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ON QUANTUM TELEPORTATION

MASANORI OHYA

ABSTRACT. Mathematical foundation of quantum teleportation is discussed
based on some works of the present author.

1. INTRODUCTION

In quantum communication theory, one looks for the most efficient way to code
information and construct a physical device (channel) in order to send information
as completely as possible. There ”quantum” means that we code information by
quantum states and send it through quantum device properly designed. If one can
send any quantum state from an input system to an output system as it is, then it
will be an ultimate way of information transmission. Such an ultimate method is

- not only ultimate for information transmission but also considered to enable sending
matter existing in real world to other place without destroying itself which was a
dream in science fiction, although it needs an assumption that quantum mechanics
can describe all aspects of existence in our world. It is in quantum teleportation
that we can discuss such an ultimate communication.

More precisely, quantum teleportation is to send a quantum state itself contain-
ing all information of a certain system from one place to another. The problem
of quantum teleportation is whether there exist a physical device and a key (or a
set of keys) by which a quantum state attached to a sender (Alice) is completely
transmitted and a receiver (Bob) can reconstruct the state sent. Bennett and oth-
ers [3] showed such a teleportation is possible through a device (channel) made
from proper (EPR) entangled states of Bell basis. The basic idea behind their dis-
cussion is to divide the information encoded in the state into two parts, classical
and quantum, and send them through different channels, a classical channel and
an EPR channel. The classical channel is nothing but a simple coorespondece be-
tween sender and receiver, and the EPR channel is constructed by using a certain
entangled state. However the EPR channel is not so stable due to decoherence.
Fichtner and Ohya [5, 6] studied the quantum teleprotation by means of general
beam splitting processes so that it contains the EPR channel, and they constructed
a more stable teleportation process with coherent entangled states.

In Section 2 of this paper, we discuss the channel expression of quantum tele-
portation. In Section 3, we explain original treatment of quantum teleportation
done by Bennett et al within the channel expression. In Section 4, the weak type
of quantum teleportation and the uniquness of the set of keys given to Bob are
briefly discussed based on the paper [1]. In Sections 5 and 6, we discuss a general
treatment of quantum teleportation process in Boson Fock space with basical tech-
niques of beam splitting. In Section 7, a new scheme of quantum teleportation [8]
is explained.
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2. CHANNEL EXPRESSION OF QUANTUM TELEPORTATION

Two dynamical systems, input and output, should be set for information trans-
mission. Since every system can be described by a state, it is important to know the
relation between input state and output state for the study of information trans-
mission. Such a relation is described by a channel bridging between two systems,
namely, providing the state change in the course of information transmission.

In the classical communication theory a state of input or output system is de-
scribed by a probability distribution (or measure), so that a channel causes a change
of this probability distribution. On the other hand, in quantum communication
theory, a state of input or output system should be described by a certain noncom-
mutative state (quantum state) such as a density operator or a positive normalized
linear functional, more generally. Here we restrict our discussion to the former case,
the case of density operators.

Let H; and Hs be the separable complex Hilbert spaces describing an input
system and an output system, respectively. Let B(Hx) (k = 1,2) be the set of
all bounded linear operators on Hjy. Then the set S(Hy) of all states (density
operators) on the Hilbert spaces Hj is

S(Hi)={p€B(My); p* =p, p20, trp=1}.

A quantum channel sends an input quantum state to an output quantum state,
that is, a mapping from S(H;) to S(H;).
The quantum teleportation can be expressed in the following steps:
e STEP( : Alice has an unknown quantum state p{!) (on Hilbert space H;)
and she is asked to send (teleport) it to Bob.
o STEPI : For this purpose, we need two other Hilbert spaces H; and Hs.
H; is attached to Alice and H3 is to Bob. Prearrange a state o(23) ¢
S (H2 ® H3) having a certain correlation between Alice and Bob, which is
called an entangled state between two systems Hs and Hs.

¢ STEP?2 : Prepare the set of projections {F’gm)} and an observable F(12) :=

2ok AkF,Slz) on a tensor product Hilbert space (system) H; ® Ha. Alice
performs the joint measurement of the observable F(12),

e STEPS : Bob obtained a state p{® due to the reduction of wave packet
and he is informed which outcome was obtained by Alice. The result of
this measurement can be classically informed from Alice to Bob without
diturbance (for instance by telephone).

e STEP/ : p{Y) is reconstructed from p{® by using the key which corresponds
to the outcome as Bob is informed from Alice in the above STEPS.

