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Goursat equations and twistor theory
—two dualities—

#E FHE (BREHR)
Yoshinori MACHIDA (Numazu College of Technology)

Introduction.

1. Motivation.

We consider a second order partial differential equation
F(z,y,2,p,q,7,8,t) =0

with two independent vazriables z,y of R? (or C2), a dependent variable z of z,y, and p =
8 _ 8

8.'1;821/’ t= 3?/%

Goursat ([G]) considered the so-called Gousat equations (see 1.1.1.). And then Cartan ([C],

cf.[T],[Y]) showed the followings: for a Goursat equation

82z , 8z , _ 8%z , __
3209 = 5,7 = 9z2:8 =

(i) 9r? + 12¢%(rt — s%) + 32s® — 36rst =0

and an involutive system ) !
e _ 3 _ 42
/(11) "\§t , §= 2t , |

1: the surface (i) is the tangent developable of the space curve (ii) in (r, s, t)-space.

2: the symmetry of infinitesimal contact transformations of (i) and (ii) is the Lie algebra of
the type exceptional Lie group G} of non-compact (split) type

Then we have the following questions: How and where are the equation (i) and the symmetry
of (i) derived from ? What is the essence and the universality of Goursat equations ?

In this note, we look for the answers to these questions by using two dualities in twistor
theory : Lagrange-Grassmann duality and Cartan-Legendre duality.

2. Important viewpoints.
e Reduction to the system of first order ODE.
We have an analogy of Monge geodesics and a Monge flow to geodesics and a geodesic flow.

e Application of twistor theory.
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Assuming that the automorphism group is of finite type, in particular A, BD, exceptional
types, we can construct the normal Cartan connections and can get lifting theorems and re-
duction theorems in the twistor theory.

o Another generalization of Monge-Ampére equations of parabolic type.

One generalization of Monge-Ampere equations of parabolic type is decomposable Monge-
Ampere systems of Lagrange type ([M-M]). As another generalization, we have Goursat equa-
tions.

¢ Connections with Wolf spaces, Gray spaces.

The twistor diagrams in complex category explained in 1.1.2 have relation to Wolf spaces
and Gray spaces. A Wolf space X*" is a compact homogeneous quaternion-Kihler manifold
with positive curvature. This space X has two kinds of twistor spaces. The one is Mg 2n+1
called the Salamon twistor space which appears in 3.1. The other is a Gray space Ys(" 1) via
NZ"=! which is a compact homogeneous nearly-Kéhler manifold with a non—mtegrable complex
structure.

For lack of space, in this note we deal with briefly : constructions of equations in PART I
and constructions of solutions in PART II. Details will be appeared elsewhere.

PART I. Constructions of equations

1. Goursat equations.

1.1. Definition.
Let
F(.’L'i,z piapij) =
be a single second order partial differential equation (bneﬂy, a 2nd order PDE) Here Z; are n
independent variables of R” (or C*), z a dependent variable of z; and p; = b Dij = 32 B

A 2nd order PDE F(z;,2,p;,pi;;) = 0 is called a Goursat equation if the followings are
satisfied:

(i) the rank of the n x n matrix (47) is 1, that is, any 2 x 2 minor is divided by F.
(i) the Monge characteristic system D (which is defined below) is completely integrable.
If F = 0is of 2 independent varlables, the condition (i) means that F' = 0 is a parabolic type.

In (ii), as an example F = p;; = gz = 0, a general solution has a form z= f(z9, ++ ,Tpn)T1 +
g(z2,+++ ,z,) and D is spanned by D (& dar 8::; 2<t‘7<n) where ;5; = Bar +p1§9, +E;‘=1 pljgz—j.

Let J*(R™, R) be the i-jet space of i-th derivatives of 1-function on R". We have the canonical
projections:

JQ(RnaR) : (xia Zspispij) — Jl(Rn,R) : (.’.C,',Z,p,') — JO(RH’IR) : (IL',',Z)-
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The 1-jet space J'(R™ R) has the standard contact structure w = dz — Y ., p;,dz; and the
2-jet space J*(R™,R) has the standard second contact structure wy = dz — Y &, pidzi,w; =

dpi - Z;’zlpijdzj (Z = 1, e ,n).
The symbol algebra of J?(R",R) is
0

C=ReV'e (VoS (V) = (—a(?-z-) & (%) o ((3%) & <5p_,-,->)’

where 2 = 2 4+ p 2+, p,-ja,—‘?—j. The dual basis consists of

R opi’ o dz;’ Py Opij

The distribution ¢_; = (Z-) & (;,%_j is the annihilation of wy, w;.

