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Among many mathematical models, reaction-diffusion svstems have been used to un-
derstand the evolutional $|$) $\mathrm{e}\mathrm{h}\mathrm{a}\mathrm{v}\mathrm{i}\mathrm{o}\mathrm{r}$ of spatially segregating regions of competing speeies.
Let $u_{i}(t, a\cdot)$ be the population densitv of the i-th species $\zeta T_{\dot{l}}$ (i—l, ‘2 $\ldots$ ., $\mathit{1}\mathrm{t}f$ ) at time $t>0$
and the position $x\in\Omega$ , where $\Omega$ is a bounded domain in $\mathrm{R}^{\mathrm{t}}$). The competition-diffusion
system of Lotka-Volterra-Gause type for % $(i=1,2, \ldots, M)$ is given by

$\prime u_{it}-d_{i}\Delta u_{i}+(r_{i}-\sum_{j=1}^{\mathit{1}ii}a_{jj}u_{j})u_{i}$ , $t>0,x\in\Omega$ , (1)

where ($l_{i}$ is the diffusion rate of $u_{i},$ $r_{j}$ is the intrinsic growth rate, $a_{\dot{\mathrm{t}}i}$ and $a_{ij}(i, \neq j)$ are
respectively the intra-spet:iflc and the inter-specific competition rates $(i,j=1,\underline{9}, \ldots, M)$ .
All of the $\mathrm{r}\mathrm{a}\mathrm{t},e\mathrm{s}$ are positive constants. We impose the zero-flux boundary conditions

$\frac{\partial u_{i}}{\partial\nu}=0$ , $t>0,$ $x\in\partial\Omega$ , (2)

on (1) where $\nu$ is the outward normal unit vector on $\partial \mathrm{f}l$ . The initial conditions are

$u_{1}(\mathrm{O}, x)=u_{0i}(x)\geq 0$, $x\in\Omega$ . (3)

The simplest syst,em of (1) is the$\cdot$ case when $M-2$ , that is,

$\{$

$u_{1t}$ $=$ $d_{1},\Delta u_{1}+(r_{1}-\mathrm{o}_{1}u_{1}-l)_{1}u_{2})u_{1}$ , $t>0,$ $.’\iota^{\backslash }\in\zeta\}$ .
$u_{2t}$ $=$ $d_{2}.\Delta u_{arrow)}.+(r_{2}-b_{\underline{)}}.u_{1}-0_{\underline{\prime}}\prime u_{2})u_{2}$ , $t>0,$ $x\in\Omega$ , (4)

where $r_{i},$ $a_{i},$ $f)_{i}(i=1,2)$ are positive constants. With the $\mathrm{s}\mathrm{i}:\mathrm{n}\mathrm{i}\mathrm{l}\mathrm{a}\mathrm{l}$ boundary an($1$ initial
eonditions to (2) and (3), qualitative properties of non-negative solutions $(\mathrm{t}l_{1}, u_{2})$ of
the system (4) have beon intensively studied in mathematical communit, $\mathrm{i}es$ . The first,
remark is that t,he stable $\mathrm{a}\mathrm{t}\mathrm{t}_{1}\mathrm{r}\mathrm{a}\mathfrak{c}\cdot \mathrm{t}\mathrm{c}$) $\mathrm{r}\mathrm{s}$ of (4) should be equilibrium solul,ions ([.3]). This
information $\mathrm{i}11\mathrm{t}\mathrm{l}\mathrm{i}\mathrm{t}^{-}\mathrm{a}\mathrm{t}\mathrm{e}\mathrm{s}$ that existence and $\mathrm{s}\mathrm{t},\mathrm{a}\mathrm{b}\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{t})’$ of non-negative $\mathrm{e}\mathrm{c}_{1}\mathrm{u}\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{t}$ } $\mathrm{r}\mathrm{i}\mathrm{u}\mathrm{m}$ solut ions
is important for the study of asymptotic behavior of solutions. If t,he domain $\Omega$ is convex,
it is provecl in [7] t,hat any spatially non-constant, equilibrium solutions are $\mathrm{u}\mathrm{n}\mathrm{s}^{\backslash }\mathrm{t}\mathrm{a}\mathrm{t}$) $1\mathrm{t}^{\mathrm{J}},$ .
even if they exist. This implies t,hat $\mathrm{H}\mathrm{o}\mathrm{l}\iota \mathrm{t},\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{s}$ of (4) become spatially homogeneous
asympt,otically, in other words, stable $\mathrm{e}\mathrm{q}\mathrm{u}\mathrm{i}\mathrm{l}\mathrm{i}$}) $\mathrm{r}\mathrm{i}\mathrm{u}\mathrm{m}$ solutions of t,he diffusion-less system
of $(4)$

$\{$

$u_{1f}$ $=$ $(r_{1}-a_{1}u_{1}-b_{1}n_{2}\rangle u_{\wedge}1,$ $t>0$ ,

$u_{2t}$ $=$ $(r_{2}-b_{2}u_{1}-a_{2}u\underline{\cdot,})u_{2}$ , $t>0$ (5)

are verv important to know the asynlptotic behavior of the sohrtions of (4) even if the
diffusion term is present. In fact, if we a.ssunle tbe situation where the inter-speciflc
competition is strong, that is.

$\frac{c\iota_{1}}{b_{2}}<\frac{r_{1}}{r_{2}}<\frac{b_{1}}{a_{2}}$ . (6)
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stable spatiallv $\mathrm{c}\mathrm{o}\mathrm{n}_{\iota}\mathrm{s}\mathrm{t}\mathrm{a}:\mathrm{l}\mathrm{t}$ equilibrium solutions of (4) are $(u_{1}, u_{2})=(r_{1J^{/}},a_{1},0)$ and
$(0, r\underline{\cdot)}/li_{-},,)$ . This means that one of the competing species survives and the $\langle$

$)\mathrm{t}\mathrm{h}‘,\backslash 1^{\cdot}$ is
-xtinct. $\backslash \backslash ^{\gamma}\mathrm{e}$ can say ecologically that c..ompetitive exclusiom occurs for two species, if
thev are stronglv competing.

On the other hand, it is observed $\mathrm{i}\mathrm{I}$ ) fields that individuals do not necessarily move
aiound randomlv [6]. Among tbem, one example is that the movement depends on
the population pressures caused $|$)$\mathrm{y}$ interacting other species. This situation can not be
$\mathrm{d}\mathrm{e}\mathrm{s}\mathrm{c}\mathrm{r}\mathrm{i}\mathrm{l})\mathrm{e}\mathfrak{c}1$ by (4) any more. Along this line, one model for the competitive interaction
$\dagger)\mathrm{e}\mathrm{t}\mathrm{w}\mathrm{a}\mathrm{e}\mathrm{n}$ two species is proposed in $[]^{\ulcorner}|)]$ , which is given by

$\{$

$u_{1t}$ $=$ $\Delta[(d_{1},+\alpha u_{2})u_{1}]+(\prime r_{1}-a_{1}v_{1}-b_{1}u_{2})u_{1}$ . $t>0,$ $x\in\Omega$ ,
$v_{2t}$ $=$ $\Delta[(d_{2}+[\mathit{3}^{l}u_{1})u_{2}]+(r_{2}-b_{2}u_{1}-a_{2}u_{2})v_{2},$ $t>0,x\in\Omega$ ,

(7)

where $\mathrm{t}^{r}\mathrm{P}.,$
$\beta$ stand for the cross-diffusion pressures and are non-negative const,ants. We

simplv call $a$ and $\beta$ cross-diffusion eoefficient, $\mathrm{s}$ . $\mathrm{t}^{\{\mathrm{l}}\neg\cdot 0\iota \mathrm{n}$ t,he nonlinearity viewpoint, (7)
falls into quasi-linear parabolic systems so that even the existence problem of solutions
is not trivial and has been investigated by several authors ( $\mathrm{f}\mathrm{o}\iota\cdot \mathrm{i}\mathrm{n}\mathrm{s}\tan\{j\mathrm{e}[1,10,2]$ and the
references therein). On $\mathrm{t}_{1}\mathrm{h}\mathrm{e}$ other hand. $\mathrm{t}_{1}\mathrm{h}\mathrm{e}$ stationary problem for (7) has been studied
from $\mathrm{s}_{)}\iota$) $\mathrm{a}\mathrm{t}_{}\mathrm{i}\mathrm{a}1$ -segregation viewpoint,$\mathrm{s}$ . for which three $1$) $\mathrm{a}.\mathrm{s}\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{l}\mathrm{l}.\mathrm{v}$ different approaches were

$\theta,\mathfrak{n}\iota \mathrm{p}\mathrm{l}\mathrm{c})\mathrm{v}\mathrm{e}.\mathrm{r}\mathrm{l}$ :

(i) Bifurcation $i1|$)proach $([12]\backslash )$ :
$\acute{\mathrm{t}}_{\backslash }\mathrm{i}\mathrm{i})\mathrm{S}_{1}$ingular perturbation approach ([13, .5, 9]);

(iii) Elliptic approach $(!8])$ .

Integrating t,he results $\mathrm{a}\mathrm{t}$) $0\backslash \prime \mathrm{e}$ , it turns out that, the structure of $‘!\mathrm{c}$] $\mathrm{u}\mathrm{i}\mathrm{l}\mathrm{i}\dagger$ ) $\mathrm{r}\mathrm{i}\mathrm{u}\mathrm{m}$ solutions
of (7) with the boundary $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{t}_{\vee}1\mathrm{i}\mathrm{t}_{l}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{s}$ similar to (2) sensit,ively depends on $1$) $i\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{l}\mathrm{e}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{s}$

ill the systems and is extremely eomplicated, even in one dimension. As a simplifietl
system of (7), let us $\mathrm{c},\mathrm{c}\rangle \mathrm{n}\mathrm{s}\mathrm{i}\mathrm{d}\mathrm{e}\mathrm{r}$ t,he following system:

$\{$

$\prime u_{1p}$ $=\Delta[(d_{1}+\alpha n_{2})n_{1}]+(r_{1}-n_{1}u_{1}-b_{1}u_{2})u_{\mathrm{i}}$ , $t>0,gj\in\zeta)$ ,
$u_{2t}=d_{\underline{9}}\triangle u_{2}+(\mathrm{r}_{arrow},-b_{2}u_{1}-a_{2’}u_{2}.)u_{arrow}9$ , $t>0,$ $x\in 1l$ , (8)

$\backslash \mathrm{V}\iota_{1\mathrm{e}\mathrm{r}\mathrm{e}}1$, we simply put $\beta=0$ . Suppose that

$\frac{b_{1}}{a_{2}}<\frac{r_{1}}{r},$

.
$< \frac{a_{1}}{b_{2}}$ , (9)

for which, $\mathrm{t}_{1}1\iota \mathrm{e}\mathrm{r}\mathrm{e}$ is $on$ lv one stable spatially constant equilibrium solutions $(u_{1}^{*}.u_{2}^{*})$ -

$((a_{\vee}.)r_{1}-b_{1}r_{\underline{9}})/(a_{1}a_{2}-b_{1}b_{2}\rangle$ , $(-b\cdot.’ r_{1}+a_{1}r_{2})/(a_{1^{\zeta l\prime}2^{-b_{1}b_{2}))}}$ while others $(\mathrm{t}l_{1}, \mathrm{t}_{2}‘,)=(0,0)$ .
$(r_{1}/a_{1},0)$ and $(0, r_{2}/a_{2})$ are unstable when $\mathrm{c}x$ is small enough. Mimura and Kawasaki
[12] reported that $(\prime u_{1}^{*}.u_{2}^{*},)$ loses its stability $\mathrm{a}\mathrm{L}\mathrm{s}\alpha$ increases (see also [11]). For example.
consider $\Omega$ to be one dimensional interval and $\mathrm{f}\mathrm{L}\mathrm{x}\alpha(=3)$ and the values $()\}$ the com-
petition rates to satisfy (9). Taking $d=d_{1}=d_{2}$ as the bifureation paralYl $‘\cdot \mathrm{t},\mathrm{e}\mathrm{r}$ , we can
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$0.0\mathrm{o}\mathrm{s}$ 0.015 0.025 0.035

Figirre 1: Bifurcation diagram for (8) when $d_{1}-d_{2},=d$ varies wit, $\mathrm{h}\tau_{1}=\tau$)$r_{0}.,$ $a_{1}=$