The above steps can be exhibited by a channel Al¥l : S(H;) — S(Has) con-
structed by the following three maps (channels):
(1) v:S(H1) — S(H1 @ H2 ® Hs),

~ (pcl)) = o @c® Vo) e S(Hy).

This channel y expresses a coupling of an initial state p{!) with the entangled
state o(23),

(2) 7 : S(H1®@H2 ® H3) — S(H; ® Hy ® H3) is a state change describing
the nonclassical effect of the teleportation determined by Alice’s measurement.
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Since F,Elz) is a projection on H; ® Hy, the map 74 : S(H1 ® Ho ® Hz) —

S(H1® Hy ® Hs) is given by :
1

™ <p(123)) - (F,EIZ) ®I(3)) p(123) (FIEIZ) ®I(3)> , ¥p(123) ¢ S (H1 ® Ha ® Ha)
Here L = trigs (F,Slz) I (3)) p(123) ( F,Slz) ® [(3)) (von Neumann-Luder’s projec-
tion hypothesis)

(8) a:S(Hy ® Ha ® H3) — S (Ha),

p® =q (p(ua)) = trypp1?), V(129 ¢ S (M1 ®Ho @ M3).

This channel a represents a reduction from the state p{!23) to Bob’s state p(®
due to Alice’s measurement, where trys is the partial trace with respect to H; ®H,.
Therefore we obtain the channel Ay : 8 (H;) — S (Hz3)

Ay =aompony
or more concretely

where the subscript “k” means that the channels Ax depends on the choice of Alice’s

measurement F,Sm).
Thus, the whole teleportation channel A : S (H;) — S (Hs) is written as

(F,Em ® I(3)) (o) ® 0(29) (F,Sl"’) ® I(3))
trias (F{? @ 1)) (o0 @ 0@9) (FEP @ 1))

Note that the teleportation channel Ay is generally nonlinear. Then the problem
of quantum teleportation is stated as follows:

AV =ty

Definition 1. Quantum teleportation is realized if there exist the set of operators
{Flgm)} on H1®Hs , an entangled state 0(?3) on Hy @ Hs and the set of keys {Ux}
such that Agpt) = Uy pMUY for any state pV) in Hy and for each k.

When such teleportation is realized, the state p(3) transfered to Bob from Alice

is unitarily equivalent to the original state p{!) sent by Alice, so that all information
stored in p(!) is completely transmitted to Bob for any k.

3. BBCJPW MODEL OF TELEPORTATION

We in this section notice that the BBCJPW (Bennett, Brassard, Crepeau, Jozsa,
Peres and Wootters) model provides an example to the above described framework.
In their model, o(*® is given by the EPR spin pair in a singlet state such as
o) = [)(p), where [9) = /31 1®) @ 1®) — /3] 1®) ® | 1®) with the spin

up vector | 1) = ( (1) ) and the spin down vector | |) = ( ?

) . The projection
F{*? is one of the Bell CONS ;

F™ = |g0) ), B = gy (e®)), FED = 1€O)(O), F{D = 6]

, VoD e S(H,).
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with

) = \@ (I T<1>>®|1<2>>-|1<1>>®|T<2>>),|§<+>>=\/g (119 & 1®) +11D) 8] 1))
<) = \/g (I T<1>>®m<2>>—u<1>>®u<2>>),|c(+>>:\/—g (119) @ 11@) +]1D) &1 1))

The unitary (key) operators U (k = 1,2, 3,4) are given as
Uy = 1Y O] + 1D (|®)], U = 1) (18 LMY (|3
Us T(l)g 21(3) + 1(1)> (1®,Uy = T(l)g (1(3) 1(1); 13

The channel constructed by the above quantities became linear because the en-
tangled state 0(?3) is specially chosen as maximal.

i m

4. WEAK TELEPORTATION AND UNIQUENESS OF KEY

As we discussed in Section 1, the teleportation problem is to proceed along
STEPS 174. We here consider a bit simpler form in the steps, which is called a
weaker form of quantum teleportation [1]. »

In the weak form, we consider; (1’)an entangled state o(*®)acting on Hz ® Hs;
(2")a single projection F(12) acting on H; ® Hy. Then we ask whether (3’)a single
unitary operator U such that the identity Ap(!) = U* DU holds for any state
oY e S(Hy).

