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Field variation and mathematics of blowup
(SBDEITEIE & IBFE D)

Norikazu Saito* (BEEE— « BIUARAERERZLER)
Takashi Suzuki’ (88 ARE - lRAERET)

1 Introduction

Our purpose is to summarize recently proposed numerical methods concerning
simplified system of chemotaxis [7, 6] and is to examine their validity. A typical
example of such system is

((uy=V-(Vu—uVv) inQx(0,7T)
'—Av=u—-—-1-— v inQx(0,T)

{ Q] Jo o
Ou Ov Ov
5—u5~5—;~0 on 90 x (0,T)
[ ule=0 = uo on Q,

where u = u(z, t), v = v(z,t) are unknown functions of (z,t) € O x [0,T), 2 C
R? (d = 1,2,3) is a bounded domain with the boundary 8 usually supposed
to be smooth, v is the outer unit normal vector to 8%, and up = ug(z) > 0,# 0 .
is a given function defined on Q. This system describes aggregation of cellular
slime molds resulting from their chemotactic features, and » and v denote the
density of cellular slime molds and the concentration of chemical substance,
respectively, whereby the diffusion of u is supposed to be much faster than that
of v.

In more detail, the first equation stands for mass conservation and the flux
J = —Vu + uVv of u is composed of the terms of diffusion and chemotaxis -
indicated by —Vu and uVw, respectively, using phenomenolocial relation. The
second equation, on the other hand, describes the formation of the field dis-
tribution v by the particle density u. Henceforth, this law is referred to as

v

v=(—Ay1) 'u, where
1
—-Av=u———/u inQ, —-—| =0 /v=0.
1] Jo OV|eq Qa

Actually, system (1) is a combination of the Smoluchowski-Poisson equations
describing mean field motion of many self-gravitating particles [10]. The classical
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microscopic modelling adopts the Kramers-Moyal expansion [8], while the other
derivation uses the renormalized master equation [5] or the kinetic theory [3].
In any case, this system is consistent to the second law of thermodynamics, i.e.,
mass conservation

luls )l @) = fluollzx (e
and the decrease of Helmholtz’ free energy

d
ZF() <0 te(oT), (2)
where ‘1
F) = [ (wlogu—u) - 3 (-A)53w),w)

with the duality paring (, ) identified with the L?-inner product. _
This is not surprising becasue (1) is the model (B) equation [10] formulated
by this free energy: '

=0,

ov 50

where §F(u) defined by

4
d—sj:(u -+ sw)

= {0F(u), w)
=0 -
is identified with logu — (—Asz)~!u. Then, we obtain the formation of collapse
with quantized mass [9], where T' = Tjpax € (0, +00] denotes the blowup time.

Theorem 1.1. Ifd = 2 and Tpax < +00, then it holds that
u(z, t)dx - Z M (T0)0z, (dz) + f(z)dz

ZoES
ast T T = Tpax in M(R2), where S is the blowup set,

| 8m €N)
ma(20) = { p §§§ € 50),

and 0 < f = f(z) € L*( Q)N CE\S).

Study of such profiles of the solution has a long history [9], but the structures
of dual variation and scalling invariance are fundamental tools and motivations.
Although we have not examined all possibilities, there is also emergence. More
precisely, local free energy gets to -~oo inside the blowup envelope. Still there
are several open problems and recent developments [10].

Meanwhile we have tried to realize these profiles in numerical computation.
In this respect, it seems to be reasonable to reproduce the properties of mass
conservation and free energy decreasing in the numerical scheme, and first, we

shall describe such trials. Thus, in §2, we propose a time discretization provided

with a discrete version of (2), and then we consider a finite difference scheme
which satisfies the total mass conservation also (§3). In §4, an application to
tumor angiogenesis model is presented, and in §5, finite element method is also
examined. :

However, the fundamental question, what to extent we can believe the sim-
ulation, is still open. This will be discussed in the final section.
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2 Time discretization

First observation is that the free energy F (u) is a difference of two functionals,
I(u) = / u(logu — 1) and K(u)= % ((=AsL) tu,uy,
Q .