A second order PDE F = 0 defines a submanifold L = F~1}(0) = {F = 0} C J? of
codimension 1. We assume that the projection L — J! is an onto-mapping. Because of a
single equation, a subspace f C S?(V*) of codimension 1 is defined in the tangent space at each
point of L C J2. Dualizing, we have the 1-dimensional subspace f+ C S?(V). Because of rank
(a%L) = 1 for a Goursat equation, there exists a vector e € V such that * = (e?). Then we
deﬁJne a Monge characteristic syatem D, which is a distribution on L, by

D = E & S*(E*) (C ¢y).

Here E = (e) and dimS?(EL) = 220,

Because of complete integrability of the Monge characteristic syatem D for a Goursat
equation, the leaf space R = {F = 0}/D is locally a manifold. The symbol algebra of
R={F=0}/Dis

m=WeoeUeWeU*=J'(n—1,2),

where dimW = 2, dimU =n — 1, dimW ® U* = 2(n — 1). The distribution U @ W ® U* is the
annihilation of some two 1-forms w, (induced by wy), w@;.

1.2. Twistor diagram.

Since D’ = S?(EL) & D/E is completely integrable, the leaf space R = {F = 0}/D’ is
locally a manifold. In consideration of the symbol algebra, we have the projections:

{F=0} — R={F=0}/D', R— R={F=0}/D,
{(F=0} — R={F=0}/D', R—J"
Therefore we have the double fibering called the twistor diagram of a Goursat equation:
R = {F =0}/D'

™ T2
(J1)2n+1 R3n1 = {F = 0}/D
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We have a flow called a Monge flow on R induced by E = (¢) on L = {F = 0}. The space
R equipped with the Monge flow is called a Monge structure. The space R is the orbit space
of the Monge flow on R. The total space R is also regarded as a fiber bundle called a Monge
direction bundle over J' with an (n — 1)-dimensional fiber consisting of direction fields of the
Monge flow. N

Projecting the Monge flow on R to J', we have a unique curve called a Monge geodesic such
that, for any Monge direction at each point of J*, a curve passes through the direction at the
point. Projecting the fiber (C R) over J! to R, we have an (n — 1)-dimensional manifold called
a Goursat surface with 1-dimensional parameter at each point of R.

1.3. Solutions.

A solution surface S C L = {F = 0} is an n-dimensional integral surface of w, = w; = 0.
For a Goursat equation, a solution surface has dim(7,SN D,) =1 (p € S).

A solution surface S C R is an n-dimensional integral surface of w, = w; = 0. It is generated
by the 1-dimensional Monge flow. This property characterizes a solution surface of a Goursat

~

equation. It follows that 71(S) C J* is a Legendre subvariety.

1.4. Isomorphism and automorphism.

For the isomorphisms of Goursat equations (cf.[T],[Y]), we have

L= {F =0}~ L'={F" =0} : contact equivalence
% ~ B™ : distribution equivalence
<=R*! ~ R . distribution equivalence.

In general, the automorphism of a Goursat equation is of infinite type. We restrict to the
situations where the symmetry groups are simple Lie groups of A, BD, exceptional types (no C
type). Then the automorphisms are of finite type. We can construct normal Cartan connections
and invariants with respect to curvatures.

For the symbol algebram =W © U @ W ® U* of R*~! = {F = 0}/D, the automorphism
preserving the distribution U @ W ® U* of corank 2 is of infinite type and the automorphism
preserving the distribution W ®U™ is of finite type. As an example, in a 5-dimensional manifold,
the automorphism of type (3,5) distribution is of infinite type and the automorphism of type
(2,3,5) distribution (called Cartan distribution) is of finite type (G type). Cf. [M].

2. Constructions of Goursat equations.
2.1. Legendre cone fields in contact structures, cf. cone fields in CHSS (compact Hermitian
symmetric spaces).