$3.0,$ $b_{1}-].0,$ $r_{2}=2.0,$ $a_{2}=3.0,$ $fy_{2}\backslash =1.0$ and $\alpha=3.0$ . The $\mathrm{v}\mathrm{e}\mathrm{r}\mathrm{t}_{[}\mathrm{i}\mathrm{c}\mathrm{a}1$ axis indicates the
valtt$(_{\backslash }\aleph$ of $u_{2}$ at $x=0$ ; the horizontal axis does the ones of $d$ . The solid ctlrves indicate
the branehes of $\mathrm{t}_{1}1\iota \mathrm{e}\mathrm{s}\mathrm{t}\downarrow \mathrm{a}\mathrm{l}\mathrm{J}\mathrm{l}\mathrm{e}$equilibrium solutions and the dotted curves clo the unstable

$\mathrm{O}\mathrm{I}1\Re$ .

see the bifurcation diagram of $\mathrm{e}\mathrm{q}\mathrm{u}\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{l}$ ) $\mathrm{r}\mathrm{i}n\mathfrak{n}\iota$ solutions in Fig. 1 where $(u_{1}^{*}, u_{-}^{*},)$ is used as
the trivial solution. The local bifurcat,ion theorv with complementarv numerics says
that there are stable non-constant equilibrium solutions which exhibit $\mathrm{s}\mathrm{p}\mathrm{a}\mathrm{t}_{n}\mathrm{i}\mathrm{a}1$ segregat-
ing patterns between two competing $\mathrm{s}\mathrm{p}\mathrm{e}\mathrm{c}\mathrm{i}\mathrm{e}\mathrm{S}_{\rangle}$ depending on the values of parameters $d$

and $\alpha$ . This means that the spatially segregating coexistence of two competing species
occurs by t,he cross-diffusion effect, which is called $cro.\mathrm{s}s- d\dot{?}ff\dot{n}_{\backslash }s’ i$ ,on induced instability.
This result, shows a remarkable $\mathrm{c}\cdot \mathrm{o}\mathrm{n}\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{s}\mathrm{t}$ with the fact; of (4) that $(\uparrow\iota_{1}^{*}, u_{\underline{)}}^{*},)$ is always stable
$\mathrm{u}\mathrm{n}\mathrm{d}\mathrm{c}’\iota$. (.9 ).

It, is $0\dagger$)$\mathrm{v}\mathrm{i}\mathrm{o}\mathrm{u}\mathrm{s}$ that, $\mathrm{t}\mathrm{h}${ $)$ cross-diffusion $\mathrm{t}‘$)$\mathrm{r}\mathrm{m}$ in (8) is separatecl into two terms:

$u_{1,t}=\nabla[(d_{1}+\alpha u_{2})\nabla u_{1}]\dashv-\alpha\nabla(?\iota_{1}\nabla u_{2})+\cdots$ .

One $\iota \mathrm{u}\mathrm{a})^{r}i\mathrm{n}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{p}\mathrm{r}\mathrm{e}\mathrm{t}$ , “each term“ $\mathrm{a}_{\mathrm{A}}\mathrm{s}$ follows: t,he first term of the right hand side looks
like “Fickian diffusion” where t,he rate depends on $u_{2}$ , while the second $\mathrm{c}\mathrm{l}\mathrm{o}‘*^{\backslash }‘$

:

movement” due to the gradient of $u_{2}$ . Ecologically speaking, $\iota$’ moves t,o avoid the
congestion of $U_{2}$ . One knows that t,he second term is essential $\mathrm{t}_{\mathrm{p}}\mathrm{o}$ generate cross-diffusion
induced $\mathrm{i}\mathrm{n}\mathrm{s}\mathrm{t}_{1}\mathrm{a}\mathfrak{j}_{)}\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{v}$ . The question which we would like to address here is “Is the cross-
diffusion mechanism only one wav to avoid the congestion of the $\mathrm{o}\mathrm{t}$,her species $\sim’$”, in
other $\mathrm{w}\mathrm{o}\mathrm{r}\mathrm{c}1^{1}.\dashv$ . $i$ ‘Is a $\mathrm{d}\mathrm{i}\mathrm{r}\mathrm{a}\cdot \mathrm{t}$ , movement $\mathrm{n}\propto\cdot \mathrm{e}\mathrm{s}.\mathrm{s}\mathrm{a}\mathrm{r}\mathrm{y}$ to avoid the $\mathrm{t}^{\sim}\mathrm{o}\mathrm{n}\mathrm{g}\mathrm{e}\mathrm{s}\mathrm{t}\downarrow \mathrm{i}on$ of the $01$,hers ?“

What we would like to discuss in this paper is to answer these questions.
In order $\mathrm{t}\mathrm{t}$ ) $\iota \mathrm{n}\mathrm{d}\mathrm{e}\mathrm{r}\mathrm{s}\mathrm{t},\mathrm{a}\mathrm{n}\mathrm{d}$ the [neaning of cross-diffusion $\mathrm{e}\mathrm{f}\mathrm{l}\alpha^{\tau}\mathrm{t}$, in (7) (or (8)), let us

consider the movement of a single species (say $N$ ), on the inhomogeneous medium which
is $\mathrm{s}\mathrm{p}\mathrm{e}\mathrm{t}^{\backslash }\mathrm{i}\mathrm{f}\mathrm{i}\alpha 1$ by the given function $V(x)$ . Suppose t,hat t,he plaee $x$ where $V(x)$ is larger
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is more $\mathrm{u}\mathrm{n}\mathrm{f}\mathrm{a}\mathrm{v}\mathrm{o}\mathrm{r}\mathrm{a}]_{)}1\mathrm{e}$ for $N$ . By replacing $\iota_{2}$ in (7) with $V(x)$ and neglecting the growth
term, we obtain the following scalar linear diffusion equation for the population density
$;\iota()\mathrm{f}\cdot N$ :

$n_{t}=\Delta[(d+\alpha V(x))n]$ , $t>0,$ $x\in \mathrm{f})$ , $(]0)$

$n(\mathrm{O},x)=n_{0}(x)$ , $x\in\Omega$ , (11)

$\frac{\partial n}{\partial\nu}=0$, $t>0,x\in\partial\Omega\backslash$. (12)

(cf. $[14|$ or [15],). We can ecologically say that the species avoids the unfavorable habitat
due to $V(x)$ .

$l\mathrm{V}\epsilon)$ now consider the following situation on the movement of species: the species is
split, into two types of the states; one is less act,ive (resp. $\mathrm{a}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{v}\epsilon$ ) and the other is active
(resp. rnore active). The state of each individual can convert into the other depending
on tht environmental inhomogeueity $V(x)$ .

We denote the population density of each {ype by $n_{1}$ and $\mathfrak{s}\iota_{2}$, where $‘ n=n_{1}+n_{2}$ , and
suppose that they move randomly with t,he rat,es $d$ or $d+\alpha$ . Thus t,he dynamics of $n_{1}$

and $n_{2}$ can be described bv

$\{$

$n_{1t}$ $— d \Delta n_{1}+\frac{1}{\epsilon}[h(x)r\mathrm{t}_{2},-k(x)n_{1}]$ ,

$n_{2t}$ $=$ $(d+ \alpha)\Delta n_{2}+\frac{1}{c,\vee}[k(.\tau)n_{1}-h(x)n_{2},]$ ,
(13)

where $1/\vee.\wedge$ is the $\langle$
$o\mathrm{n}\mathrm{v}^{1}‘ \mathrm{r}\mathrm{s}\mathrm{i}\mathrm{o}n$ rate between $n_{1}$, and $r\iota_{2}$ , which is a positive concta,$1\iota \mathrm{t},$ . The

non-negative funetions $h(x)$ and $k(x)$ are $\mathrm{s}\mathrm{p}\propto\cdot \mathrm{i}\mathrm{f}\mathrm{i}\mathrm{e}\mathrm{d}$ later. Adding two $\mathrm{c}(\downarrow\iota \mathrm{a}\mathrm{t}_{}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{s}$ , we
$\mathrm{o}\mathrm{l})\mathrm{t}\mathrm{a}\mathrm{i}\mathrm{n}$

$71_{t}$ $=d\Delta r\iota+\alpha\Delta n_{2}$ ,

$77_{}2\ell$ $-$ $(d+ \alpha)\Delta n_{2},+\frac{1}{c}.[k(x)tl_{1}-h(x)n_{2},]$ ,

$\mathrm{w}\mathrm{h}‘\cdot\iota\cdot \mathrm{e}n=r\iota_{1},+n_{2’}$ . Letting $\epsilonarrow+0$ in the setond equation, one can formally $:1x\mathrm{p}‘\backslash _{\mathrm{C}\{_{}}$

that

$h(x)n_{2}=k(x1.\uparrow \mathrm{i}_{1}$ .

This implies that

$n_{1}= \frac{h(x)}{h(x)+k(x)}n$ , $n_{2}.= \frac{k(x)}{h(x)+k(t^{\backslash })}.n$ .

Therefore, if we set. $fi,(x)=1-V(x)$ (we assume $0\leq V(x_{J}^{1}\leq 1)$ and $k(.\tau)=V(x)$ for
$\mathrm{i}\mathrm{n}\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{t}\cdot \mathrm{e}$ , it turns out that,

$n9^{-}-\lrcorner.- V\mathfrak{l}’.l;)r1$,
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aiid

$n_{t}=d,\Delta r\}+\alpha\Delta(1’(x.1\dagger\})=\Delta[(d+\alpha V(x))n]$ .

This formal discussion indicates that the direct $\mathrm{n}\iota 0\backslash \gamma \mathrm{t}^{\lrcorner}\mathrm{m}\mathrm{e}\mathrm{n}\mathrm{t}$ can be representecl by random
walking if indivillnals of the species possess the mechanism of switching froin one type
$\mathrm{o}l$

. random walking to the other, depending on environmental inhomogeneity.
We now apply this limiting procedure as $.\underline{-}arrow+0$ t,o (8) where one species $U_{1}$ is

split into two types and each individual of $U_{1}$ convert,s its state into the other stat,$\mathrm{e}$ ,

depending ($\}n$ the spatial distribution of $\mathrm{t}_{1}1\iota \mathrm{e}\mathrm{c}\mathrm{o}\mathrm{I}\mathrm{n}\mathrm{p}\mathrm{e}\mathrm{t}\mathrm{i}\mathrm{t}_{}\mathrm{t}J\mathrm{r}I_{-}I_{2}$ at $x$ . We denote bv $v_{1}(t_{1}x)$

and $v_{2}(t, x)$ the population densities 01 the two types of $U_{1}$ , and rewrite the population
density of the species $U_{2}$ as $\iota;_{3}(t,x,1,\cdot$ We will construct the reaction-diffusion system for

$(l_{\mathrm{i}}’.\prime 1^{\}_{\underline{2}}\prime},l_{3}’)$ , which approximates bounded solutions $(u_{1}, u_{2}.)$ in S) $\mathrm{x}[0,$ $T|$ , and thus we
assume

$0\leq u_{1}(t, x)\leq 4fI_{1}$ , $0\leq u_{2}(t_{\backslash },\prime r)\leq \mathrm{A}I_{2}$ on $[0, T]\cross\Omega$ . (14)

Following the discussion above, the population dvnamics of $\zeta.J_{1}$ and $l^{\overline{l}},..$) can bo formally
described by the following t,hree component reaction-diffusion syst,em

$\{$

$?J_{1\prime}$ $=d_{1}\Delta v_{1}+$ $(r_{1}-\mathit{0}_{1} (.\prime 1)_{1}+\uparrow_{2_{l}}^{1},1-|J_{1}\mathrm{t}_{3}^{1})v_{1}$

$+ \frac{1}{c}.[h(\mathrm{t}^{)}3)v_{2}-k(\iota_{3}")\mathrm{t}_{1}’]$ , $t>0,$ $x\in\Omega$ ,

$?’ 0.t$ $=$ $(d_{1}+\alpha\Lambda I_{2})\Delta\iota_{2}|+(r_{1}-a_{1},(t_{1}^{1}+\mathrm{t}_{d}^{\prime_{\eta}})-b_{1}v_{3})v_{2}$

$+,,[k(\iota_{3}’)\iota_{1}-h(v_{3})\mathrm{t}_{2}’]\underline{\iota_{\wedge}}\approx$” $t>0,$ $x\in\Omega$ ,

$l_{:;t}$’ $..-..$. $d_{2}\Delta\uparrow".:+(r_{\underline{)}}.-b_{2}(?_{1}+\mathrm{c}_{2}’)-a_{?}..v_{3})v_{3}.$, $t>0,$ $x\in\Omega$ ,

$(1,5)$

where we regard $h$ and $k$ as certain $\mathrm{f}\mathrm{u}\mathrm{n}\mathrm{c}\cdot \mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{s}$ of $\mathrm{c}_{3}’(t, x)$ . We impose the boundarv
conditions

$\frac{}\partial\iota_{1}’}{\partial_{\mathfrak{l}\text{ノ}}=0$ $(i=1,2.3)_{\mathrm{t}}’$ $t>0,$ $x\in\partial 11$ ( 16)

and the initial conditions
$v_{i}(0, x)=\uparrow)0i(x)\geq 0$ $(i=1.2,3)$ , $x\in\Omega$ (17)

which will be cletermined later. Setting $p=\iota_{1}’+\iota_{d}$”. we rewrit, $\mathrm{e}(1,5_{\text{ノ}^{})}$ &s

$\{$

$\rho_{t}$ $=$ $d\iota\triangle\rho+\alpha 4\mathrm{V}I_{)}..\Delta\uparrow|2+(r_{1}-a_{\mathrm{J}}\rho-b_{1}\iota_{3}’)\rho$,

$\mathrm{t}’,0_{t}\lrcorner$ $=$ $(d_{1}+\alpha \mathit{1}\downarrow!f_{2})\Delta\tau’\cdot.)+(r_{1}-cr_{1},\rho-b_{\iota \mathrm{s}}\uparrow.()t$ ’

$+^{\underline{1}}\vee^{\wedge}\vee[k(\dagger_{3}’)’)-(h(\mathrm{c}_{3}’)+k(\iota)\mathrm{s}))|J_{2],}$.