The connection between the weak and the general teleportation problem is the
following. Given a family {o(%3), F,Em), Uy} of solutions of the weak teleportation
problem for each k such that the projections F,Slz) are mutually orthogonal, then
this family provides a solution of the general teleportation problem. We shall solve
the weak teleportation problem, and then we show the uniqueness of the key.

In the notations above, let assume that N = dimH; = dim Hy = dimH3 < +00
and 0®) = |)(| and F := |€)(£|, where 3 € Hs ® Hz and £ € H; ® H, are
unit vectors. We look for a unitary operator U : Hs — H; such that for any
density matrix p € S(H;) one has U (Ap) U* = p, where Ap = +trin(FRI®(p®

[4) (¥1)F ® I®)) with L = tris3(F ® I®) (p ® [$) (¢])F ® I®)).

Let us fix three arbitrary orthonormal bases: (z,”) of Hs, (z},) of Ha, (z,) of
Hy
Thus we have [1):

Theorem 1. Fiz an arbitrary N x N compler unitary matriz (Ano) and let
1 1
b= —= D Maleh) @fea”) € Ha @ Ha, €= gwum; €Hi@M;
Define a unitary operator U : Mz — Hi such that 3, AnaZn = Uz, then the ‘
triple (¢,&,U) satisfies
tr1a(F @ I®(p® [y) () F ® I®¥) = U*pU
for any density operator p € S(H;).

The uniqueness of the key is guaranteed by the next theorem.
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Theorem 2. Let p =Y pyP, be the spectral decomposition of p € Hi. If Uy and
U, satisfy the condition (3) of key with the above p, then there exists a unitary
operator V' from Hy to Hy such that UUt = XV, with V,, = P,VP,. Moreover,
the equality VoV = 6, Py is satisfied.

In the notations and assumptions above, let us suppose that the normalized state
vector 1 has the form with some constants {¢x}

Y= trzf ®z}.
k

and let us look for the conditions under which the yeleportation map A becomes
linear.

Theorem 3. Given £ and % as above, the teleportation channel A,so
trizsF @ I®(p® [9) (| ) F ® I®
is independent of p if and only if the coefficients ty have the following form
tr = €% /N

which means that the entangled state o is mazimal.

5. PERFECT TELEPORTATION IN BOSE FOCK SPACE

Bennett and others used EPR spin pair to construct a teleportation model. In
order to have a more realistic model, we briefly discuss a model based on the works
by Fichtner and Ohya [5, 6]. One of the main points for such models is how to
prepare the entangled state. The EPR entangled state used by Bennett et al can
be identified with the splitting of a one particle state, and FO teleportation model
is described by Fock spaces and the splittings, so that it is possible to work the
whole teleportation process in general beam splitting scheme. Moreover to work
with beams having a fixed number of particles seems to be not realistic, especially
in the case of large distance between Alice and Bob, because we have to take into
account that the beams will lose particles (or energy). For that reason one should
use a class of beams being insensitive to this loss of particles. That and other
arguments lead to superpositions of coherent beams.

In FO teleportation scheme, the teleportation scheme mentioned in Sec2. is
slightly modified, namely, E1 and E2 below. Remark that we abbreviate the indices
(1), (12), (23) for o™, F('? 5(28) and others for notational simplicity.

Step 2:: One then fixes a family of mutually orthogonal projections (Frm )Y -1
on the Hilbert space H;®H corresponding to an observable F := Y zpm Frm,

n,m
and for a fixed one pair of indices n, m, Alice performs a measurement of

the observable F', involving only the H; ® Hy part of the system in the
state p® 0. When Alice obtains an outcome zy,,, the state becomes

1
P‘Szlr?za) = E(an ®I)p®a(an ®I)

where L = tri2a(Fpnm ® 1)p ® 0(Fpy ® 1) and triog is the full trace on the
Hilbert space H; ® Hz ® Hs.
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Step 3:: Bob is informed which outcome was obtained by Alice. This is equiv-
alent to transmit the information that the eigenvalue z,,, was detected.
This information is transmitted from Alice to Bob without disturbance
and by means of classical tools.

Step 4:: Making only partial measurements on the third part on the system in
the state pﬁ,ﬁm means that Bob will control a state A}, (p) on Hs given by

the partial trace on H; ® Hs of the state p,(..l,?) (after Alice’s measurement)

Anm(p) = trip p{i2®
1
= trlZE(an® 1)P®U(an® 1)

where L = tr193(From ® 1)p® 0(Frm ® 1).