Let (M, D) be a contact manifold M of dimension 2n + 1 with a contact structure D. Take
a contact form 6 such that 6 = KerD. Let K(C D) be an n-dimensional Legendre cone field.
For a point m € M, D, is a symplectic vector space with a symplectic form dé. Accordingly
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we can consider a symplectic vector space (V & R*(or C?"),Q), which we also regard as a
manifold, and consider an n-dimensional Lagrange cone K, that is, an R*-(or C*-)invariant
Lagrange submanifold.

2.2. Lagrange-Grassmann duality, cf. projective duality and Grassmann duality.

The 2-jet space J2(R",R) is a fiber bundle over the 1-jet space J'(R",R). As a gener-
alization, we have a Lagrange Grassmann bundle L(M) with fiber the Lagrange Grassmann
manifold of each contact distribution over a contact manifold M.

Let V; be a 1-dimensional (isotropic) subspace and V;, a (n-dimensional) Lagrange subspace
of V. We have the following twistor diagram called Lagrange-Grassmann duality:

I ={W cWV}
Lﬂ.‘,—'-ll / \‘ Pn—-l
Pl = (3} LG™5™ = {V,}

The projective space P2"~! has the standard contact structure. The Lagrange Grassmann
manifold LG has the standard symmetric matrix coordinates (ai;), ai; = aji.

Fix V;,. Then the set of all V; included in V,, is a Legendre plane P"~! of P?"*~!. The space
I, is a fiber bundle with fiber P*~! over LG. In other words, LG is regarded as the moduli
space of all Legendre planes {P""'}. Next, fix V;. Then the set of all V; which includes V; is
an ﬂ’;—”ll-dimensional “hyper”plane L. The set of all Legendre planes P"*~! through a point in
P?-1 g interpreted as an L in LG dually. The set of all L through a point in LG is interpreted
as a Legendre plane P"! in P?*~! dually.

2.3. Intersection variety, cf. tangent variety.

Let X = P(K) be an (n — 1)-dimensional projectified Lagrange cone in P?**~. We consider
all Legendre planes P"~! across X transversally. Considering dually, we have the two manifolds
(varieties).

The one is the (n — 1)-dimensional dual space X of X obtained by taking the tangent space,
which is a Legendre plane, at each point in X.

The other is the space Z(X), called a intersection variety, consisting of all Legendre planes
P™1 across X transversally. We see that the space Z(X) is a (codim 1) hypersurface by
counting dimensions n — 1 + "("{1) = "("2“) — 1 and it is a ruling space of L. Rf. [G-K-Z].

2.4. Resultant, cf. discriminant.

As the intersection variety Z(X) is a hypersurface in LG, Z(X) may be represented by a
single definig equation f(a;;) = 0. By definition, f(a;;) = 0 is nothing but a resultant between
X and P"L.

2.5. Goursat equation, cf. parabolic (degenerate) Monge-Ampére equation.
We will show that the resultant f(a;;) = 0 has rank (a—i-%) = 1.
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For p € X = P(K), take a Legendre plane £ = P"! such that
T,XNL={p}.

By the projectification of V to P(V) = P?"~! we consider K,£,p C V such that K —»
X,L — L,p — p. Then we have
In consideration of L

T:Z(X) C TzGr(n,2n) & Hom(L, V/L),

T;Z(X) is regarded as the set of symmetric n X n matrices with rank n — 1.

_ From linear algebra, if A is an n X n matrix such that rank n — 1, then the cofactor matrix
A of A has rank 1.

Therefore it follows that

rank(é%) =1

Next expand the above argument from one point m € M to the whole M. Then from the
resultant f(a;;) = 0 with rank(-(%%) =1, we have a Goursat equation f(p;;) = 0.
We also have the following twistor diagram:

Qan
P(K)y NP
M2n+1 N3n—1

Summarizing the above arguments, we have the following.

Theorem 1. Let (M, D) be a contact manifold M of dimension 2n + 1 with a contact
structure D and K(C D) a Legendre cone field. Then, by the above construction via

(i) K (cone), (ii) X = P(K) (projective cone), (iii) X (dual space),
(iv) Z(X) (intersection variety), (v) f(ai;) =0 (resultant),
we have a Goursat equation '
f(pi) =0.
The dual space X may have relation to an involutive system.