$\mathrm{t}_{3t}$’ $—$ $d_{2}\Delta_{1^{)}3}+(\Gamma^{i}\underline{)}-b_{2}\rho-a_{2}\iota_{3}’)v_{3}$ .

(18)
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$\backslash _{\nu}\psi\cdot$‘ can expeet that $u_{\vee}$, converges to $k(v_{3})\rho/(h(v_{3}) \dagger. k(v_{3}))$ as $\epsilonarrow$. $+0$ from the second
equation of (18). Replacing $v_{arrow)}$. in the first equation of (18) by this lirnit, we formally
get a cross-diffusion system $(’8)$ , provided that

$k_{(}’s) \equiv(f_{1}(s)+k(s))\frac{s}{\mathit{1}1’I_{2}}$ (19)

for ,$9\geq 0$ . As $\mathrm{t},\mathrm{h}\mathrm{e}$ simplest example of $h$ and $k$ , we can take

$h(s)—$. $1- \frac{s}{M_{2}}$ , $k(s)— \frac{\mathrm{q}}{\mathrm{A}f_{2}}.$ .

We will $\mathrm{d}\mathrm{i}\mathrm{s}\mathfrak{c}\cdot \mathrm{u}\mathrm{s}\mathrm{s}$ other examples in \S ,5. Our result is as follows:

Theorem 1 Let $(u_{1}, u_{2})=(u_{1}(t, x),$ $n_{2},(t, x))$ be the solution of (8).(2),(3). Supposc
that $(n_{1}, u_{2})$ as $suffic^{l},iently$ smooth, on, $[0.T]\mathrm{x}\overline{\Omega}$ and satisfies (14) for some posztive
numbers $T,$ $l\mathrm{t}\cdot I_{1}$ and $\mathrm{A}\prime f_{2}$ with $\Lambda,f_{2}\geq r_{2}/a_{2}$ . $t^{\gamma},h,oose$ smooth functions $h$ and $ksat\iota sfying$

(19) an.$d$

$h(s)\geq 0$ on $[0, .\eta,I_{2}]$ , (20)
$k(s)\geq 0$ on $[0, \infty)$ , (21)
$h(s)+k(s)>0$ on, $[0, \infty)$ . (22)

$Deter^{\mathrm{v}} \min$. $.e$ the $init’ial$ datum $(l^{1_{\{)1}},, v_{02}, \iota_{03})$ by

$\{$

$. \}_{(\mathrm{J}1}’(x)\equiv\{|-\frac{u_{02}(\alpha,)}{\lambda I_{2}}.\}u_{01}(x)$ ,

$’ \iota l_{02}(x)\equiv\frac{u_{\mathrm{U}2}(\prime\epsilon)}{\mathrm{A}f_{2}}.|\iota_{01}(x)$ ,

$()_{03(x)\equiv u_{02}(x)}$

(23)

$0t\prime er\Omega$ . Let ( $l_{1}’,$ $\uparrow.\prime_{2}$ , V3) $=(u_{1}(t, x;\epsilon),$ $v_{2}(t, X;4^{\wedge}:),$ $?^{j}\mathrm{s}(t.x;\succ^{-))}$. be the solution of $(1_{1)}^{\ulcorner}),(16),(_{\backslash }1_{l}^{\sim})$

depending on a positive $n\prime umber\epsilon$ . Suppose that there $e\prime xists$ positive numbers $\overline{\llcorner.}0$ and
$M_{0}sat\dot{?,}sfying$

$|\mathrm{t})1(t, x;\vee)\mathrm{r}|+|’\iota\prime_{2}(t, x;^{c}\vee)|+|v_{3}(t, x;\epsilon)|\leq M_{0}$ (24)

for $(t, x)\in[0,T]\mathrm{x}\overline{\mathrm{f}l}$ and $‘\epsilon\vee\in(0,-_{0}.]\wedge$ . Then the $diffe,oence$ between, $(v_{1}+\iota_{\underline{)}}’\cdot, v_{3})$ and
$(u_{1}. u_{2})$ us estim,ated to be

$\{$

$\sup_{\mathrm{t}\in[0,T\rceil}||\mathrm{c}\prime_{\iota(t,\cdot;\epsilon)+?f}2(t, \cdot;\epsilon)-u_{1}(t, \cdot)||_{L^{2}(\Omega)}\leq \mathrm{t}_{\vee’\bigvee_{\mathrm{t}}}^{\gamma,}$

$\sup||v_{3}(t, \cdot;^{c}’.)-\prime u_{2}(l, \cdot)||_{L(\Omega)}:\leq$
$\mathrm{C}\epsilon$

$\ell\in[0,T|$

(25)

$for\vee c\in(0, ’- 0\vee]r$ . Here $C=C(u_{1}, u_{?t^{\wedge}}.,\vee 0, \mathrm{A}f_{0}, T)$ is a $posi,t.ive$ constant in,depe.ndent $of_{\vee}^{\iota_{\vee}^{\wedge}}$ .
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$\mathrm{T}1_{1}\mathrm{i};\backslash$, theorem shows that the solutions of (8) can be approximated bv $\mathrm{t}_{\mathrm{i}}\}_{1\mathrm{O}\mathrm{S}\mathrm{e}}$ of (15)
in a finite time interval if $\mathrm{t}1\tau\theta$ solutions are bounded. We will prove this $\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{l}\cdot \mathrm{P}\ln$ in \S 4.

As the next ]) $\mathrm{r}\mathrm{o}\}_{)}1\mathrm{e}\mathrm{n}1$ , we address the question on the asympt,otic [ $)\mathrm{e}\mathrm{h}\mathrm{a}\mathrm{v}\mathrm{i}o\mathrm{r}$ of solu-
tions. In the $\mathrm{s}\mathrm{u}(\cdot \mathrm{c}^{\iota}\mathrm{e}\mathrm{s}\mathrm{s}\mathrm{i}\mathrm{v}\mathrm{e}$ sections we consider the stationary problems of (8) and (15)
and numerically discuss the resemblance between the mathematical structure of the
equilibrium solutions of (8) and that of (15) as $\overline{\vee.}arrow+0$ .

2 Stationary problem
In the previous section, $\backslash \backslash r’e$ showed that for fixed $T>0$ , solut,ions of the cross-diffusion
syst.em (8) can $|$) $\mathrm{e}$ approximated by those of the reaction-diffusion system (15) for $0<$
$t<T\mathrm{i}\mathrm{f}_{-}^{\sim}\llcorner$ is sufficiently small. However, this $\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{u}\mathrm{l}\mathrm{t}_{[]}$ cloes not give any information on the
$‘ 1,\mathrm{q}\mathrm{u}\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{l})\mathrm{r}\mathrm{i}\mathrm{u}\mathrm{m}$ solutions of (8) and (15). Ill this $\mathrm{s}\mathrm{e}\dot{\mathrm{c}}\cdot \mathrm{t}_{1}\mathrm{i}\mathrm{o}\mathrm{n}$ we consider the one-dimensional
$\mathrm{s}\mathrm{t}$,ationary problem of (8) and (15) with the zero-flux boundary conditions, assuming
$\mathrm{t}\downarrow 1\iota \mathrm{e}$ weak competition condition (9).

Take $d$ as a bifurcation parameter $(0.00_{\backslash }\ulcorner)\leq d\leq 0.0351)$ with a $=_{\vee}^{-}3.$ The $\mathrm{g}1\mathit{0}$bal
structure of equilibriiun solutions to (8) is alreadv demonstrated in Fig. 1. Here we
nnnl$‘,\mathrm{r}\mathrm{i}\mathrm{c}\cdot \mathrm{a}\mathrm{l}\mathrm{l}\mathrm{v}$ show the global structures of equilibrium solut,ions to (15). The interval of
$d$ which is $\mathrm{c}\cdot \mathit{0}$ mputed is the sam$e$ as in Fig. 1. For,$\llcorner^{\wedge-- 0.01}\vee^{-\sim}$

’ the structure of equilibrium
solution to (15) is $\mathrm{d}\mathrm{e}\mathrm{m}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}\downarrow \mathrm{r}\mathrm{a}\mathrm{t}\mathrm{e}\mathrm{d}$ in Fig. 2. It is obvious to see that two strncturae in
Figs. 1 and 2 are quantitatively different. However, it is surprising that these seem to
[ $)\mathrm{t}^{\backslash }$ qualitatively similar. In fact. noting Fig. 3 $(\epsilon= 0.001)$ and Fig. 4 $(\vee.\wedge= 0.0001)$ ,

the global structure of equilibrium $\mathrm{s}_{\iota}o1\mathrm{u}\mathrm{t}_{\mathfrak{l}}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{s}$ seems to converge t,o the one in Fig. 1 as
$\epsilon$ bec.omes smaller. These results strongly support $\mathrm{t}_{1}\mathrm{h}\mathrm{a}\mathrm{f}_{t}$ the stationarv problem $\mathrm{t}\downarrow 0(8)$

is also approximat,ed $\mathrm{b}_{\mathrm{t}}\mathrm{v}$ the one to (15) if - is sufficiently small.