Thus the whole teleportation scheme given by the family (Fy,,) and the entangled
state o can be characterized by the family (A, ) of channels from the set of states
on H; into the set of states on H3 and the family (pnm) given by

pnm(P) = tl‘123(1;11117:, ® 1)P® G(an ® 1)

of the probabilities that Alice’s measurement according to the observable F will
show the value zp,,.
The teleportation scheme works perfectly with respect to a certain class S of
states p on H; if the following conditions are fulfilled.
(E1): For each n,m there exists a unitary operator W, : H; — Hs such
that

Anm(P) =Wum p W,;m, Vpe S
(E2):
Epnm(P) =1, VpeS

(E1) means that Bob can reconstruct the original state p by unitary keys { W, }
provided to him.

(E2) means that Bob will succeed to find a proper key with certainty.

In this section, we construct a teleportation model being perfect in the sense of
conditions (E1) and (E2) above, where we take the Boson Fock space I'(L%(G)) :=
Hi = Ha = Hs over a configuration space G with a certain class p of states on
this Fock space. Before stating the main results on perfect teleportation, we review
basic notations and facts on Bose Fock space.

5.1. Symmetric (Bose) Fock space. Let us recall the definition of symmetric
Fock space (see Ch.) Let £; be one-particle Hilbert space. Then the n-particles
Hilbert space is defined by £, = 5, £%"

where S, is the symmertizing operator on n-tuple tensor product Hilbert space
£y

1
Sy = “ESP> Sp(f1i® f2® - ®fn) = fra)® fr2)® - - ®Fp(n)
nF
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The above P indicates a permutation of indices, and note that £y = CQ describes
the zero-particle Hilbert space with the vacuum vector Q. Indistinguishable Bose
particles are described in the symmetric (Boson) Fock space

I'+(£1) = @nloLn.

Note that we have an important equality I'y (£1 @ £{) =4 (£1) ® [+ (L)) for two
Hilbert spaces £; and £f.

5.1.1. Fichtner-Freudenberg expression of Fock space. We discuss Fichtner-Freudenberg
expression of Fock space in a way adapted to the language of counting measures.
Their expression looks difficult, but it is very useful to prove some thesis.

Let G be an arbitrary complete separable metric space. Further, let i be a locally
finite diffuse measure on G, i.e. u(B) < +oo for bounded measurable subsets of G
and p({z}) = 0 for all singletons z € G. In order to describe the teleportation of
states on a finite dimensional Hilbert space through the k~dimensional space R* |
especially we are concerned with the case

G = Rk‘x{l,...,N}
po= Ix#

where [ is the k—dimensional Lebesgue measure and # denotes the counting measure
on{l,...,N}

We denote the set of all finite counting measures on G by M = M(G). Since
¢ € M can be written in the form ¢ = Z 0z, for somen =0,1,2,...and z; € G

with the Dirac measure 4, correspondmg to z € G, the elements of M can be
interpreted as finite (symmetric) point conﬁguratxons in G. We equip M with its
canonical o—algebraf)t and we consider the c—finite measure F' by setting

F(Y) = + Z /ly (Z 51‘,) 231, <y ’ﬂv])(Y € m)’

'n.>1

where 1y denotes the indicator functlon of a set Y and O represents the empty
configuration, i. e., O(G) = 0.

Since u was assumed to be diffuse one easily checks that F' is concentrated on
the set of a simple configurations (i.e., without multiple points)

M = {p € M|p({z}) <1 for all z € G}

Definition 2. M = M(G) := L*(M,9, F) is called the (symmetric) Fock space
over G.

It was proved by Fichtner and Freudenberg that M and the Boson Fock space
I'+(L?*(Q@)) in the usual definition are isomorphic.

5.1.2. Basic facts in symmetric Fock space. For each vector ® in symmetric Fock
spaceM with ® # 0 we denote by |® > the corresponding normalized vector

o
151
Further, |® >< ®| denotes the corresponding one-dimensional projection describ-
ing a pure state given by the normalized vector |$ >. Now, for each n > 1 let M®"

[ >:=
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be the n—fold tensor product of the Hilbert space M, which can be identified with
L*(M™, F™).

Definition 3. For a given function g : G — C the function exp (g) : M — C
defined by

f ¢=0
2€G,p({z})>0 9(Z) otherwise

is called exponential vector generated by g.

exp (00 = { |1

This vector g is written as

1 n
exp(g) = %’ioﬁg@ € L'4(£Ly).