3. Automorphisms of finite type.

3.1. Homogeneous Ansatz.

In a twistor diagram

Q3n
P(K)y NP
M2n+1 N3n—1



131

we assume that a group Gy acts on X = P(K) transitively and G, which is the prolongation
of Gy, also acts on M, @, N transitively. We assume that G is a simple Lie group of A, BD, or
exceptional type.

3.2. Contact structures of finite type.

We study contact structures of finite type for three equivalent manners:

(i) infinitesimal automorphisms gy, g,

(ii) (2n-dimensional) contact distribution D,

(iii) ((n — 1)-dimensional) projectified n-dimensional cubic cone P(K)
Remark that C type contact structure, which is called the projective contact structure, has no
cubic cone structure. Compare to various dimensional cone strucutres in CHSS which is the
first kind flag manifolds (e.g., quadratic cone structures in conformal structures).

o A type called the Lagrange contact structure
(l) go = g[(ni C) eC .
g=5l(n+2,C)=g o (dim=1) &g, (dim=2n) Sgo D g g2
(ll) D= D1 & D2 (D,‘Z Lagrangian)
(iii) P*~Y(Dy) U P*"Y(Dy) (D;: degenerate cones)
o BD type called the Lie contact structure
(i) go =0(n,C) Bsl(2,C)d C
g=0(n+4,C)=g_, (dim=1) &g, (dim=2n) &g ®g: D g2
(i) D=W®YV (rank W =2, rank V =n for (V, g))
(iii) PL(W) x Q""2(V) (null) C P*(W) x P~Y(V) <= P (W ® V)
It is called a Segre cone, which is reducible (linear + quadratic).

o exceptional type — cubic cones are irreducible.
- G5 type

(i) o =sl(2,C)®C, g=g5, dim(g,®g_1)=5=1+4
(i) D=S%V) (rankV =2)
(iii) P1(V) called twisted cubic curve, Veronese curve.

We omit the Fy, Eg, E7, Eg types.
4. Explicit examples of Goursat equations.

In the Lagrange-Grassmann duality

I ={VicVp}
Ve p
Pl = (13} LG*5™ = {Va},
we take inhomogeneous coordinates (z;, ;) = (Z1,"** ,Zn-1,%Zn = L, ¥1,*** ,Yn—1,¥n) in P21

and (a,-j), a;; = Qji, in LG!'(%-ﬂl
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We have the incidence relations (twistor equations):
4

n—1
Yi = Zaijl‘j + b.,', (aij = aji) 1 S i S n— 1,
Jj=1 _

n—1
Yp =2 = Zb,-x,--{-c.

\ =1

In P21, the incidence relations represent a Legendre plane with respect to the contact form

w=dz+ E?=1(a:,-dy,- - y,-dx,v).
o A type
The group GL(n,C)(C Sp(n,C)) actson V =C** =C" @ C" & D,, (m € M).
For .

X =prlcpil. (x1,+++ ,Zp-1,1,0,---,0),

the dual space X of X is one point {a;; = 0} and the intersection variety Z(X ) C LG 258 as
the defining equation by the resultant

a1y a2 °** Qip
a12 Q22

RX =i . . . =0 A GL(n, C)
Q1in *cc lQpg

From the resultant Rx = 0, we have a Goursat equation

Pu P12 '+ DPin ‘
Hess = p.12 P =0 cJ? ASL(n+2C).
Pin *** DPnn
o BD type v
The group SL(2,C)®0(n, C)(C Sp(n,C)) actson WV = C?®C" = C"®C" = D,, (m €
M).
For
P'x Q"% — X C P*
] < 2 _ Ury -+ UTp—1 UZTy, Ty +° Tp-1 Ty
([u, v], [xi]), ; xl 0 = LJ(E1 v Vp—1 'uxn] = [yl T Yp—t yn] ’

taking inhomogeneous coordinates u = 1, z, = 1, we ask for the resultant Rx = 0 which is the
condition for having common solutions of n quadratic equations
[ n-1

n—-1
> bezk)zi—()_ aym; —oz) —bi =0, 1<i<n-—1,
k=1

i=1
n-1
Y 27 =0.