3 Turing’s instability and cross-diffusion induced in-
stability

One of the most important mechanisms of pattern formation is Tunng $‘ s$ instability or
diffusion-zn,duced i.nstabi,lity in short range activator-long range inhibitor type reaction-
diffusion svstems ([16]). This phenomenon occurs under the situation where the in-
hibitor diffuses faster than the activator. If t,he activator increases loeally, then it
generates the inhibitor at the same $\mathrm{t}_{1}i\iota \mathrm{n}\mathrm{e}$ . Because of the large diffusivity: the inhibitor
also increases out,side of its neighborhood of the high concentration of the activator.
This keeps the $\mathrm{a}\mathrm{c}\cdot \mathrm{t}\mathrm{i}\mathrm{v}\mathrm{a}\mathrm{t}\mathrm{o}\mathrm{r}$ below outside and the inhomogeneity of the distribution of
$\mathrm{t}_{1}1\tau \mathrm{e}$ activator forms. Mathematicallv speaking, the stable $\eta\iota \mathrm{i}\mathrm{l}\mathrm{i}\mathrm{l}$) $\mathrm{r}\mathrm{i}\mathrm{u}\mathrm{m}$ points of some
ordinary differential equations become unstable by adding the diffusion. Consider the
compet,ition-diffusion $\mathrm{s}.\mathrm{v}\mathrm{s}\mathrm{t},\mathrm{e}\mathrm{m}(’4)$ under the weak competition $\mathrm{c}\mathrm{o}\mathrm{n}(1\mathrm{i}\mathrm{t}_{t}\mathrm{i}\mathrm{o}\mathrm{n}(9)$. As was
seen in \S 1, the diffusion-less system (5) has the stable equilibrium poi $n\mathrm{t}(u_{1}^{*}, u_{2}^{*})$ . For
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the (.orresponding competition-diffusion svstem (4), it is well known that Turing’s in-
stabilitv never occurs, that is, the spatially constant equilibrium solution $(u_{1}^{*}, u^{*},.")$ is
always $\mathrm{s}\mathrm{t}$,able. Actually the comparison principle directly implies that all the solutions
converge to the eonstant solution $(u_{1}^{*}, u_{2}^{*}.)$ when $\mathrm{b}\mathrm{o}\mathrm{t}_{}\mathrm{h}$ components of initial data are
positive. On t,he other hand, as was seen in \S 2, stable $\mathrm{n}\mathrm{o}\mathrm{n}- \mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}_{t}\mathrm{a}\mathrm{n}\mathrm{t}$ stationary solutions
of the cross-diffusio$n$ svstem (8) bifurcate from the stable constant $\mathrm{s}\mathrm{o}\mathrm{l}\mathrm{u}\mathrm{t}_{}\mathrm{i}\mathrm{o}\mathrm{n}(’u_{1}^{*}, u_{\sim}^{*},)$ un-
der the weak coinpetition condition. In this section we will make clear the $\mathrm{r}\mathrm{e}\mathrm{l}\mathrm{a}\mathrm{t}_{1}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{h}\mathrm{i}\mathrm{p}$

between Turing’s inst.ability and the cross-diffusion induced instability for (8).
First we consider the linearized stability of the $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{t}_{\mathrm{t}}\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{a}\mathrm{r}_{1}\mathrm{v}$ solution $(u_{1}^{*}, u_{2}^{*})$

for (8) with $\alpha>0$ . FOr simplicitv of notation. we set,

$\{$

$f(u_{1}, u_{2})$ $=$ $(\prime r_{1}-a_{1}u_{1}-b_{1}u_{2})u_{1}$ , (26)
$g(u_{1}, u_{2})$ $–$. $(r_{2}-b_{2}u_{1}-a_{2}u_{2})u_{2}.$ .

Then the linearized operator for the right hand side of (8) in a neighborhood of $(u_{1}^{*}. u_{arrow}^{*}.,)$

is

Thus the eigenvalues $\mu$ of the linearized operator are characterize, by $P(\mu)--0$ where

$P(\mu):=$ ,

and a is one of the eigenvalues $\mathrm{o}\mathrm{f}-\Delta$ with the Neumann boundary condition (2).
$\mathrm{N}(^{1}\mathrm{x}\mathrm{t}$ we c..onsider the reaction-diffusion system (15). Here we also define

$\{$

$f_{1}(\iota\prime_{19}, \iota_{\sim}|.\iota_{3}’)$ $=$ $|r_{1}-c\iota_{1}(v_{1}+\mathrm{c}!_{2})-b_{1^{\mathrm{t}^{13}}}]\mathrm{c}\rangle 1$,

$f_{2}(v_{1}, v_{2}, r_{3}’)$ $=$ $[r_{1}-o_{1}(1^{11}+\mathrm{t}^{\prime_{\underline{\mathrm{Q}}}})-b_{1}\iota_{3}^{1}]v\underline,$,
$f_{3}(\iota_{1}" \mathrm{t}_{2}^{1}. b_{3}’)$ $–$ $[r_{2}-b_{2}(v_{1}+\iota_{2}’)-a_{2}t^{f}\mathrm{s}]\mathrm{t}_{3}’$.
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It is easilv seen that

$\{$

$f(\prime 1_{1}’+\text{ノ}|f2,1_{3}’)$ $=$ $f_{\iota}(\prime p_{1}" 7)2,1^{)}3/$) $+f_{\sim^{)}}’(v_{1}, \mathrm{t}_{2}^{1}, \iota_{3}^{\iota})$ ,
$g(v_{1}+v_{\sim}"\iota\prime_{3})$ $=$ $\int_{3(v_{1},\uparrow_{\mathfrak{D}}2}1,$

$\uparrow_{3}.’$ ),
$f_{u_{1}}$ $(v_{1}+\iota_{\mathit{2}}^{1}.. \uparrow\cdot’ \mathrm{s})$ $=f_{1,v}:(\mathrm{t}_{1}" v_{2}, \mathrm{t}_{\delta}^{f}. )+f_{2,v;}(v_{1\}}v_{\underline{)}}‘, v_{3})$ $(i=1,2)$ ,
$f_{u_{2}}$ $(\tau_{1}’+v_{2}, ’\iota_{3}’..1 =f_{1,v_{3}}(v_{1}, v_{2}, \mathrm{t}J_{3})+f_{\mathit{2},v_{3}}(l’1, l^{f}2, \mathrm{t})3)’$.
$g_{u\iota}(_{\backslash }tf_{1}-\vdash \mathrm{c}_{2}"\mathrm{t}^{1}\mathrm{s})$ $=f_{3,v_{i}}(\mathrm{c}_{1}" v_{\sim}?.\iota_{3}^{1})$ $(i=1,2)$ ,
$g_{u_{\mathit{1}}}(v_{1}+\prime u_{2,3}\tau’)$ $=$ $f_{3,v_{3}}\langle \mathrm{t}_{1}$” $v_{2},$ $\iota_{3}’$ ).

(27)

$\mathrm{M}^{\backslash },\mathrm{a}\mathrm{l}1$ that, (15) can be rewritten into (18) with $/J=v_{1}+v_{2}$ . We see from this and (19)
that (18) also possesses the constant equilibrium $(\rho^{*}, |’.’ \mathrm{t}^{f^{*}}2’ 3)$ where $\rho^{*}=u_{1}^{*}$ . $\mathrm{c}_{3}^{*}’=u_{2}^{*}$ and

$\mathrm{t}_{2}^{\prime^{*}}=\frac{k(l^{)^{*}})3^{\backslash }\rho^{*}}{h(\mathrm{t}_{3}^{1^{*}})+k_{\backslash \mathit{1}}(l_{3}^{1^{*}})}.=\frac{\mathrm{t}_{\text{ノ}^{}1^{*}}3}{\Lambda_{i}l_{2}}p^{*}=\frac{u_{2}^{*}}{\mathit{1}\vee I_{2}}.u_{1}^{*}3$, (28)

$\mathrm{a}\mathrm{I}\mathrm{t}\mathrm{e}\mathrm{l}$ that (15) possesses $\{_{\Pi}\mathrm{h}\mathrm{e}$ equilibrium solution $(v_{1}^{*}, \mathrm{t}_{2}^{\prime^{*}}, v_{3}^{*})-(p^{*}-?)^{*}\mathrm{t}2’)^{*}v_{3}^{*}2\cdot)$. The
linearized eigenvalue probl$e\mathrm{m}$ for (15) around $(1l_{1}^{*}, \mathrm{t}^{1_{9}^{*}\prime}.,\uparrow)^{*})3$ is rerluced to $Q^{c}(\mu)=0$ where

$Q^{\succeq^{-}}$ $:=$

$\xi_{11}$ $:=$ $-d_{1}\sigma+f_{1}$ , $v_{1}(v_{1}^{l}, \mathrm{t}_{2}’v_{3}^{*})*,-,k(v_{3}^{*})-\llcorner^{\wedge}arrow\underline{1}/\mathit{1}$,

$\xi_{1}\underline,$ $:–f_{1,v_{2}}(v_{1}^{*}, v_{2}^{*}, v_{3}^{*})+ \frac{1}{c}.h(’\downarrow\prime_{3}^{*})$ ,

$\xi_{13}$. :–, $f_{1,\iota:_{3}}(v_{1}^{*}, \mathrm{L}_{2}^{\mathrm{t}^{*}}, v_{3}^{*})+\frac{1}{F_{\vee}}(h’(v_{3}^{*})v_{2}^{*}-k’(\prime v_{3}^{*})v_{\mathrm{J}}^{*})$ ,

$\xi_{21}$ $:=$ $f_{2,\mathrm{t}_{1}’}(v^{*}, ’ \iota^{*}’\underline{\cdot)}, \tau_{3}^{*}’)\iota’+\frac{1}{\prime_{\vee}c}k(v_{3}^{*})$ ,

$\xi_{22}$ $:=$ $-(d_{1}+ \alpha \mathrm{A}f_{2})\sigma+f_{2,v_{2}}(v_{1’ 2}^{**}\uparrow" v_{3}^{*})-\frac{1}{\vee c}h(\mathrm{t}_{3}^{*}’)-\mu$ ,

$\xi_{23}$ $:=f_{2,v_{3}}(v_{1}^{**}, \iota\prime_{\underline{9}}, v_{3}^{*})+.(k’(\mathrm{t}_{3}^{l}’)v_{1}^{*}-h’(v_{3}^{*})’\iota f^{*})\prime\prime\underline{1}2$ .

[Jsing (27), we see

$\xi_{11}+\xi_{21}$ $=$ $-d_{1}\sigma\prec^{-}f_{u_{1}}(u_{1}^{*}, u_{2}^{*})-\mu$ ,
$\xi_{12}+\xi_{22}$ $.-$ $-(d_{1}+\alpha M_{2})\sigma+f_{\iota\iota_{1}}(u_{1}^{*}, u_{2}^{*})-\mu$ ,

$\xi_{13}+\xi_{23}.-arrow$ $f_{u_{2}}(u_{1}^{*}.u_{2}.)$ .

Then, adding the second row of $Q^{\rho}$
. t,o the first one and subtracting the first, colmnn
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from the scxon($1$ one, we have

$Q^{\simeq}\backslash$ $\underline{-\sim}$

$=$ $|g_{u_{1}}(.u_{1}^{*},u_{2}^{\iota})\xi_{11}+\xi_{21}\xi_{21}$ $\xi_{1_{\wedge}^{)}}\cdot+\xi_{22}=\xi_{11}-\xi_{21}\xi_{220}\xi_{21}$ $-d\cdot.’\sigma+g_{u_{2}}(u_{1}^{*},u^{*}\underline,)-\mu\xi_{13}+\xi_{23}\xi_{23}$ $|$

$=$

We note that the last ( $\iota_{(}’ \mathrm{t}\mathrm{e}\mathrm{r}\mathrm{m}\mathrm{i}\mathrm{n}\mathrm{a}\iota\tau \mathrm{t}$, corresponds to the eigenvalue problem of (18). We
(an rewrite it as follows:

$Q^{\vee^{-}}$

.
$=$ $\frac{1}{\epsilon}|-d_{1}\sigma+f_{u_{1}}(u_{1,)}^{*},u_{2}^{*})-\mu g_{u\iota}(u_{1^{*}}^{*},u_{2}^{*})k(\mathrm{c}\prime_{3} -h.(v_{3}^{*}1-\cdot k(\mathrm{t}t_{3)}^{*}-\alpha_{\text{ノ}}\mathrm{A}f_{\underline{)}}\sigma 0 -d_{2}\sigma+g_{u_{2}}(*,u_{2}^{*})1-\mu k’(_{l\prime_{3}^{*}})v_{1}^{*}\frac{u^{*}}{u’}h’(v_{3}^{*})v_{2}^{*}f_{u_{2}}(1u_{2}^{\mathrm{r}})$ $|$

$+O(1)$

as $\mathrm{r}\veearrow+0$ . By (19), we have

$k^{\sqrt}(. \mathrm{s})=(h!(s)+k’(s))\frac{s}{M_{2}}-\vdash f\frac{||,(s)+k(s)}{lff\underline{.)}}.$ , $\frac{k_{\mathrm{V}}(s)+h(s)}{\Lambda f_{2}},=\frac{k(9)}{s}$

‘

and tben

$k’(v_{3}^{*})v_{1}^{*}-l_{l}’(v_{3}^{*})\iota_{2}^{*}$’ $=$ $k’(u_{2}^{*})(u_{1}^{*}- \frac{u^{*}}{\Lambda I_{2}}\underline’ u_{1}^{*})-h’(u_{2}^{*})\frac{u^{*}\lrcorner}{\mathit{1}\mathrm{t}\prime f_{2}},u_{1}^{*}$

-.. $\underline{h(u_{2}^{*})}+,\underline{k(u_{\sim}^{*},)}\lrcorner 1f_{2}u_{1}^{*}---\frac{k(u_{2}^{*})u_{1}^{*}}{u_{9\sim}^{*}}$ .