realized as proper, lower semi-continuous, convex functionals in X = H!(Q),
provided with the domains D(I) ={u € X {u >0, I(u)< +oo} and D(K) =
X. From this structure, combining backward and forward schemes to I and K
guarantees the decreasing of F for the discretized solution in time. Henceforth,
we adopt the irregular mesh because we are dealing with the blowup phenomena.
Thus, taking positive constants 7y, 72, ..., we put

tn=7-1+"'+7'n (3)

and consider the time discrete scheme: Find {u"}n>0 such that

u——l— =V -u"V (I'(u™) — K'(u"* ') inQ
Tn | (4)
uV(I'(u™) - K'(u™ 1)) - v =0 on 8. '

Remark 2.1. Each step of the approximate solution ™ becomes regular so
that the sub-differentials 81 (u™) and 8K (u™~?) are single-valued and identified
with regular functions denoted by I’(u™) and K'(u™"!), respectively.

Theorem 2.1. If u™,u™"! € X satisfy (4), then

;17; [F™) - F )] <o - (5)
Proof. Since I’ and —K” are convex, it holds that
Flu) = F(@) < (I'(u) ~ K'(@),u ~ a)i, (u, % € X),
and therefore,
Fu™) = Fu™™?) |
< o [ (60 - K@) [V0rY (160 - K )]

N /n W |V (@) - K@) P <.

This leads to (5). O

System (4) may be written as

-yt N7, N n n—1 :
——— =V (Va" -u"V(Gu"?)) inQ
Tn (6)

(Vur —urV(Gu™ 1)) v =0 on 09,
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for G = (—=Ay1)™!, or equivalently,

n __ ,n=-1
E——;ff—-——v (Vu™ —u Vv""l) in O
~Ay™t = T / in (7
n n-1 n—
881: —u" 8?:% o 5 on 6.

This is & linear elliptic equation of u™, and its numerical implementation is easy.
Actually, this type of time discretization has been often adopted. For instance, it
preserves nonincreases of the number of peaks of solutions to parabolic equations
for d =1 ([11]). To our knowledge, however, no emphasis on (5) has been made
by now.

3 Space discretization: Upwind FDM

To describe the idea and numerical simulations in detail, we shall concentrate
on the one dimensional problem with a slightly different field formation law, i.e.,

Ut = (Ug — PUVz)z 0<z<l1, 0<t<T)
O=vg—v+u (0<z<1,0<t<T) :
(Ug — puvz)|z=0,1 =0 0<t<T) (8)
'Uz|¢=o,1 =0 0<t<T)

u(z,0) =wuo(z) 20,20 (0 s z <1),

. where p > 0 is a constant. Nothing changes in Theorem 1.1 even in this system
if d = 2. First, we use time discretization defined by (7) and (3), and take
h =1/N, where N is a positive integer. Next, we introduce two kinds of mesh
points over (0,1) as

=<j—%)h snd & =jh (j=1...,N),

treating virtual mesh points zg = —h/2, zny4+1 = (N + 1/2)h, £_; = —h, and
Zn+1 = (N + 1)h. Then, we find the approximations of u(-,t,) and vz (,2n)
over main mesh points {x;}_;

u;‘ I~ u(xj, tn) and b? ~ 'U:z:(zjatn)7

while compute the approximations of v(-,t,) and (uy — uve)(:,tn) over the dual
mesh points indicated by {£;}N.q;

vi mv(dj,tn) and FP ® (up — uvg)(£5,8n)-

More precisely, let {u}~ 1y j=1 be obtained. Then, we define {v}~ 1}3_0
the standard finite dlﬁerence scheme, i.e.,

VP - 2077 o _ , :
--d T =+ ="t (5=0,1,...,N) (9)
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with 027! = 07! and v}} = v}, where

up ™ (5 =0)
Gt =S Wi /2 (G=1,2,...,N-1)
up! (7=N).

Next, we approximate vz (-, t,—1) by

(.7= 1’23'“.;N)a

and set
BT = max{0,677},  77MT = max{0, ~bP).