\ i=1
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But Ry = 0 is very complicated even though in the case n = 3 (cf. [K-S-Z]).
o Gy type

The group SL(2,C)(C Sp(2,C)) acts on S*}(V) = S3(C?) = C* = D,, (m € M).
For
Plo>C—XcCP, z+(z,y= —%:1:2,2 = éaﬁ),

which is a Legendre curve with respect to w = dz + zdy — ydz, the dual curve Xof Xis

a= -z, b=§m, c=»§m

and the resultant Rx = 0, which is the condition for having common solutions of two equations

1 1
fi=—-2?—az—-b=0, fo=z2®-br—c=0
2 6
is as follows: using the Sylvester determinant,
-1 —a -b
~1 —q —b
Rx = R(fl,fZ) = —% -a b

0 —-b —c
: 0 b —c
1,

— 43 1 oo v
= -3¢ 9b +2abc+6a(b ac) =0.

Multiplying it by —72, we have the intersection variety Z(X) with a definig equétion
9¢? + 32b% — 36abc — 12a*(b* — ac) = 0.
Taking a — t,b = s,¢c — r, we have a Goursat equation
9r? + 3253 — 36rst + 12t3(rt — s°) = 0.

This is nothing but the equation (i) in Introduction.

PART II. Constructions of solutions

1. G twistor diagram

1.1. Imaginary split octonions.

Let V7 be the imaginary split octonions ImQ'. Let g be the inner product of type (3,4) and
¢ the associative 3-form:

¢($, Y, z) = g(a:y, z)'
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Then we have
G, ={9€GL(V) | g°¢ = ¢}.
Take a basis {e;} and coordinates

T = T1€1 + Toez + T3e3 + Y165 + Yoes + Yser + zey = (21, Za, T3, Y1, Y2, ¥s, z)

such that g has the matrix representation

010 |
g= (I (0] O) = 2dz,dy; + 2dzody, + 2dz3dys + d2.
0 0 1

Then we have

@ = wyys + Wagg + Wagr + Wser — Wia3
=dz A (dx1 Adiy + dxe Adys + dzz A dy3) +dyy Adys A dys — dzy Adzy A dzs,

where wijx = €} A €] Aef, {e]} is the dual basis of {e;}. Rf. [B].
For the interior product of ¢, we have

ie.—d): —dz/\dy;—dx,-/\dxk (ei, 1= 172v3)
e, =dz Adzi +dy; ANdyr (e, 1 =5,6,7)
le,® = dzy Adyy + dzy A dys + dzz A dys,

where (4, j, k) is the even permutation of (1,2, 3).

1.2. Twistor diagram.

In V7, let Vi be a 1-dimensional null subspace, V, a 2-dimensional null subspace such that
ie;¢ (1 < i < 7) vanish, V3 a 3-dimensional null subspace such that ¢ vanishes. Putting
L¥ = {(1,V2) | Vi C Vo}, M® = {all 1}, N® = {all V,}, we have the G, twistor diagram:

L°={Vi c Vp}
Pl/ﬂ'l 7T2\P1
M® = {Vi} N° = {1a}.

Fix V,. Then the set of all V; included in V; is a line P* in M?® called a Goursat line P}.
The space L° is a fiber bundle with fiber P* over N®. In other words, N® is regarded as the
moduli space of all Goursat lines { P5}. Next, fix V;. Then the set of all V, which includes V; is
a line P! in N® called a Monge line PL,. The space LS is a fiber bundle with fiber P! over M?5.
In other words, M° is regarded as the moduli space of all Monge lines {P}}. The bundle L®
is called the Goursat direction bundle over M®, and also is called the Monge direction bundle
over N3,
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1.3. Two geometric structures.