The principal part of $\varphi$ can be reduced to

$\frac{1}{\epsilon}|-d_{1}\sigma\dashv- f_{u_{1}}(u_{1^{\backslash }}^{*}..,u_{2}^{*})-\mu g_{u_{1}}(u_{1}^{*},u_{\sim}^{*})k(u_{2}^{*})$ $- \cdot\frac{-\alpha\iota I_{2}\sigma \mathrm{t}f_{2^{\wedge}}k(u_{\underline{?}}^{*})}{\mathrm{o}^{u_{2}}}*$

$-d_{2} \sigma+*2)-\mu f_{u},)\frac{\dot{k}(u_{2}^{*})\cdot u_{1}^{*}(u_{1}^{*},u_{2}^{*}}{g_{u_{2}}|’u_{1}^{*},u\prime u_{2}^{*}}$

,

$|$ .

Multiplying t,he $\mathrm{s}\propto\cdot \mathrm{o}\mathrm{n}\mathrm{d}$ row by $-\alpha\sigma u_{)}^{*}../k(u_{2}^{*})$ and adding the product to the first one,
we ean calculate the $\mathrm{p}\mathrm{r}\mathrm{i}\mathrm{n}\mathfrak{c}\cdot \mathrm{i}$ ]) $\mathrm{a}\mathrm{l}$ part as follows:

$\frac{1}{\prime,-\sim}|-(d_{1}+\alpha\iota\iota_{2}^{*})\sigma_{k(ll_{2}^{*})}+f_{u_{1}}(u_{1}^{*}, u_{\underline{l}}^{*}.)-\mu g_{u_{1}}(u_{1}^{*},u_{2}^{*})$ $- \frac{\Lambda I_{2}k(u_{2}^{*})0}{0^{u_{2}^{*}}}$ $-d_{arrow)}. \sigma+*2)-\mu-\alpha\sigma uu_{1}^{*},u_{2}^{*})\frac{*1^{+f_{u_{\frac{\mathrm{q}}{u}}}.(}k\cdot(u_{2}^{*})1*}{g_{u_{2}}(u_{1}^{*}uu_{2}’}$ $|$ .
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Thus we obtai $n$

$Q^{\epsilon}(\mu)$ $=$ $- \frac{M_{2}k(u_{2}^{*\backslash }}{\hat{\epsilon}u_{2}^{*}},P(\mu)+R(\mu)=-\frac{h(u_{2}^{*})+k(u_{2}^{*})}{\vee c}P(\mu)+R(\mu)$ , (29)

where $fi(\mu)$ is independent of $.c$ . It is easy to $\mathrm{s}\mathrm{c}*\mathrm{t}\mathrm{h}\mathrm{a}\mathrm{t}$

$P(\mu)=\mu^{2}+O(l^{\mathrm{t}})$ , $R(\mu.)..---\mu^{3}+O(\mu^{2})$

as $|\mu.|arrow\infty$ , which together wit, $\mathrm{h}(22)$ , implies that the eigenvalues of t,he linearized
$()\mathrm{p}\mathrm{e}$.rator of (1S) converges t,o those of (8) in a half plane $\{\mu\in \mathrm{C}|{\rm Re}\mu>-\gamma’\}$ for $an$

arbitrary positive number $\gamma$ . Thus, one fi$n\mathrm{d}\mathrm{s}$ t,hat, cross-diffusion induced instability of
(8) can $|$) $\mathrm{e}$ regardarl as Turing’s instability of (15) if $\epsilon$ tends to zero.

More precisely speaking to the cross-diffusion system (8), we can say that in the
approximating reaction-diffusion system (15), V3 plays a role of activator, while $\tau_{2}.$’ does
a role of inhibitor. Since $(v_{1}^{l}+\mathrm{t}^{f^{*}},.’.V_{3}^{\mathrm{t}})$ is a stable equilibrium point of (8) and (29) implies
that two roots of $Q^{-}\underline(\mu)=0$ are close to those of $P(\mu)=0$ and that the other is negative.
the spatially constant $\mathrm{e}\mathfrak{c}_{1}\mathrm{u}\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{b}\mathrm{r}\mathrm{i}\mathrm{u}\mathrm{m}$ point $(v_{1}^{*}, \prime u_{2}^{*}, v_{3}^{*})$ is stable if $\alpha$ vanislles. However, if $\mathrm{c}x$

is large, then $P(/\iota)=0$ possesses a posit,ive root because of the cross-diffusion induced
instabilitv, whieh implies that the equilibrium point of (15) destabilizes for suitably
small $\overline{\epsilon}$ when the diffusivity of one inhibitor V2 is large enough. Thus it turns out, that
the reaetio$n$-diffusion system (15) includes the framework of $\mathrm{s}\mathrm{h}\mathrm{o}\iota\cdot \mathrm{t}_{1}$ rallge acl,ivator-long
range inhibitor reaction-diffusion s.vstem for (V3, V2) and that the cross-diffusion inducetl
instability of (8) ($\cdot \mathrm{t}$ be regarded as $\mathrm{T}n$ring’s instabilitv of (15).

4 $\mathrm{R}\mathrm{D}$-approximation to cross-diffusion systems
$r_{\mathrm{I}^{1}\mathrm{o}}$ prove Theorem 1 in \S 1, we consider an auxiliary problem in this section:

$\{$

$u_{t}--d_{1}\Delta\cdot u+\tilde{\alpha}\Delta v.|+f(u, 1f)+\eta_{1}(?\iota, \cdot|" u’)$ , $t>0$ . $\backslash \tau\in\Omega$ ,
$v_{t}=d_{2}\Delta v+.q(u, v)+\eta_{2}(\prime u, v,u’)$ , $t>0,$ $x\in\zeta\}$ ,
$u, \dagger_{t}=(d_{1}+\check{\alpha})\Delta u|+\eta_{3}(u, \mathrm{t}^{f}, w)+\frac{1}{\epsilon}\kappa(u, \uparrow),w)$ , $t>0,$ $x\in\Omega$

(30)

to approximate a cross-diffusion system

$\{$

$\tilde{u}_{t^{-}}--\Delta[(d_{1}+\tilde{\alpha}\phi(\overline{v}))\tilde{u}]+f(\tilde{u},\tilde{v})$ , $t>0,$ $x\in\Omega$ ,
$\overline{|}|t=d_{2}\Delta\grave{v}+g(\tilde{u}.\uparrow f)\sim$ , $t>0,$ $x\in\Omega$ .

(31)

For simplicity we assume that the functions $\phi,$ $f,$ $g,$ $\eta_{1},$ $t\mathfrak{j}_{2_{!}}\eta_{3}$ and $\kappa$ all$0\backslash \backslash r$ all
nonnegative numbers as their independent $\mathrm{v}\mathrm{a}\mathrm{r}\mathrm{i}\mathrm{a}\mathrm{l}$)]$\mathrm{e}\mathrm{s}$ . We impose on (31) the boundary
condition

$\frac{\overline{d}\tilde{u}}{\partial\nu}=\frac{\partial\grave{v}}{\dot{c}J\nu}=0$ , $t>0$ , $x\in\theta^{r}\Omega$ (32)
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and tbe initial contlition

$\tilde{u}(\mathrm{O}, x)=u_{0}(’.\mathrm{t}_{r}’)$ . $\mathrm{t}^{\sim}\backslash (0..\prime p\cdot)=\mathfrak{l}^{)}\mathrm{o}(\prime x)$ , $Ji\in 1l$ , (33)

wlxere we assume
$u_{0}(x)\geq 0$ . $1_{0},’(X)\geq 0$ on $\Omega$ .

On $\mathrm{t}_{\backslash }30$ ) we impose the boundary condition

$\frac{\partial^{t}u}{\mathrm{r}?\nu}=\frac{\partial\iota}{\theta^{r}\iota\prime},$ $= \frac{}\partial u1}{\partial\iota \text{ノ}=0$ , $t>0,$ $x\in\partial\Omega$ (.34)

and the initial condition

$u(\mathrm{O}, x)--u_{0}(_{\backslash }x)$ , $v(\mathrm{O}, x)=v_{0}(x)$ , $w(\mathrm{O}, x)=\phi(v_{0}(x))u_{0}(x)$ , $x\in\Omega$ . (35)

$\mathrm{W}’\mathrm{e}^{1}$ will $\mathrm{d}\mathrm{e}\mathfrak{c}\mathrm{l}\mathrm{u}\mathrm{C}\mathrm{e}$ Theorem 1 at the end of tliis section from some a priori estimates for
the difference $\mathrm{b}\mathrm{e}\mathrm{t}\mathrm{w}’ \mathrm{e}\mathrm{e}\mathrm{n}$ the solutions of (30.), $\langle$

’
$\mathrm{M}$). (35) $\mathrm{a}\mathrm{l}\iota \mathrm{d}$ those of (31), $(:3^{\eta}.)$ . (33).

Theorem 2 $Lct,$ $d_{1}$ . $d_{\mathit{2}},.\overline{\alpha}$ be posi.tive number.$\mathrm{q}$ and let $\phi,$ $f,$ $.q,$ $\eta_{1},$ $’|.2,$ $\eta_{*}$. und $\kappa$ be
$\dot{\mathrm{g}},,\uparrow 7t,ooth$ functions $sat^{;}/‘ sf.ying$

$\phi(s_{\underline{)}}.)\geq 0$, $(’36)$

$\eta_{1}(.\mathrm{s}_{1}’, s_{2}.\phi(.9_{2})s_{1})\equiv\eta_{2}(9_{1}, s_{2}..\phi \text{ノ}.’(i.\mathrm{e}.2_{\text{ノ}}\backslash .(\mathrm{i}_{1})\equiv\kappa(_{[]}’\sigma_{1}, s_{2}, \phi(s_{2})s_{1})\equiv 0.$ (37)
$\kappa_{u}(s_{1}, s_{2}, s_{3})\geq 0$ , (38)
$\kappa_{w}(s_{1}, s_{2}.s_{3})<0$ , (39)
$f_{\dot{v}_{uw}}(s_{1}, s_{2}, s_{3})\equiv 0$ (40)

$f\dot{o}’\cdot(\cdot\backslash _{\mathfrak{j}}, .\mathrm{v}_{\vee}.,.s_{3})\in[0, \infty)^{3}$ . Denote by $(’\tilde{u},,\grave{v})=(|\iota(\sim t.x.), |’(\sim t.x))$ the solution of (31), (32),
$(:t3)$ . a.n.d by $(u, \tau’, w)<(u(\uparrow, x;\mathrm{s}^{\wedge}arrow),$ $v\{\iota,$

$\backslash --\prime \mathrm{r};\vee$ ), $w(t, x;l_{\vee}^{\wedge}.))$ the solution of (30). (34), (35)
parametnzed by a $poS’it’i,v\epsilon’$ number $,\vee^{\wedge}-$ . Suppose that $(\overline{u},\hat{v})unonn\mathrm{e}gat,i\uparrow je$ and $suffi_{C’}i_{\text{ノ}}$entlq
$sr\tau f\mathit{0}oth$ at $lea_{\iota}st$ on, $|0,$ $T$ ] $\mathrm{x}\overline{\mathrm{f}l},$ $’\iota vhereT$ is a $positi\iota’ e$ number. Also $s$uppose $f,h,e\epsilon j?\dot{b}9t,\mathrm{t}:n,c.e$

of $pos\iota ti_{U\theta_{}}$ numbe$\mathit{7}Sl^{\vee^{-}}.0ar|,d\lambda \text{ノ}\check{I}_{0}sat_{l,S}’fyir|,g$ the $fol,lonnn,g\backslash :(u, v, u’)\mathrm{t}_{\wedge}9suffi_{\mathrm{t}’}ie??,t.l..y$ smooth
and

$(u(t, .’\iota;;)\underline{\mathrm{e}},$ $|.’(t,\backslash \iota;‘\vee)\simeq,$ $n’(t, x:\overline{\veearrow}))\in[0, \Lambda\tilde{I}_{()}]^{3}$ (41)

$\langle)\mathit{7}t,$ $[(\}.\prime \mathit{1}^{\urcorner}|\mathrm{x}\overline{\Omega} for\cdot\overline{\triangleright.}\in(0, r^{\wedge}.0]$. Then the $d,iffe?^{\backslash }er|$ ce $be,t\uparrow\iota’ ee,n(u, \iota^{)}, u))$ and $(\tilde{u},\tilde{\iota}’)$ as $e_{\mathrm{c}}, t\prime imaf_{\ell l}.j$,

to $b\mathrm{t}^{\mathrm{Y}}$.