Here, we use the method of upwind approx1ma,tzon, observmg that u and u},,

are carried into #; by the fows b~ L* and — J +1 , respectwely In more
precise, the approximation FJ* of the flux uz — puv, at (£;,t,) is defined by

YU b e
Fj =-————-h——-—,u.bj Uj +,ub_,+1 Ujt (.7=1,2"":N)’

and thus, our scheme is represented as follows:

n n—1 —

3 i 3
— ; (10
This means that
u.;l — u?—l n n—1,+, n\. * [in—1~ n
where
Drw; = e —hwj_l: Dh w; = wJ+1h wj: Apw; = D;thji
and the boundary and initial values are prescribed by
n —
Fg).____ul uo_bn~1+ n+bn—1—1_o
n uﬁ+1 N n—1 + n—1,— (12)
FN="—h—"—' by N+ Ny une =0
and
u_?:uO(mj) (j=1’---,N): (13)
respectively.

This scheme is provided with mass conservation, positivity conservation, and
well-posedness [7].

Theorem 3.1. Relations (10) and (12) imply

Z uth = Zu"“lh (14)

J=1
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Theorem 3.2. Given {u" 1 I-V —1 satisfying ul” “1>0for1<j<N, and take
T7>0ande € (0,1]. The'n,, (10) with (12), deﬁned for

Tn=min{7', ~2—E—h-—-} and bg;;» max 0771, (15)

n—1 [}
max 1<j<N

admits a unique solution {u}}}_, such that u} >0, where 1 <j < N.

Remark 3.1. The a priori estimate

N
1
0< min uf < m u? < = max ug(z

_]NJ_1<Jag§vu E_-_:J*h, <z<1 o(z)

holds and hence {u}} never blows up in finite time. In other words, there is
a cp > 0 such that 7, > ¢p. Figure 1 shows numerical experiments for several
(i, A)’s for A = |juo)| 12, where highly concentrated solutions are captured.

Remark 3.2. In case that the central difference formula Dpp; = (piz1 —
wi—1)/(2h) is employed for the upwind approximation, we obtain

n+1
U

— u?
Tn

for (11) with the correspondence of a modified boundary condition. Then, the

conditions ;

'—A un+ —D {bn n+1

-1 -
hb%-1 <2 and Tnbga; <h
are required in order to guarantee the conservation of positivity, which, however
is unrealistic becasue we do not know any a priori estimate for b2,
Remark 3.3. The discrete analogue of J is, for example,
N

Jn(up) = Z (u} logu} —u}) h— = Z —-———J 10 ugh,

Jj=1 =1

where {(u},v?)} denote a solution of (10) and (12). It is natural to expect that
1 :
— [Jn(uh) — Jn(uf )] <O , (16)

However, the previous argument fails in this case, and the numerical result
indicates that (16) is not valid if A and u are large enough. In Fig. 2, we plot
(tn, Ja(uR)) for several (u,A)’s. In the case of (u, ) = (1,1),(1,50),(1,100),
Inequality (16) really takes place. However, in the case of (u,A) = (50,100),
we can observe that there is a time interval such that Ji(u}) > Ju(up™?) holds
there. Lyapunov’s property in fully discrete cases has room for further study.

4 Tumor angiogenesis simulation

The above described concept is applicable to the tumor a.ng1ogenes1s computa-
tion (5] in S* = R/Z:

P, = (P, — aPW,), (ze S 0<t<T),
W;=P (ze St 0<t<T),
P(z,0) = Po(z) > 0,#0, (z€S?)

W(z,0) = Wo(z). (z € SY).

17
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(i) p=1.0, A=1.0, T = 0.05 (ii) p = 1.0, A = 50.0, T = 0.05

(ifi) g = 1.0, A = 100.0, T = 0.1 (iv) u = 5.0, A = 100.0, T = 0.05

Figure 1: Behavior of numerical solutions for u(z,t) with A = ||ug|| 1.
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(i) p=10,A=10, T = 0.05 (ii) g = 1.0, A = 50.0, T = 0.1
N i
- o
t=t b
- i
R. . ’
(iif) 4 = 1.0, A =100.0, T = 0.1 (iv) 4 = 5.0, A = 100.0, T = 0.05

Figure 2: Behavior of J(u(t)).
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In Fig. 3, we plot numerical solutions to P(z,t) for a = —1,—50, A =
1 Pollz3¢sry = 1,100 and Wp(z) = 0. There are decaying traveling waves when
the effect of chemotaxis is stronger than that of diffusion.