In the Grassmann manifold G 7 which consists of all 2-dimensional subspaces in V, we take
inhomogeneous coordinates
1 b1 o Qg b2 0 e
0 di o ¢ do 1 f))°

Here we exchange coordinates in V' for (zq, 41,2, Z3, Y2, Y3, 2)-

Take inhomogeneous coordinates (z; = 1,7, T2, T3, Y2, ¥3, 2) in the projective space PS(V).
From y; + Zoys + Tays + 22 = 0, the space M5(C P?®) is represented by the graph of

2
Y = —TaYp — T3Yz — 2.

" Namely we have local coordinates (2, T3, Y2, ¥3, 2) in M.
From ¢,,¢, we consider
01 = dz — yadys + ysdy»
0y = dxy + 2dys — yadz
03 = dz3 — zdys + yodz.
Putting

0 0 0
Yz-a—y;—ysaz y36 +(Z+yzy3)——~

|vo=L vyl 2 (- )—3—
3= 6y3 Y2 92 yza Y2Ys P

we can canonically consider a distribution

DM = Ann{€1702’93} = <Y'2) Y3>

on M. From 5 3 5
Y2, Y;] = 25" + 4y35—- - 4@!23m =: Z,
0 0
= —gq—— = Zl=4— =: X, y
[E?Z] 46(1,‘3 X31 [Y'3’ ] a To 2

Dy is of type (2,3, 5) distribution which is called the Cartan distribution.
We can canonically consider a conformal structure g of type (2,3) on M defined by

g = Oxdy, + B3dys + 62.

It follows that (Y2, X3) = 1,(Y3, X3) = 1,{Z, Z) = 1, otherwise 0, and Dy is a null plane.
From nullity and i, ¢, the space N°(C Ga) is represented by the graph of

1
by =—€ —axf, ba=f, ca=dae— f?, ca = —e, d =-03—02d2'§ef.

Namely we have local coordinates (az, as, dz, €, f) in N.
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We can canonically consider a contact structure on N defined by
w = dag + doday — edf + 2fde.
We will show in the next section that the contact distribution Dy defined by w is equipped
with a 2-dimensional cone field K of degree 3. The contact distribution Dy is spanned by

8 4,9 9 8 _,.0 8 8

Dy =Kero = (50 g 52 e~ ¥ oay’ 5F * %00y

2. Cartan-Legendre duality

2.1. Goursat lines.
A Goursat line P} in M? is represented by
yp=t, yp=dt+f, z2=ft+e,
I3 = (d28 - fz)t + a3, 2= —etl+ ay, (/\= dz)
with respect to a parameter ¢ and constants dy, f, e, as, ag. It follows that P} is tangent to the
Cartan distribution D). It is a rigid singular curve on Dy, (cf.[M]).
2.2. Monge lines.
A Monge line P}, in N? is represented by

da=) f=yw—y) e=2z—yuys+1
a3 =3+ Y3us — (2 + Yeys)ysh, a2 = To+ (2 — waus)Us + 3N,  (t=ys)

with respect to a parameter A and constants y3, yo, 2, 3, Z5. Taking derivatives with respect to
A, we have

(d2, f, €, a3,42) = (1, -y3,43, — (2 + Y2y3) s, ¥3).
If we consider coordinates with respect to the basis {& - b, 2 = —2f = 357 +ezs}
in Dy, then we have
(yga 1’ !/g, _yS)-
It is a Veronese (a twisted cubic) curve with respect to a parameter y; = t in the projectified

P(Vy) at each point of N. We also have a 2-dimensional cone field K of degree 3 on N given
. by

(ygS, 8, y§3, '—’y3$)-

2.3. Cartan-Legendre duality.
We have the G, twistor diagram with coordinates:
L6
Pl:a/m e \¢ Pt
M5 (332,333,!/2,3/3 = t,z) N5 . (a27a3:d2 = A,G,f)
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We call the correspondence

($2, Z3,Y2,Y3, 2, A) A4 (a27 as, d2s €, f’ t)

by the above-mentioned each six relations on L® the Cartan-Legendre duality (transformation)
(or briefly, C-L duality).

3. Constructions of solutions

3.1. Construction by C-L duality.

We construct solutions of the Goursat equation (i) in Introduction of G} type by the Cartan-
Legendre duality.

A Djs-curve is a curve on M whose tangent vectors are tangent to the Cartan distribution
Dy It is called a Goursat curve.

Take a Goursat curve ! in M which is not a Goursat line. We transform [ into N via the
Cartan-Legendre duality in two ways.

One way is to first consider a surface S = n;!(l) on L.