$\{$

$t‘=|\sim 0.T\rceil \mathrm{b}^{\backslash }11\})||v(t, \cdot;’\vee^{\wedge}-)-\tilde{u}(t, \cdot)||_{L^{\eta}(\Omega)}4\leq C_{\vee^{\wedge}}\vee$
,

$\mathrm{t}-’.[0,T]\mathrm{s}\iota\iota \mathrm{p}||\uparrow)(t. \cdot;\vee\Leftrightarrow)-l^{\vee}’(t.\cdot)||_{L^{?}(\Omega)}\leq C_{\text{ノ}}=.$.
$\mathrm{b}^{\backslash }\mathrm{u}\mathrm{p}||(\iota’(f. \cdot\backslash \cdot\overline{\sim-})-\phi(1_{J}^{1}arrow(t, \cdot))||(\sim t, \cdot)||_{L^{2}(\Omega\rangle}\leq \mathrm{C}_{-}’\overline{\llcorner}$

$\mathrm{z}_{\overline{\overline{\sim}}}[0,T\rceil$

(42)

$for-\in$ $(0_{\underline{}},\approx_{0}]$ . Hcve $C^{\gamma}’\cdot-\mathrm{C}^{1}(\uparrow\iota, \uparrow)$ -\sim$\sim\sim\cdot$

\sim o,
$\Lambda\overline{\prime}I_{0},$ $T$) $\dot{\mathrm{t}}_{t}S$ a $posit_{}i\tau\prime\prime$ constant $\prime i,ndepend\vee rn,t$, $of\vee r_{\sim}$ .
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A similar theorem is shown in [4], where the convergen( $\mathrm{e}$ in $H^{1}(\Omega)$ as $\epsilon$ — +0 is
proved instead of (42), while $\kappa_{w}$ is assumed to be a negative constant, However, since
$\mathrm{t}\mathrm{i}\iota \mathrm{i}\mathrm{s}$ assumption is quite strong, we extend this result to Theorem 2 for more general
svstems (30) which include $\eta_{1},$ $\eta_{2}$ and $\kappa$ where $ti_{w}$ Is not assumed to be a constant.

Proof Fix a positive nrunber $T$ satisfying the assumption in the theorem. Due $\mathrm{t}_{1}\mathrm{o}$

(.; 1) we may assume that $f,$ $g,$ $\eta_{1},$ $\eta_{2},$ $\eta_{3},$ $t\mathrm{i},,$
$\phi$ and their derivatives appearing in this

proof are $\mathrm{u}\mathrm{n}\mathrm{i}\mathrm{f}\mathrm{o}\mathrm{r}\mathfrak{n}1\mathrm{l}\mathrm{y}$ bounded independently of $(t, x)$ and in particular $\epsilon$ . (For a preciser
argument we need suitable truncation of $f,$ $\mathit{9}$ , etc. around $[0, h\tilde{f}_{0}]^{3}$ . See, e.g., \S 2 of
[4].) We denote the posit,ive eonstants independent of $\llcorner^{\wedge}$. and $(t, \prime x)$ by $c_{l}(i=] , 2, \cdots)$ .
Moreover it follows from (39) that

$\kappa_{0}$

$:– \inf_{\mathrm{Q}(s_{1},\epsilon_{\sim},s\epsilon)\epsilon[0,h\overline{t}_{0}]^{s}}\{-\kappa_{w}(s_{1}, s_{2}, s_{3})\}>0$
. (43)

Set

$\tilde{u}J:=\phi(\overline{\uparrow|})\check{u},$ $U:=u-\overline{u}_{\neq}V:=\mathrm{t}^{f}-\tilde{v},$ $W:=w-\phi(\uparrow^{\sim}|)\tilde{u}=w-\check{w}$ .

Using $’\eta_{1}(\check{u},\overline{v}, \uparrow\hat{v})-\eta_{2}(\tilde{u}.\uparrow|\tilde{\uparrow}|)\sim,=\kappa(\overline{u},\tilde{v},\tilde{w})=0$ which follows from (37), we have

$\{$

$U_{\ell}$ $=\mathrm{c}l_{1}\Delta \mathrm{I}^{f}+\tilde{\alpha}\Delta W+f(\hat{u}+r.J,\text{ノ}\prime f\sim+V)-f(\tilde{u},\tilde{\mathrm{t}}’)$

$+\eta_{1}(\tilde{u}+U,\tilde{v}+V,\tilde{w}+\mathrm{I}f^{r})-\mathrm{v}\}_{1}(\tilde{u},\tilde{\iota’},\tilde{w})$ ,
$1_{t}^{l^{\vee}}$

.
$=cl_{J2}\Delta V+g(’\overline{u}+U, |f+\mathrm{I}^{r}\backslash ,)-g(\vec{\uparrow}\dot{l}, 1^{\rangle})\vee$

$+- r_{b2}(\tilde{u}+l..;, i)\sim+V,$ $\iota\overline{\iota}^{1-}\vdash ll^{f})-\eta_{2}(\tilde{u}, \uparrow j\tilde{u)})\sim,$ ,
$l\mathrm{i}^{\gamma_{t}}$ $=$ $(d_{1}+\tilde{\alpha})\Delta|\prime \mathrm{T}^{\gamma}$

$\{\frac{]}{c}.\{\kappa(\uparrow l\sim, +U, \tau^{\sim}’+V_{\backslash }u\check{)}\dashv- W)-\kappa(\tilde{u}+U, \uparrow)-\}\sim V,\hat{w})\}$

$\{\cdot\cdot\{\prime\prime\prime(\grave{u}+\dagger T_{\mathit{1}J}\underline{1}\overline{\vee-}.,\sim \dagger V_{\mathit{1}\mathrm{J}^{\rangle}},\backslash )-\kappa(\tilde{u},\tilde{\mathrm{c}}),\tilde{u}|)\}$

$|\eta_{3}$. $(\tilde{u} \dagger r_{\vee}I_{l^{\vee}},’\{V,\backslash 0\hat{v}\dashv\cdot\cdot W)-\tilde{u}|_{1}+(d_{1}+\tilde{\alpha})\Delta\tilde{\uparrow}|$

(44)

for $t>0$ and $x\in\Omega$ . The difference $(!^{\gamma}., V, W)$ also satisfies the boundarv condition

$. \frac{\acute{\theta}l^{f}}{(?\nu}=\frac{\partial V}{\partial\nu}=\frac{}c?W}{\partial\iota \text{ノ}.--\cdot\cdot 0$ , $t>0,$ $x\in\partial\Omega$

and the initial condition

$U(0, x)=V(0,x)–|’|^{\gamma}(0, x)=0$, $x\in\Omega$ .

We denote a primitive function of $\kappa(u, \mathrm{t}^{1},, \uparrow\iota\})\sim$ with respect to $u$ by

$K( \prime u, v;i\tilde{v}):=\int_{0}^{u}f_{1},(s, u,\overline{u};)(l.s$,
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where we regard $K$ as a function of $(u. \iota))\in[0, \infty)^{2}$ parametrized by $\tilde{u}’\in[0, \infty)$ . Using
$K$ , we define a quadratic forin $E(t;\epsilon)$ of $(\iota^{r_{(}^{J}}t, \cdot;\epsilon),$ $V(t, \cdot;\in))$ in $J_{\text{ノ}^{}2}(1l)$ bv

$E(t)=E(t;.\mathrm{c})$ $:– \int_{\Omega}\{K(\tilde{u}-\dagger- r_{-};,\tilde{v}+V;\uparrow\tilde{\iota}’)-\tilde{\mathrm{A}}’-\tilde{K}_{u}U-\overline{K}_{v}V\}dx$ ,

where we abbreviate $K(\tilde{u}.’\hat{v^{\backslash }};\tilde{u}|),$ $I\mathrm{i}_{u}^{-}(\tilde{u},\dot{|}_{\vee}^{1;}\check{\mathrm{t}J})\sim$ . etc. to $\hat{\mathrm{A}}’,\tilde{h}_{u}’$ , etc.; hereafter we often use
$\mathrm{s}\mathrm{i}\iota \mathrm{n}\mathrm{i}\mathrm{l}\mathrm{a}\mathrm{r}$ abbreviation for siniplicitv of notation. We denote the standard norm and inner
$1)1^{\cdot}\mathrm{t}\mathrm{J}\mathrm{t}\mathrm{l}\mathrm{U}\mathrm{t}\cdot \mathrm{t}_{}$ in $L^{2}(\mathrm{f}l)$ by $||\cdot||$ and (., $\cdot$ ). Differentiating $E(t)$ in $t$ , we have

$\frac{dE}{dt}$ $=$ $(K_{\iota \mathrm{t}}(\grave{i\iota}+\{^{r},, \iota;\vee+V;?l^{\vee}")-\check{K}_{u}-\overline{K}_{\mathrm{c}\iota\tau\iota}\mathfrak{k}^{r}\text{ノ}-\tilde{K}_{vu}V_{;}\check{u}_{t)}$

$+(I\mathrm{f}_{v}(\tilde{u}+L^{f},\overline{v}+V;\overline{w})-\check{K}_{v}-\dot{I}\mathrm{f}_{uv}U-\tilde{K}_{\iota’ v}V,\hat{v}_{t})$

$+(K_{\overline{w}}(’\tilde{u}+U.‘ 1’\sim, +V:?\dot{\mathit{1}}^{1}-)-\tilde{h}_{u}’-,$ $-I\grave{\zeta}_{u\overline{w}}U-\overline{K}_{v\overline{w}}V,\hat{w}_{t})$

$+(\mathrm{A}_{u}’(\tilde{u}+|^{\mathrm{r}\sim},l, |)+V_{\backslash }i^{\vee}|’)-\hat{\mathrm{A}}_{u}^{-},$ $[f_{t})$

$+(I\iota_{l}^{\nearrow},(\tilde{u}+U,\grave{v}+V;\check{u}\})-\tilde{K}_{v}$. $V_{t}^{\vee})$

$\leq$ $\iota_{1}.(||\dagger J||^{2}-|-||V||^{\sim}.\rangle+||\mathrm{f}\prime \mathrm{I}^{\prime^{\vee}}||\underline{.)})$

$+(\kappa(\mathrm{c}\check{\iota}+U, ’\iota^{\sim}f+\}_{\backslash }’\uparrow\tilde{v})-\tilde{\kappa},$ $d_{1}\Delta U+\tilde{\alpha}\Delta W)$

$+(R_{1’}’(\mathrm{t}\sim l+U, \mathrm{c})\sim+V;\tilde{w}1-\text{ノ}$ $K_{\mathrm{t}’}$ , $d_{\vee},\Delta V$).
Observe that,

$(I\mathrm{t}_{v}’(\overline{u}+t^{\mathrm{r}}, ?^{\wedge}\rangle+|\mathrm{t}/’;?\overline{r,}|.)-\check{K}_{v},$ $d_{2}\Delta V)$

$–\cdot$
. $-d_{2}.[(\{I_{1_{vu}^{-}}(\tilde{u}+|..’, \eta^{\backslash }\dagger+V;\tilde{u}")-\overline{I}\mathfrak{i}_{()u}^{\vee}\}\nabla\overline{u},$ $\nabla V)$

$+(\{\mathrm{A}_{vv}’(\grave{\iota l}$

.
$+\mathfrak{c}^{\gamma},\dot{1}^{f}\sim+V;\mathrm{t}l^{\mathrm{t}},)\vee-\check{h}_{\mathrm{c}v}’,\}\nabla\uparrow^{-}$ ” $\nabla V)$

$+(\{K_{\iota’\tau\overline{v}}(\mathrm{t}^{\sim}\ell+rr_{\tilde{v}},+V;?l^{\vee},’)-f\check{\mathrm{f}}_{\mathrm{t}^{J}\hat{u}},\}\nabla\tilde{u}f,$ $\nabla \mathrm{t}^{r})$

$\sim\vdash(I\iota_{vu}’(\tilde{u}\cdot+\cdot U,\tilde{v}-\vdash V:_{l}\tilde{u},’)\nabla U,$ $\nabla\nu^{r})$

$+(K_{\mathrm{t}\}v}(\tilde{u}+l,T,\check{v}+V_{1}\tilde{w})\nabla V,$ $\nabla V)]$

$\leq$ $c_{2},(||U||+||V||+||\nabla U||+||\nabla V||)||\nabla V||$
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and that

$(\kappa$ ( $\hat{u}+U$ , ii $+V,\tilde{u}f$ ) $-\overline{h},$ $(l_{1}\Delta U)$