We note that g®° = Q. Observe that exp (9) € M if and only if g € L*(G) and
one has in this case |lexp (g)||? = ell9!*, where ||-|| is the norm deduced from the
inner product (-, -) of L?(G), so that the normalized vector is |exp (g) >= NE’%%}H =

e~ #91exp (g). The projection |exp (g) >< exp (g)| is called the coherent state
corresponding to g € L?(G). In the special case g = 0 we get the vacuum state
lexp(0) >= 1{0} = Q.The linear span of the exponential vectors of M is dense in M,
so that bounded operators and certain unbounded operators can be characterized
by their actions on exponential vectors.

Definition 4. The operator D : dom(D) — M®? given on a dense domain
dom(D) C M containing the exponential vectors from M by

D1, ¢2) = 9(p1 + ¢3) (¥ € dom(D), ¢y, ; € M)
is called compound Hida-Malliavin derivative.
On exponential vectors exp (g) with g € L?(G@), one gets immediately

D exp (9) = exp (9) ® exp (g)
Definition 5. The operator S : dom(S) — M given on a dense domain dom (S) C
M®2 containing tensor products of ezponential vectors by
5%(p) =) (@, 9 —¢) (®€dom(S), p€ M)
P<e
is called compound Skorohod integral.

After some calculation one gets

(DY, @) pme2 = (¥, S®) a1 (¥ € dom(D), & € dom(S))

S(exp (g) ® exp (h)) =exp (g+h) (g,h € L}G)).

Definition 6. Let T be a linear operator on L?(G) with ||T|| < 1. Then the operator
I(T') called second quantization of T is the (uniquely determined) bounded operator
on M fulfilling

T(T)exp (g) = exp (Tg) (g9 € L*(G))
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Clearly, it holds
I(Ty)T(Ty) = T(T1T), T(T*) = I(T)*
It follows that I'(T') is an unitary operator on M if T' is an unitary operator on
L?*(G). This second quantization is expressed as unitary operator: I'(T) = &, T®".
Let K1, K be linear operators on L?(G) with property
(5.1) KIKi+K;Ky=1.
Then there exists exactly one isometry vk, k, from M to M®? = M ® M with

VK, k2 €%P (9) = exp(K19) ® exp(K2g) (g € L*(Q)).
Thus defined isometry vk, g, is called generalized beam splitting. Further it holds

Vi, k, = (D(K1) @ I(K2))D

at least on dom(D) but one has the unique extension. The adjoint vk, g, of vk, k,
is characterized by

Vi, ik, (exp (h) ® exp (9)) = exp(KTh+ K3g) (g,h € L*(G))
and it holds
which is a certain conditional expectation: M ® M — M [9].
Here we explain the ordinary scheme of beam splitting is one of the example of
the above generalized one. Let K = al and Kj := 1 with |« |2 + | 8 [*= 1.

Then we obtain vk, k,exp(g) = ezp(ag) ® exp(Bg), which is the well-known beam
splitting used in optical communication and quantum measurements [2).

5.2. A perfect teleportation. The state of Alice asked to teleport is of the type

N
(5.2) p= Z)‘slés)(@sl,
s=1

where |®,) is

N

(5.3)  |®,) = csjlexp (aK1g;) — exp (0)) (Z:lcajl2 =1s=1,... ,N)
i=1 j

with an ONS {g;}j=1,2,.. .~ (i-e., (gi,g5) = &;; holds) of the one-particle space £;

and a = V'd. One easily checks that (Jexp (aK1g;)—exp (O)))ﬁﬂ and (|exp aKzg;)~

exp (0)))jL; are ONS in M. The set {®,;s=1,..., N} makes the N-dimensional

Hilbert space H; defining an input state teleported by Alice. Although we may

include the vaccum state |exp (0)) to define H;, here we take the N-dimensional

Hilbert space H; as above because of computational simplicity.

In order to achieve that (|®,))N, is still an ONS in M we assume

N
(5.4) D jek; =0 (i#k;jk=1,...,N).