Taking the C-L duality, from transforming the fiber direction A to dy = A direction, we have
S generated by the Monge flow with a parameter A.

Projecting it by m2 onto N, we have S’ = m3(S) which is ruled by Monge lines.

The other way is to construct the dual curve h in N which is a Monge curve. A Monge
curve is a curve whose tangent vectors are tangent to the cone field K (C Dy).

From [, we consider the tangent vector (m, ;) at m in [. This is regarded as an element of
L which is the Goursat direction bundle (called a Goursat lift, cf. a Legendre lift).

Projecting it onto N by m,, we have a Monge curve h = m,(l') called the dual curve of a
Goursat curve [.

As another interpretation, by the G} twistor diagram, a point m in M corresponds to a
Monge line P} in N, and a Goursat line Py (m) ~ Ui, in M to a point n in N. Here the tangent
vector I}, is identified with an embedded tangent line, i.e., a Goursat line Py (m).

Given a Goursat curve [ in M, then we have a Monge curve h in N which is the dual curve
of | by way of (m, Py (m)) (m € 1) and (P} (n),n) (n e~ Pi,(m)).

Summing up two ways, for a given Goursat curve [ in M, we have a tangent developable
surface S’ in N ruled by Monge lines along the dual curve h :

| — S =771 (l) — 8 = ma(8),
L — ' — b =m(l).

Theorem 2. The tangent developable surface S’ in N constructed above is a solution surface
of the Goursat equation of G type.
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3.2. Explicit representaions.

Let I = I(s) be a Goursat curve in M such that it is represented by, for a smooth function

£(s),
ys =8, yo = f"(s), z=2f —sf", zy=2f'f" - 3/(f")2ds, T2 = —6f +4sf' — s*f".
Then the surface S’ in NV constructed above is a (s, A)-surface represented by
=X f=f"=5)\ e=2f —2sf" + g2\,
a3 = 2f'f" + s(f")? - 3/(f")2ds —23f'A, ag = —6f + 6sf" — 32 f" + 5%\

It follows that the locus of singular points to the ms-projection is A = f”(s). It is nothing but
the dual curve of [ in N.

Proposition 1. The tangent developable surface S’ in N constructed above has, as a generic
singularity, a cuspidal edge along the dual curve | with type (1,2,3,4,5), i.e.,each ordinary point.

Moreover, for the front mapping (da, f, e, a3, az) — (f, a2, a3) (or (e, az, a3)), we have a tangent.
developable surface along a space curve with type (2,4,5) (or (3,4,5)) at some point.

3.3. Solutions not obtained by Goursat curves.

For the Cartan distribution D; = Dy on M, let us consider the derived system of D;:
Dy =8D, = D; + (D1, Dy] C TM.

It is a type (3, 5) distribution.

Take a Dy-curve [ in M. Lifting it as S = 77 '(I) to L, transforming S by the C-L duality,
and projecting S onto N by w3, we have S’ = m,(S) which is ruled by Monge lines, as well as
a Goursat curve that is a D;-curve.

Theorem 3. The ruled surface S' in N constructed above is a solution surface of the
Goursat equation of Gy type.

Proposition 2. A generic ruled surface S' is a smooth surface without the dual curve of l.

4. Generalization.

From the G} twistor diagram, we can extend M?® with the G}, Goursat structure to M3"~!
with a dlstnbutlon Dy of rank 2(n—1) called a Goursat structure, and N°® with the G, contact
structure to N*"*! with a contact distribution Dy and a cubic Legendre cone field K. We have

the following twistor diagram:
L3n

Pl / \ Fn—l
M3n—1 N2n+1 .
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Remark that the left-sided and right-sided base spaces are reversed to those in 1.3.1, and the
notations of M and N are also reversed.

We assume that a Lie group G acts on M, L, N transitively. If we take a simple Lie group
G of A, BD, or exceptional type, then we have the twistor diagram for each type. But there is
not a twistor diagram for C type.

Lifting an (n — 1)-dimensional Goursat surface (see 1.1.2.) which is a Dy-surface in M,
taking the generalized C-L duality, and projecting onto N, we have an n-dimensional ruled
surface in N which is ruled by Monge lines. It is a solution surface of the Goursat equation of
each A, BD, exceptional type.
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