()a=-1.0,A=10,T =0.1 (ii) @ = —1.0, A = 100.0, T' = 0.1

(iii) a = —50.0, A= 10.0, T=0.1  (iv) a = —50.0, A = 100.0, T = 0.03

Figure 3: Behavior of numerical solutions for P(z,t) with A = || Po[|z2(s1).

5 Space d‘iscretization: Upwind FEM

Finite element method is also applicable to realize our concept [6]. We take the
case that 2 C R¢, d = 2,3, is a convex polyhedral domain, noting that mass of
collapse formed at the corner of 8 with the angle 6 € (0,2n) is equal to 46.

First, we take W™P = W™?(Q), H™ = W™2 LP = LP(Q), || - |lmp =
|- lwme, | -llp = || |» for m € N and p € [1,00]. The.standard inner product
in L? is denoted as (-, ). Then, we put, for p € [1, o0),

Ov
= 2w | 22 )
Wy {v ew 5 0 on 3(2}

Given f € L?, we define v € H! by
(Vo, V) + (v,x) = (f,x) VxeH.
Writing v = Gf, we obtain G : L? — W, C L? by the elliptic regularity. We
use also the trilinear form b on L? x H'! x H' defined by
b(w,u,x):'—/uVGw-dez (we L%, ue H, x € HY).
Q .

Then, it holds that
[b(w,u,v)| < |lulls]| VGw|s||Vx]|z (Hélder’s inequality)
< Jlull12ll VG2 Vxllz ~ (Sobolev’s inequality)
< lufl2lfwll2l| Vxll2 (elliptic regularity)



for w € L?,u € H',x € H!. Although full-weak form derived from the sym-
metrization is useful in theoretical study [9, 10], semi-weak form is sufficient for
our purpose: Find u € C*([0,7) : H') such that

(g%(;ﬂx) + (Vu(t), VX) + wb(u(t), u(t). X) = 0, Vx € H', V€ (0,)

u(0) = up € H*. ' (18)

Let {7n} = {Zn}nrio be a regular family of triangulations 75 of Q: (i) 7,
is a set of closed d-simplices (elements), and Q = U{J | J € T1}; (ii) any two
elements of 7;, meet only in entire common faces or sides or in vertices; (iii)
there exists a positive constant «; such that

hy <mps, VJ €T, € {Tukn,

where hy = diam (J) and py = max{diam (S)| S is a ball included in J}. Here,
we employ h = max{hy| J € T} as the size parameter. Let P, = {F;}V, be
the set of all vertices of 7, N being a positive integer. Although N depends
on h, we shall not explicitly express the dependence. We divide P into two
subsets {P;}V1, € Q and {Pn,+i}15 C 8Q, where N = Ny + Ng. With P,

we associate a function ¢; € C(Q) such that @; is linear on each J € 7j, and
$i(P;) = 65, where &;; denotes Kronecker’s delta. We define as

X = the vector space spanned by {¢;} X,

and regard it as a closed subspace of H'. We also consider space X},, which
is equipped with the topology induced from L2, and indicate it using the same
symbol Xj. The barycentric domain D; corresponding to P; is defined as

Di= | {z€7|¢](x) <d{(z), (PeV(J), F+#P)},

JES;

where S; = {S§ € Tz| P, € 8}, V(J) = {P; € Pu|' P; € J}, and {p7yodl
is the barycentric coordinates of J with respect to F;. Let ¢, € L be the
characteristic function of D;. We introduce a Hilbert space X, C L? spanned
by {¢;}¥,. We use the lumping operator Mp, : Xj, — X3 defined by

N
Muvy =) wn(P)$i, (v € Xn).

i=1

We put
(vhy xn)h = (Mavh, Maxn),  (Vn, Xn € Xn),

whereby (-, -),11/ ? is equivalent to || - |3 on Xp. Given fi € X, we define v, =
Grfn € Xn by

(Von, Vxn) + (W, xa) = (fr, Xn)s Vxn € Xh.

