDOHID Pfaffian R % constant
term identity IZBV#RZ B Z & TH B, RD X I BERIL Littlewood DEREE
b s Z L%,

> (@) = H — H —— (4.1)
A Zi 1<1.<J<n » t -7
Q) 1 !
Y V(@) = 5 , (4.2)
A even E 1-7 1_<_z];}['gn 1 -2z
Q) 1
Y. @)= ]I , (4.3)
A even 1<i<j<n 1- ZiZj

22t sM(e) knEH = (z1,...,Tn) WB$ % partition A @ Schur function T



H5, ([23,1,5 Ex4,5) £/, Zo—MLE LT

' 1<i<j<n 1- ZiZj

n

Ztc()\) (n)(z H H 1 1 , (4.5)

1__ — 2.2,
i=1 Lz 1<i<jgn ZiZj

(see [23, 1, 5, Ex.7, 8]) R E b FHHTH 3, 1.G. Macdonald DR

i~1 _ _k+2n—j
Z sf\")(z) — det(z}™" — z'* MN1gij<n , (4.6)
i=1(1— z) n1si<jsn(zj - z)(1 - zz;)

A<k

([23, 1, 5, Ex.16]) A SN TV 3

22T (z,tu) = s, B (6w BB, 22T () 1 (3.2) TER
SN LOTH S, g_m?# %5 3
(14 z)mH | fm+i=0,
W™ (2,t,u) = { (1 + 2)™H-1(1 + tuz) fm+i=1, (4.7)

(14 2)™+~2(1 +t2z)(1 + uz) otherwise.

E%%, 27 h™(zt,1) DRDY I K™ (2,1) EBE, B (2) = h{™(2,1) = (1 +
2)™H L wH IS #5 o RDEHEIZ doubly refined enumeration FAEICBET 2 &
BRETZEZ 3,

Theorem 4.1. m & n> 1 2JEEBE L T2,
@ rz2<r<n+mZ2WETEELTE, COLEY

cr. [ (_g)ghgm(zkl,tu)n

1<i<ji<n

P OMEIONE

IT - ——lz,-zj (4.8)

— % 1i<j<n

CFL,
i) rZ2<r<n+mZ2#W=TEBRLETSE, DL ® ZcePSm 020U 43

n

n
j 1
CT. (1 - ﬁ) Rk (2, (4.9)
19'1}9» & l:!.—=]1: i 4 1<i<ign I T %%
IWFELV,
(i) r21<r<n+mE2WMETEELTS, oL Y ecPom 01, VO @ 13
cT. ] ( ';) [1r ;l,t)Hl I1 l—z (4.10)
1<i<ji<n v/ k=1 1<1<]< 12

&L,

26



RDOEHIL refined enumeration ZB8$ 2 constant term identity T&H %,
Theorem 4.2. m & n>1 ZIEEEBE LT3,
) r2lsr<n+m 2WATERETE, ZOLEY, , U@

cr. ] (--Z)li[hf{f‘.l ; ,t)H—— II ;

1<i<j<n 1<z<,7<n

(4.11)

— 2;2;

&L,
() r21<r<n+mEMETERLT S, TOLET Lo 177011

CT: H ( ) Hhsz)k zk lvt) H 1— zz H 1 —lz.,'Zj (412)

1<i<jsn 1<i<j<n

KEFELW,
(iii) r 2 1<r<n+m 2W-TEELTE, COLE Zcepgmtﬁ'(c) 23

cT. [] ( )th:"a, z50 [1I

1<i<jisn 1<i<jisn

=y (4.13)

KELWY, HiZt=1DL &, PR I

cT. [] ( )ﬁ (1+zlk)n+m_kf[ 1_12? IT 1—1z,-z,-‘ (4.14)

1<i<ji<n k=1 i=1 i 1<i<j<n

IKFELV,
(V) Teep,, 70 &

‘ z n 1 n+m—k n 1 1 ,
or, ] (—Z)H(l+z—k) Mz I = 0

1<i<j<n k=1

ICE LV,
(V) ZcePn,m tVR(C) ‘i

z\ 1 1\ kL 1+tz, 1
CTs H ( —Z)H(1+;;) 1-2 H 1 =22 (416)

1<igjisn =1 i=1 ‘ 1<i<j<n

F

KFELYV,
RDFEHIZ Conjecture 2.4 1T % constant term identity T 3,
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Corollary 4.3. m & n>1 ZHAEELTE, r W 1<r<n+m 2HLTEE
L9%, SDEE T cpi U@ 43

det(z) ' - 1<i,j<n
CT ( ) h;"fi 1, t = 1 WS
: H H ) Hi=1(

1<i<j<n - %) Hlsiqgn(zy z) (1~ zz)

(4.17)

k+2n—g)

KELY, Bict=1 DL & P: OTOMEE

n 1)k det( ™! — 2" )1ciien
cT. ] ( )H(HZ) I

1<i<j<n i=1 i i=1(1— z) H151<j5n(zj - %)(1 - zz)
(4.18)

IZFE LV,
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