Jj=1
Denote cg = [cs1,...,csn] € CV, then (c,)Y_; is an CONS in CV.
Let (bn))_; be a sequence in CV; by, = [bn1,. by n] With properties

(5.5) orkl =1 (n,k=1,...,N),(bn, b;) =0 (n#j;nj=1...,N).
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Now, for each m,n(=1,..., N), we have unitary operators U,,, B, on M given by

B lexp (aK1g;) — exp (0)) = bn;| exp (aK1g;) —exp (0)) (j=1,...,N)

(5.6) Unlexp (aK1g;) — exp (0)) = lexp (aK1gsem) —exp (0)) (j=1,...,N)
where j @ m := j + m(mod N).
Then Alice’s measurements are performed with projection
m = €um) Enml (n,m=1,...,N)
given by
T
nm) = TN E bnjlexp (aK1g;) — exp (0) > ®| exp (aK1gjom) — exp (0)).

One easily checks that (|¢,,,,))Y ., is an ONS in M®2. Further, the state vector
|3 of the entangled state o = hb) (¥] is given by

) = V_N ; lexp (aK1gx) — exp (0)) ® |exp (aKagx) — exp (0)) .

By using the above facts, it can be easily seen that a special case of the above
model is unitary equivalent with the original perfect teleportation model proposed
by Bennet et al.. The following theorem is proved.

Theorem 4. For eachn,m =1,...,N, define a channel A by
(Fam ©1) (p®0) (Frm ® 1)
tr123 (Fam ® 1) (p®0) (Frm ® 1)

Then we have for all states p on M
Anm(p) = (L(T)UmBy,) p (T(T)Um By)"
If Alice performs a measurement according to the following selfadjoint operator
F = E Znm Fnm With {zpm[n,m = 1,..., N} C R — {0}, then she will obtain

n, m=1
the value z,,, with probability 1/N2. The sum over all this probabilities is 1, so
that the teleportation model works perfectly.

(5.7) Anm(p) == trip

(p normal state on M)

6. NON-PERFECT TELEPORTATION IN BOSE FOCK SPACE

In this section we consider a teleportation model where the entangled state o
is given by the splitting of a superposition of certain coherent states instead of
subtracting the vacuum. Unfortunately this model doesn’t work perfectly, that
is, neither (E2) nor (E1) hold. However this model is more realistic than that in
the previous section, and we show that this model provides a nice approximation
to be perfect. To estimate the difference between the perfect teleportation and
non-perfect teleportation, we add a further step in the teleportation scheme:

Step 5:: Bob will perform a measurement on his part of the system according
to the projection

F, :=1 - |exp(0) >< exp(0)|

where lexp(0) >< exp(0)| denotes the vacuum state (the coherent state
with density 0).
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Then our new teleportation channels (we denote it again by A,.,) have the form
" (Fam @ Fy)p® o(Frpm ® F)

tr123(1'7,'nm & F+)P ® U(an ® F+)
and the corresponding probabilities are

p'nm(P) = trl?S(an ® F+)P® o(Fom ® F+>

For this teleportation scheme, we consider when (E1) is fulfilled.

We discuss the above facts and explain such a teleportation scheme can be un-
derstood as ”quantum teleportation with test”.

Take the normalized vector which is a superposition of coherent states,

A (p) = tr

N 3
8 . 1
= — ex] with v :=
= Sl (o) with 1= ()
and we employ it as the imput of the beam splitter to obtain the entangled state,

N

B 1= v, 1, (m) = —= 3 lexp (aKig)) ® lexp (aKage)).
vN k=1

We hence replace in the entangled state o of the perfect teleportation by

& = ) (¥l.
Then for each n,m = 1,..., N, we get the channels on any normal state p on M
such as
. (Fam®1)(p®3F) (Frm®1)
Anm = t ' =
(P) rl2“‘123 (an® 1) (p®0) (an® 1)
(61) enm(p) = tryg (an ®F+) (P®0') (an®F+)

tI'123(an®F+)(p®6‘)(an®F+) ’

where F, = 1 — |exp (0))(exp (0)], i.e.., F;. is the projection onto the space M of
configurations having no vacuum part;

M = {9 € M| ||lexp (0)){exp (0)|¢|| = 0}
One easily checks that
F+an(P)F+
tr (F+Knm(P)F+)

that is, after receiving the state Apm(p) from Alice, Bob has to omit the vacuum.