This induces the discrete Green operator G, : X — X
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To state our approximation of the trilinear form b, we need more notation.
Let B;, P; € Pp. If P; # P; and they share an edge, we set:

Sy {J €T P, P e J}
Pij = 3D,,, N 8.Dj; and
vij = the outer unit normal vector to I'j;, outgoing from D;.

Il

Otherwise, we set S,? =0, I';; = 0 and v;; = 0. Restrictions of I';; and v;;
on J € S are denoted by T'j; and vy}, respectively. Then we introduce the
functionals ,6;;‘. on Xp by

B35 (wn) = _/ [(VGhwn - vy5], dS = Z meas (T) [(VGrwa); - v, »

Iy 45
I JesH

where [a]+ = max{0,+a} and meas (I'};) = meas 4(I'};) is the d-dimensional
Lebesgue measure. At this stage, writing

A= {P; € Pul 5 # 0},

we introduce a trilinear form b, on Xp x Xp x Xp, by

N ,
b (wh, un, xa) = D Xn(Ps) > {un(Pi)B (wn) — un(Py)B5 (wn)} -

i=1 jEA;

This is a direct application of Baba and Tabata’s scheme [1]; see [6]. Finally,
we introduce the backward Euler difference quotient by setting

wp —wpt
Or,wpy = _h"T—h—", ({wh}nz1 C Xa).
n

Now we can state our finite element scheme to (18): Find {ul}n>0 C Xi
such that

(Oratufty Xn)p, + (VUR, VXa) + br(up ™ Ui x) =0, Vxn € Xa, Yn 21
where ug, € X}, is a suitable approximation of ug.

Remark 5.1. The first equality of (19) includes two linear systems. Thus, at
each time step, we initially solve a linear system for Ghug_l and then that of
u;. We note that Gru} is an approximation of v(t,) = Gu(tn).

" We obtain mass conservation in this scheme.

Theorem 5.1. Let {u}}n>0 C Xn be a solution.of (19). Then

(uhs e = (uon, 1)n (20)

forn > 0.
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To proceed to the well-posedness and positivity conservation, we put
Kp = Jgrellqr_l KJ, (kg = the minimal perpendicular length of J)
. ;
and assume the acuteness.
(H1) It holds that
max{cos(V¢;, V¢{)| 1 <1, <d+1} <0, VJeT,e{T},

where {¢] @+1 represents the barycentric coordinates of J with respect to the:

=1
vertices of J.

Remark 5.2. For d = 2, (H1) is equivalent to a statement that each triangle
of 73, is a right or an acute triangle. For d = 3, (H1) is satisfied if and only if
all angles made by two faces of each tetrahedron of 7}, are less than or equal to
/2.

Theorem 5.2. We assume (H1) and uop, € Xp > 0,# 0, and take 7 > 0 and
e € (0,1). Then, (19) with a time step-size control

3(d - 1)ekp }
d2(d+1)||VGruy oo

admits a unique solution {u} }n>0 C Xn such that uf >0 forn > 1.

Tn = min {'r,

Combining this with Theorem 5.1, we immediately obtain

Corollary 5.1. Let {u}}n>0 C Xn be a solution of (19) as in Theorem 5.2.
Then,
il = fluonfla

forn 2 0.
Remark 5.3. Because all norms are equivalent on X5, we have
IVGrup ™ oo < enlluonlly,

where ¢y, is a positive constants depending on h. Therefore, there is a ¢}, > 0
such that 7, > min{r,c,}. Thus 7, never converges to zero as n increases; the
algorithm always works. Consequently, u}, actually exists for all n > 1.

To derive convergence, we require the inverse assumption and elliptic regu-
larity.

(H2) There exists a positive constant -y, such that
veh <h;, VJe€T,e{T}.