$=$ $-d_{1}[(\{\kappa_{u}(\cdot\hat{u}+U, \tau^{\sim})+V,\check{w})-\hat{\kappa}_{t\ell}\}\nabla\overline{u},$ $\nabla U)$

$.\{-(\{\kappa_{v}(\overline{u}+U,\tilde{v}+\nu^{r},\hat{w})-\tilde{\kappa}_{1},\}\nabla^{\sim}1,$” $\nabla U)$

$+(\{\kappa_{w}(\overline{u}+U_{i}\backslash \overline{v}+V,\tilde{u,}|)-\tilde{\kappa}_{w}\}\nabla\overline{w},$ $\nabla U)$

$+(\kappa_{u}$ ( $\tilde{u}|\cdot U,\tilde{\mathrm{t}}^{1}-\}-$ V. $\overline{w}$ ) $\nabla U,$ $\nabla U)-\}(\kappa_{\mathrm{e}},(ll\sim\dashv- U, i^{\vee},|+V, \uparrow l^{\vee}’)\nabla V,$ $\nabla\{T)]$

$\leq$ $-d_{1}(\kappa_{u}(’\tilde{u}-\vdash U,\check{v}+V.\overline{w})\nabla U\backslash ,$ $\nabla U)+r_{\mathit{3}},(||U||+||V||+||\nabla V||)||\nabla U||$

$\leq c_{3}(||l^{\gamma}||+||V||+||\nabla V||)||\nabla U||$ ,

where $\backslash v\mathrm{e}$ used (38). Thus we obtain

$\frac{dE}{dt}$ $\leq\grave{\alpha}(h(\tilde{u}+U, \mathrm{t}^{1}+V\wedge,\tilde{w})-\tilde{\kappa},$ $\Delta W)+c_{1}(||lI||^{2}+||\mathrm{f}^{\prime’}||^{2}+||W||^{2})$

$+c_{2}(||U||-\vdash||V||+||\nabla f_{\vee}t||+||\nabla V||)||\nabla V||$

$+c_{3}$. $(|| \int.’||+||V||-\dagger||\nabla V||)||\nabla U||$ . $(4.\ulcorner))$

Recalling (40), we have

$\kappa_{u}(\tilde{u}+[I,\hat{v}+\mathrm{t},’\tilde{w}’,\dashv-\uparrow\eta\prime^{r})$ – $\kappa_{u}(\grave{u}+U, \mathrm{t}^{\sim}’+V,\tilde{w})=0$ .

$\mathrm{M}n1\mathrm{t},\mathrm{i}_{\mathrm{I}})[\mathrm{y}$ t,he third equation of (44) $\mathrm{b}\mathrm{v}-\Delta W$ and integrat, $\epsilon \mathrm{i}$ it by parts over $\Omega$ . Tben
we can $\mathrm{d}\mathrm{e}\mathrm{r}\mathrm{i}\backslash \prime \mathrm{e}$

$. \frac{1}{2}\frac{rl}{rJt},||\nabla\ddagger\prime \mathrm{t}^{\gamma}||^{\sim}.)--\cdot\cdot(|\prime \mathrm{t}^{r_{t}}, -\Delta\dagger \mathit{1}|^{\gamma})$

$=$ $-(d_{1}+\tilde{\alpha})||\Delta W||^{2}$

$+, \frac{1}{\vee c}(\kappa_{w}(\tilde{u}+U,\grave{\iota})+V_{\backslash }\check{u}’+W)\nabla\nu V_{\backslash }\nabla \mathrm{W}^{\gamma},)$

$+^{\underline{1}}-.\wedge($ { $\kappa_{\tau},(\overline{\iota\iota}+\mathrm{I}f.\hat{\iota}\dagger+V,\tilde{u}|+1\mathrm{i}^{j})-\kappa_{v}(\tilde{u}+U$. Of $+V,\tilde{w})$ } $(\nabla\tilde{v}+\nabla V),$ $\nabla W)$

$+^{\underline{1}}\overline{\mathrm{c}}(\{\kappa_{u},(\overline{u}+l^{\gamma_{1^{\sim}}},,’+V,\overline{u};+|_{l}\mathrm{f}’.)-h_{w}(\overline{u}+lI, \tau^{\sim}f+\nu\cdot, \mathrm{t}\overline{\mathrm{t}}^{1)\}\prime}\nabla\tilde{w}, \nabla \mathrm{f}i^{r})$

$- \frac{1}{\vee c}(\kappa(\hat{u}+f_{-}^{\gamma},\tilde{v}+V,\overline{w})-\overline{\kappa},$ $\Delta W)$

$-(r_{\hslash(\overline{u}+U,\prime\iota;+V,\mathrm{c}\tilde{v}+\mathrm{T}\mathrm{f}^{f})-\tilde{\eta}_{3},\Delta W)}\mathit{1}\sim$

$+(\nabla\{(d_{1}+\tilde{\alpha}.)\Delta\tilde{u}|-\tau\grave{v}_{t}+\tilde{\eta}_{3}\},$ $\nabla W)$
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$\leq$ $-(d_{1}+ \check{\alpha})||\triangle\ddagger,V||^{2}-\frac{1}{\epsilon}(\kappa(\tilde{u}+[J^{\tau\sim}, \mathrm{c})+V,\overline{\alpha}’)-\tilde{\kappa},$ $\triangle W)$

$-^{\underline{\kappa_{0}}}|| \nabla \mathrm{I}’\mathrm{b}^{\gamma}||^{\underline{\gamma}}\mathrm{i}-\frac{C_{4}’}{\epsilon}(||\mathrm{f}V||\overline{\succ\vee}\{-||\nabla V||)||\nabla \mathrm{f}\eta/^{r}||$

$+c_{5}(||l^{7}’||+||V||+||\mathrm{f}\mathrm{t}^{-}||)||\triangle W||+c_{\grave{\mathrm{b}}}||\nabla \mathrm{f}\prime V||$

$\leq$ $-. \frac{\kappa_{0}}{\underline{)}}\hat{.},||\nabla\dagger k^{r}||^{2}-\frac{]}{\prime_{\vee}c}(\kappa(’\overline{u}\dashv- U, ’\iota\wedge|+\mathcal{V}^{\vee}.\tilde{u},)-\dot{\kappa},$ $\Delta W)$

$+c_{7^{\underline{r^{\wedge}}}}+c_{8}(||U||^{2}.+||V||^{2}- \vdash||W||^{2})+.\frac{c_{9}}{\vee c}(||W||^{2} \dagger ||\nabla V||^{2})$ , (46)

where we usecl (43). On t,he other hand, it follows from the first and seco$n\mathrm{d}$ equations
of (44) that

$. \frac{1}{\sim)}\frac{d}{dt}||U||\underline’$ $=$ $-d_{1}||\nabla U||^{2}-\tilde{\alpha}(\nabla 17_{\backslash }^{r}’\nabla U)+(f(\overline{u}+U,\tilde{v}+V)-\tilde{f},$ $U)$

$+(\eta_{1}(\tilde{u}+U, 7f+V_{\backslash }\sim\tilde{w}+\mathrm{f}\mathrm{f}’’)’-\tilde{\eta}_{1},$ $U)$

$\leq$ $- \frac{d_{1}}{2}||\nabla ll||^{2}+\frac{\tilde{\alpha}^{2}}{2d_{1}}||\nabla W||^{2}+c_{\wedge 10}(||U||+||V||+||W||)||U||$ ; (47)

$\frac{]}{2}\frac{d}{dt}||V||\underline{.)}$ $=$ $-(l_{2}||\nabla \mathcal{V}^{\cdot}||^{2}+(,q(’\tilde{u}\}t^{[}?^{\vee},’+|V)-\tilde{g},$ $V)$

$+(\eta_{-}.,(_{\backslash }\tilde{u}+l-T?’\overline{v}+\mathrm{t}’,\overline{w}+\mathrm{t}\mathrm{f}’)-\tilde{\eta}’..V)$

$\leq$ $-d_{2}||\nabla V||^{2}+c_{11}(||U||+||V||+||\mathrm{f}\mathrm{f}^{\gamma}||)||1^{r},||$ . (48)

Similarlv, with the aid of (43)’ we can $\mathrm{d}\mathrm{e}\subset \mathrm{i}\mathrm{u}\mathfrak{c}\cdot \mathrm{e}\mathrm{h}\cdot \mathrm{o}\mathrm{m}$ the third eqnation of $(44^{\backslash })$ that

$‘ \frac{1}{2}\frac{d}{d_{}t}||\mathrm{f}\prime V||^{2}$
$–\cdot$ $-(d_{1}+\tilde{\alpha})||\nabla W||^{2}+\vee\vee\underline{\iota_{\wedge}}(\kappa_{w}(\check{u}+U,\tilde{v}+V,\tilde{u)}+\theta W)\dagger 7^{t^{r}},$ $W)$

$+ \frac{1}{c}.(\kappa(\tilde{u}+U,\tilde{v}+V, \mathrm{c}^{\sim}\iota’’)-\overline{\kappa}$ . $W)$

$+(\eta_{3}(\tilde{u}+U,\tilde{v}+V,\overline{u}|+W)-\tilde{w}_{t}+(d_{1}\dashv-\tilde{\alpha})\Delta^{\sim}\uparrow\{),$ $\mathcal{W}’)$

$\leq$ $- \frac{\kappa_{0}}{2^{{}^{t}c}\vee}||\mathrm{f}\mathrm{f}/^{r}||^{2}+c_{12\vee^{\wedge}},\cdot+\frac{c_{13}}{\epsilon}(||U||^{9}\vee+||V||^{2})$ , (49)

where the function $\theta=\theta(t, x;\epsilon)$ satisfies $\theta\in(0,1)$ . Choose posit,ive numbers $\eta_{1},$ $\urcorner_{2}$ and
$\gamma_{31}’\mathrm{s}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{s}\mathrm{f}.\iota^{r}\mathrm{i}\mathrm{n}\mathrm{g}$

$\gamma_{1}$
$\leq$

$\frac{d_{1}\kappa_{0}}{\tilde{\alpha}}$ ,

$\gamma_{2}$
$\geq$ $\frac{1}{d_{2}}\{.\frac{(c_{\underline{)}}+\cdot c_{3})^{2}}{\gamma_{1}d_{1}}+\frac{\backslash 3c_{2}}{2}.\dashv\sim c_{9}\grave{\alpha}\}$ ,

$\gamma_{3}$
$\geq$ $\frac{1+\underline{?}(c_{1}+r_{\dot{\theta}}\overline{\alpha}+c_{8}\overline{\alpha}^{c_{0}})}{\kappa_{0}}.$,
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and $\mathrm{t}^{\backslash },\mathrm{t}\mathrm{I}\mathrm{n}1y\mathrm{i}\mathrm{n}\mathrm{e}(4,5),$ $(_{\backslash }46),$ $(_{\mathrm{t}}47))(48)$ and (49). Then we fi$n\mathrm{d}$

$\frac{d}{dt}\mathrm{t}^{E(t)+\frac{\gamma_{1}}{2}||(T||^{2}+\frac{\wedge \text{ノ_{}2}\prime}{\prime 2}||V||^{2}+\frac{\epsilon_{\vee}\gamma_{3}}{l\wedge)}||\mathrm{f}V||’\dashv}.’\sim’-\frac{=\tilde{\alpha}\wedge}{2}||\nabla vV||^{2\}}$

$\leq-‘.\frac{\tilde{\alpha}\kappa_{0}}{\wedge l1\underline{)}\tilde{\alpha}}||\nabla ll^{I}||^{\mathrm{o}}\sim-\frac{\wedge d_{1}/’\iota}{arrow)}‘||\nabla\ddagger\Gamma||^{2}-\wedge d_{2}l’2||\nabla V||^{2}-\frac{\gamma_{3}\kappa_{0}}{2}||W||^{2}2$

$+_{\overline{2d_{1}}}||\nabla W||^{2}-cdot\cdot c_{2}(||U||\dashv||V||\}\cdot||\nabla|,\Gamma||+||\nabla V||)||\nabla 1’r||$

$+(_{C_{1}+F}’.c_{8},\overline{\alpha})(||\mathrm{r}r||^{2}+||V||^{2}+||\mathrm{f}’ \mathcal{V}^{\cdot}||\underline{.)})+C_{3(||^{|f}||+||1^{f}||+||\nabla V||)||\nabla U||+c_{9}\tilde{\alpha}(||\nabla V||^{2}+||W||^{2})}$

$+(\sim_{l1}c_{10}||U||+\gamma_{2}c_{11},||V||)(||U||+||V||+||\dagger’\mathfrak{s}^{\gamma}.||)$

$+\gamma_{3}c_{13}.(||U||^{2}+||V||^{2})+\vee\Leftarrow(2c_{7}\check{a}+\gamma_{3}c_{12})$

$\leq c_{14}(||U||^{2}+||V||^{2})+c_{15^{\wedge}}\dot{.}9$. (50)

for $\xi\in(0, ’\sim-0]$ . On the other hand, it follows from (38) that

$E(t) \geq-C_{\backslash 16}^{\cdot}||U||||V||-c_{17}||V||^{\underline{\prime}}.\geq-\frac{\gamma \mathrm{J}}{4}||\zeta’||^{2}-(c_{17}\dashv c_{16_{-})||V||^{2}}^{\eta_{\sim}}\gamma_{1}$ .