@nm(p) =

From Theorem 4 it follows that for all p with (5.2)

_ _Pibun(p)Fy

tr (Fy Anm(p)F)
Theorem 5. For all states p on M with (5.2) and each pair n,m(=1,...,N),
we have

(6.2) Onm(p) = (C(T)UnBy) p (T (T)UnBp)" o ©um(p) = Anm(p)

Anm(p)
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and

N
1—e 7
(63) D prm(p) =) trios (Fam @ F3) (p®5) (Fam @ Fy) = 7 _|(_ N 1)6),,,2-

n,m

That is, the model works only asymptotically perfect in the sense of condition
(E2). In other words, the model works perfectly for the case of high density (or
energy) of the considered beams.

We can further generalize the above teleportation schemes, namely, replacing the

projectors Fym by projectors Fp, defined as Fom := (Bn ® UnI(T)*) & (Ba ® UnD(T)*)* for

which see [6].

6.1. Fidelity. The non-perfect teleportation scheme can be understood as the per-
fect teleportation with ”test” of Alice and Bob in the following sense: when Alice
performs a measurement of the observable F', there is a possibility to obtain an
outcome 0, that is, none of {2, } is obtained. In such a case Alice quits the exper-
iment and try again from the first procedure. And at the final step Bob performs a
measurement with F, = 1 — |ezp(0)) (ezp(0)|. If his result = 0, then he askes Alice
to try again, and his result = 1, then he continues. The state he obtained is

e (P) - trl?(an®F+)(P® &)(an®F+)
" tr123[(Fam ® Fi)(p® &) (Fnm ® F3 )]’
on which he applied the proper key provided to get the state alice sent.

To discuss the (non-)perfectness of channels, we need some proper quantity to
measure how close two states are. We use a notion fidelity for the non-perfect
teleportation model. The notion of fidelity is frequently used in the context of
quantum information and quantum optics. The fidelity of a state p with respect to
another state o is defined by

F(p,0) = tr{V/o12p1/2],
which possesses some nice properties.
0< F(p,0)=F(o,p) L1, F(p,o)=1&p=0.
'Iihus we can say two states p and o are close when the fidelity between them is
close to 1.

Now let us begin with the teleportation model with the entangled state 5. Since
in this section Bob is not allowed to subtract the vacuum, put

trl,Z[(an ® Wn‘m)(p ® 5’)(an ® W;m)]
tri2,3 (Fam®@L)(p® ) (Fam ® 1]

which takes place with probability ppm = tr1,23[(Fam ® 1)(p ® &) (Fam ® 1)]-

In this section we do not perform any tests and therefore even if the outcome
of Alice’s measument is 0, the procedure is not stopped. We put the key of Bob
corresponding to the outcome 0 as Wy. Then the nonlinear channel with the result
Ois

Enm(p) =

b

Zo(p) = tr12{(Fo ® Wo)(p®5)(Fo ® ws)]
tri,23[(Fo®1)(p®&)(Fo ®1)]
which takes place with probability

49



ON QUANTUM TELEPORTATION

po=trips[(Fo®1)(p®3)(Fo® 1)]
Without knowing the result the expected state is
due to a linear channel (=unital completely positive map)

Alp) = anmgnm(lo) + poZo(p)

= Ztrl,g[(an ® Wam)(p ® 6)(Frm ® Wiy )] + tr1,2[(Fo ® Wo)(p ® 6)(Fo ® W3)].

nm

Note that {Fy.,, ® Wi}, and Fy ® Wy forms a partition of unity.

To estimate F(p, Z(p)) it needs to compute Z(p) = 5 Epm(p) + Eo(p). The

result is
Theorem 6. For any imput state p of type (5.2) and (5.8), it holds

— (1 _6—02/2)2
F(p,E*(p)) 2 \/1+(N— 1)6“"2.

Therefore the teleportation protocol approaches perfect one as the parameter la]
goes to infinity.
With some additional conditions, one can strengthen the above estimate to an
equality.

7. NEW SCHEME OF QUANTUM TELEPORTATION

In most of models as we discussed, perfect teleportation can be occurred if the
entangled state between Alice and Bob is maximal. Moreover teleportation channel
is linear iff the entangled state is maximal. In (8], we reformulated the teleportation
process and show in that model that the teleportation channel is always linear the
perfect teleportation is possible even in the case for non-maximal entangled state.
Here we discuss fumdamental points of our new treatment of [8].