(R) There exists o € (d, 00) such that the following holds true: For any p € (1, 0)
and f € LP(Q), a linear elliptic problem

-Av+v=f inQ, -g%zo on 90 (21)
admits a unique solution v € W, that satisfies
Ioll2p < Cllflp ‘ (22)

with a constant C = C(p,2) > 0
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Remark 5.4. When Q C R? is a convex polygon, (R) is always satisfied. On the
other hand, when 2 C R? is a convex polyhedron, it is satisfied, if all edges and
all vertices of ) are sufficiently small. For complete descriptions, see Theorems
8.2.1.2 and 8.2.2.8 of [2].

Theorem 5.3. Suppose (H1), (H2), and (R), and assume a unique solution to
(18) satisfying

uwe C(0,T): W,), « €C(0,T): WHP)nC2((0,T) : LP)
for some p € (d,o) and ¢ € (0,1]. Moreover, chose ugp € Xy,
lluo — uonllp < a0 ph' ™%, (23)

“with some app = ogp(uo) > 0. Then, there exist positive constants hg,To
dependmg onQ, T, p, 0, ;s and u such that we have the error estimates

sup lu(tn) — upllp < Ci (hl‘d/p + 79), - (29)
0 .

sup. ||Gu(tn) ~ Grul||1,00 < Ca(h*~%P + 10) (25)
0<n
for b € (0,ho) and 7 € (0,79), where Il = I(r,h) = max{n € N| t, < J},
{uR}n>0 C X}, is the solution of (19) as in Theorem 5.2.

Remark 5.5. In our scheme, the point-wise value of Vup~ ! is used to determine
the upwind nodal points at t,,. Thus, we need the est1mate vP—v(t,) in WHo(Q)
norm uniformly in ¢,.

Figure 4 shows an example of numerical computation at several time levels ¢,
with the value of |u}|;. We assume that Q = (0,1)? C R? is a unit square and
take 75, as a uniform mesh composed of 2£2 equal right triangles for £ € N; each
side of (2 is divided into £ intervals of the same length. Then each small square
is decomposed into two equal triangles by a diagonal. We note h = /271,
We take 4 =1 and € = 0.9, and then highly concentrated solution is captured.
Mass conservation is also confirmed. In Figure 5, we plot (tn,7»). We see that
the more is concentrated the approximate solution , the smaller is 7,.

6 Discussion

These numerical results are not reliable for ¢ > 1. Actually, we have con-
structed numerical schemes so that the discrete solution preserves L' norm.
Consequently, the discrete solution exists globally in time, because X is of
finite-dimensional. Thus, we cannot look at the moment of blowup numerically.
Also, structure of the total set of stationary solutions loses the fundamental pro-
file of quantized blowup mechanism by discretization, and even nearly blowup
descritized solution cannot describe this property. We have several more im-
portant profiles of the original solution from the viewpoint of self-organization;
blowup rate, free energy transmission, and so forth, but we have not been able
to realize them numerically also. Thus, Theorem 5.3 is not satisfactory, because
it is valid only by the blowup time of u, which we are required to detect by the
numerical computation. Still, we have a fruitful interaction between numerical
computation and theoretical study concerning the movement of collapse formed
on the boundary. See [10].
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(i) to = 0.000000

(ii) £, = 0.004538
(luon]l1 = 50.000)

(lluzll2 = 50.000)

LR

(ii) ¢ = 0.008587 (1v) t, = 0.045250
(llu?|l1 = 50.000) (lluglls = 50.000)

(V) tn = 0.089382 (vi) tn, = 0.089635
(lupil, = 50.000) (llufll = 50.000)

Figure 4: Shape of uf (u =1; € = 0.9; 7 = h/2; £ = 64): (i), the initial function

has three peaks; (ii)(iii)(iv), they gather and produce a peak; (v)(vi), the peak
moves toward a corner.
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Figure 5: Time t,, versus time increment 7,. (0 < ¢, < 0.09; p = 1; € = 0.9;
T = h/2; £ = 64; |luon|l1 = 50.0 and wuop, is illustrated in Fig. 4.)
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