Thus, $1_{\mathrm{J}}\mathrm{y}$ taking $\gamma_{2}$ so large as

$\gamma_{2}\geq 2(c_{17},+\frac{r_{16}}{\gamma_{1}},)+\frac{\gamma_{1}^{}}{2}$

(if necessary), we obtain

$E(t)+ \frac{\cap/1}{2}||U||^{2}+\frac{\gamma_{2}}{2}||V||^{\sim^{)}}.\geq\frac{\gamma_{1}}{4}(||U||^{2}+||V||^{2})$. (51)

Therefore, we can deduce from (50) and Gronwall $‘ \mathrm{f}\mathrm{i}$ inequality t,hat,

$E(t;(_{\vee^{\wedge}}-)+‘ \frac{\gamma_{1}}{2}||l’(t, \cdot;\prime_{\vee^{\wedge}}‘)||^{2}+\frac{\gamma_{2}}{2}||V(i, \cdot;\succ^{-}-)||^{2}\leq c_{18^{\underline{t^{-2}}}}$

for $t\in[0, T]$ . This inequality and (51) imply tbat

$||U(t, \cdot;\epsilon)||^{2}+||\nu^{r}(t, \cdot;’.)\llcorner|\wedge|^{2}\leq\frac{4r_{-18}}{\gamma_{1}}\vee\sigma^{2}$.

Applying this result to the right-hand side of (49), we find

$\frac{d}{dt}||W||^{2}+\frac{\kappa_{0}}{c}.||W||^{2}\leq c_{19\vee^{\wedge}}\llcorner$ .

$\mathrm{H}‘’\iota\iota \mathrm{c}.\mathrm{e}$

$||W(t, \cdot;r.)||^{2}\leq\frac{c_{19}}{f_{\iota 0}}.,\epsilon^{2}$ ;
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$\mathrm{t}1\iota(^{\lrcorner}$ proof is conipleted. $\square P^{\backslash }" oof$ of Theorem 1 It follows from (.20) and (21) that,

$(r_{1}-a_{1}(v_{\perp}+\iota_{\sim}’.))-b_{1^{\uparrow\prime}3})\uparrow’\iota$ \dagger $\frac{1}{c}[h(v_{3})\iota_{2}’-k(v_{3})v_{1}]\geq 0$

if $\vee \mathrm{t}_{1}^{1}=0$ , $\mathrm{t}^{\rangle}2\geq 0$ , $0\leq v_{3}\leq M_{2}$ ;
$(r_{1} -- a_{1}(v_{1} \}- v_{2})-b_{1}v_{3})\iota_{9,\sim},’+\frac{1}{\epsilon}\lfloor k(_{\backslash }\iota_{3}’)1^{1},1^{-h(\mathrm{t}l_{3})v_{2}]}\geq 0$

if $?$ ) $1\geq 0$ , $\iota\prime_{2}=0$, $0\leq v_{3}\leq\Lambda\prime f_{2}$ ;
$(r_{2}-b_{\mathit{2}}.(v_{1}\dashv- \mathrm{c}_{2}’)-a_{2}v_{3})1_{3}^{1}\geq 0$ if $\iota\prime_{1}\geq 0$ , $1^{f}2\geq 0$ , $()_{3}=0$ ;
$(r_{\wedge}’)-b_{2}(v_{1}\dagger\cdot\prime 1l_{\mathit{1}}.)-a_{2}v_{3})\iota_{3}\leq 0$ if $\mathrm{t}^{f}1\geq 0_{i}$. $?J_{2}\geq 0$ , $v_{3}=M_{2}$ .

$\mathrm{H}\mathrm{C}^{*}\mathrm{I}\mathrm{l}\mathrm{t}\cdot \mathrm{e}$ the region $[0, \infty)\cross[0, \infty)\cross[0, M_{2}]$ for $(v_{1}, v_{2}.v_{3})$ is positively invariant in the
reaetion-diffusion system (15). In other words, (14) and (23) imply

$v_{1}(t, x;\vdash^{\wedge}.)\geq 0$ , $\mathrm{c}_{2}’(t..x;,\vee^{\wedge})\vee\geq 0$ , $0\leq \mathrm{t}_{3}’,(t, x_{\backslash \vee}c)\leq \mathrm{A}\mathrm{t}I\underline{)}$ .

Rewrite $(u_{1}, u_{2})$ and $(’|)_{1}+\iota_{2}$” $v_{3},$ $v_{2}$ ) as $(\overline{u},\overline{?’})$ and $(u, v, u’)$ respectively. Set $\overline{\alpha}:.--\alpha \mathrm{A}I_{9}$.
and

$\phi(s_{2}):=\frac{s_{2}}{M_{2}})$

$\eta_{1}(S_{1\}}.9_{\sim}.),$ $.9_{3}):=f_{1}(.\mathrm{s}_{1}-.s_{3}, s_{3}, s_{2})+f_{2}(s_{1}-S_{3}, S_{3}., ,9_{2})-f(s_{1}.s_{2})$ ,
$\eta_{2}(s_{1}..9_{2,\prime},9_{3}):=f_{3}(.\mathrm{s}_{1}-s_{3}, s_{3}, s_{\underline{\partial}})-.q(s_{1}, s_{2})$,
$\eta_{3}(s_{1,.\prime}\sigma_{2}, s_{3}):=f_{-},(s_{1}-.\epsilon_{3}, .\mathrm{q}_{3}, s_{2})$ ,
$\kappa(s_{1},s_{2}, s_{3}):=k(,\mathrm{q}_{2})s_{1}-\{l\}(.s_{2})+k(_{\mathrm{c}}\backslash _{2}\cdot)\}_{93}.$.

for $(.91, .92. .9,3)\in[0, \infty)^{3}$ . Here $f,$ $g,$ $f_{1},$ $f_{2}$ and $f_{3}$ are the funct,ions defined in \S ..3. Due
to (19), (21). (22) and (27), the $\mathrm{a}\backslash \mathrm{s}\mathrm{s}\mathrm{u}\mathrm{m}\mathrm{p}\mathrm{t}\mathrm{i}\mathrm{c}$ ) $n.\mathrm{s}$ of Theorem 2 are fulfilled. Therefore we
obtain not only (25) but also

$\sup_{t\epsilon|0,T_{\mathrm{j}}^{1}}||‘ v_{1}(t, \cdot;\epsilon)-\{1-\frac{u_{2}(t_{\backslash }\cdot)}{\lambda f_{2}}\}u_{1}(t, \cdot)||_{L^{2}(\Omega)}\leq c_{\vee}^{\mathrm{v}_{C}}$ ,

$\sup_{\prime\in[0’\Gamma]},||\iota_{2}’(t.\cdot;\succ\vee^{\wedge})-\frac{u_{\underline{9}}(t_{\backslash }\cdot)}{\Lambda\prime \mathit{1}_{\sim}},u_{1}(t, \cdot)||_{L^{2}(\Omega)}\leq C_{\vee^{\wedge}}$ .

for $\epsilon\in(\mathrm{o},’-]- 0$ . $0$

5 Concluding remarks
In this paper, it is shown $\mathrm{t}\mathrm{h}\mathrm{a}\mathrm{t}_{\mathrm{t}}$ the cross-diffusion syst,em (8) can be approximated by the
$\mathrm{r}\epsilon^{\mathrm{Y}}\mathrm{a}(^{\mathrm{t}}\mathrm{t},\mathrm{i}\mathrm{o}n-$ ( $1\mathrm{i}\mathrm{f}\mathrm{f}\mathrm{u}\mathrm{s}\mathrm{i}\mathrm{o}\mathrm{n}$ syst,em (15) $|$ )$\mathrm{y}$ int,roducing the active state and the less active one.
This $\mathrm{a}\mathrm{p}\mathrm{p}\mathrm{r}o\mathrm{x}\mathrm{i}\mathrm{I}\downarrow\iota$ ation also reveals the $\iota\cdot\iota^{s}1\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{h}\mathrm{i}\mathrm{p}$ bet,wee.n the cross-diffusion $\mathrm{i}\iota \mathrm{l}\mathrm{d}\mathrm{u}\mathrm{r}\cdot\kappa 1$

instabilit,y of (8) and Turing’s inst,ability of (15).
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Finallv we remark that $\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}1^{\cdot}\mathrm{t}^{s}\mathrm{m}2$ is applicable to more general systems, e.g.

$\{$

$n_{1t}=\Delta[(d_{1},+\tilde{\alpha}\emptyset(u_{2}))u_{1}]+(r_{1}-a_{1}u_{1}-b_{1}u_{2})u_{1\backslash }$

$u_{2t}=d_{\sim}’)\Delta u_{2}+(r_{-}’-b_{2}u_{1}-a_{2}u_{2})u_{2}$ ,
(52)

than (8) if we rewrite $(u_{1}, u_{\underline{)}}.)$ as $($ \‘u,, $\tau)$ )
$\sim$ . We also remark that there are several choicjes of

t,he reaction-diffusion systems (15) which converge to the specific cross-diffusion system
(52). For an example of $\phi$ in (52), $\mathit{1}\iota$ and $k$ in (15) $\mathrm{a}\mathrm{r}e$ not uniquelv determined $\mathrm{b}n\mathrm{t}_{}$

there are other choices. In fact. we can choose

$\emptyset(u_{2}):=\frac{\prime u_{-}}{\mathrm{A}\prime I_{2}},$ , $h(\mathrm{t}^{)}\mathrm{s}):--- 1$ , $k(’ \iota f3):--\frac{?J_{3}}{\Lambda\prime f_{2}-\mathrm{t}J_{3}}.$

’

$\mathrm{t},\mathrm{h}\mathrm{o}\mathrm{u}\mathrm{g}\mathrm{l}\mathrm{l}$ we chose

$h(v_{3}.):=1- \frac{1^{1}3}{M_{2}}.$ , $k( \prime u_{3}):=\frac{\mathrm{t}_{3}^{1}}{\mathrm{A}i1_{}I_{2}}$

in \S 1. If we choose

$h(\prime v:l):=1$ , $k(\mathrm{t})_{3}):=\varphi(\uparrow f3)$

or

$l \iota(\iota!_{3}):=\frac{1}{1+\varphi(11_{3_{\vee}})})$ $k_{\iota}^{(} \uparrow.’ \mathrm{s}):=\frac{\prime \mathrm{p}(\iota_{3}^{1})}{1+\varphi(\mathrm{t}^{13})}.$

.

in $(1^{r_{\mathrm{J}}}.,)$ , then $\mathrm{t}\cdot 1$ } $\mathrm{e}\mathrm{t}^{\backslash }01^{\cdot}\mathrm{r}\epsilon^{1}\mathrm{s}\mathrm{p}\mathrm{o}\mathrm{n}\mathrm{d}\mathrm{i}\mathrm{n}\mathrm{g}$ cross-diffntiiou system is $\mathrm{t}\mathrm{t}$ ) $\mathrm{r}\iota \mathrm{v}\iota \mathrm{a}\mathrm{l}\mathrm{l}.\gamma(^{r_{)}}\backslash 2)$ with

$\phi(\tau\iota_{2}.):=\frac{\varphi(u_{2})}{1+\varphi^{\neg}(u_{2})}$ .

This is justified $\}_{)}\mathrm{y}$ Theorem 2, as long as (14) with $\mathrm{A}I\underline{\cdot)}>r_{2}/a_{\sim},$ , (23) and

$\varphi(.-\sigma)\geq 0$ for $s\in[0,\mathit{1}t^{J}I_{2})$

hold t,rue. In (1r), there are also several choices of replacements of $f_{1},$ $f_{2}$ and $f_{3}$ clefinecl
in .\S $\mathfrak{i}$}.
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