7.1. Basic Setting. Let H =C" be a finite dimensional complex Hilbert space, in
which the scalar product < , > is defined as usual. Let e, (n=1,--,n)bea
fixed orthonormal basis (ONB) in H, and let B() be the set of all bounded linear
operators on H, which is simply denoted by M, .In M,, the scalar product (,)is
defined by

n
(4,B):=trA*B =" < Ae;, Be; >
i=1
Note that e;; := |e;) {e;] (5,5 = 1, -+ ,n) is a ONB in M,, with respect to the above
scalar product. The mappings

A€My~ A =37 Ac®e € HOH, A€ My— AR =Y c@de;cHOH

define the inner product isomorphisms from M,, into H ® H such that

(A,B) =<< AV, BE >>=<< AR BR 5>,
where the inner products in H ® H is denoted by << -,- >> .

50



MASANORI OHYA

Let L(Mn, M,) be the vector space of all linear maps ® : M,, — M. M, ® M,
is the set of all linear maps from H ® H to H ® H. By analogy between M, and

H ® H, one can construct the inner product isomorphisms between L(My,, M,,) and
M, ® M,, such as

® e L(M,, M,) — &L .= Z:‘FI Beij ® €5 € M, ® M,

B € LM M) = 0% =570 ey @ Bess € M & My
The inner products in L(M,,, M,,) is defined as follows:

(8, ) :=trd*¥ = Zid:l(@eﬁ, Te;).
Let {fa;a=1,---,n?} be another ONB in M, so that one has trfifs = bap-
It is easy to check that the maps @5 € L(M,, M,,) defined by $,5(4) == f,A f3
for any A € M,, can be written as ®n5 = |f,) (fs| and the set {®,5} is a ONB of
M,, ® M,,. Moreover the corresponding elements @gﬁ, @c’fﬁ € M, ® M,, form ONBs

of My, ® M, .The explicit expression of ®L; and ®F; are

L _\VV" R ._\"
Bap =D, . fariif ® ey and &F = D 1 61 ® fatis £
It is easily shown that for any ONB {f.}
n . n
Py =9y, = Ei,j=1 fatijfe ® eijy Qo= 7, = Zi,j=l eij ® fatijfa

are mutual orthogonal projections in H ® H satisfying
2

n n? . .
Ea=1 P, = Za=1 Qo =1®1I (I is unity of M,,)

A any state (density operator) o33 on H ® H can be written in the form

n? n? n
g12 = Za=1 AaQa = Za:l Aa Zi,j:l €i; ® faeijf;

with 2 A = 1 and A > 0. Put @ (4) := T° Aafadf? for any 4 € M.
Then © is a completely positive (CP) map on M, and o1 is written as

n
019 = Zi,j:l eij ® O(eij).

Let take A € M, with trA*A = 1. Then AL (AR) is a normalized vector in
H®™H and it defines a state 0 in H ® H as 0 := |AL >><< AL

Definition 7. The above state o is mazimal entangled if A*A = AA* = I;, equiv-
alently, A = VI;U with some unitary operator U in M.

Note that if one can construct an ONB {f, = U,/y/n;a = 1,--- ,n?} with uni-

tary U,, then the corresponding projections P and Q given above are maximal
entangled states.

Definition 8. The map ® € L(M,, M,,) is said to be normalized if () =1,
base preserving if tr® (A) = trA for all A € M, selfadjoint if d(A)" = ®(4%)
for all A € M, positive if & (A*A) > 0 for all A € M,, and completely positive
if E?,j:l <z, ®(AfAj)z; > > 0 forany z; (i = 1,---,n) € H and any 4;
(i=1,---,n) € M,,.
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Note that the canonical form of completely positive map is given by © above.

7.2. New Scheme of Entanglement and Teleportation. We propose a new
protocol for quantum teleportation. Let us take the conditions that all three Hilbert
spaces M1, Ha, Hs are C™.Let the state 0 in Hy ® Hz = C* ® C™ be

n
o = Zi,j:l €ij ® @(61,3)
Here e;;, © are those given in Section 2 with an ONB {fs;a=1,---,n%} but are
defined on H; and Hz. We set an observable F' in H; ® Hz to be measured by Alice

as follows: n
F= Zzap"‘ = Zz‘* Zz’,j=1 9asijfa B eijy
[ [

where {go; 2 =1, ,n?} is another ONB of M,,. Then we define the teleportation
map for an input state p in H; and the measured value z, of Alice by

To(p) =tr1a(Pa®1)pQa(Py®1).

Theorem 7. The teleportation map T, has the form T, (p) = © (gapgl) for any
p in Hy.

It is easily seen that T, is completely positive but not trace preserving. In order
to consider the trace preserving map from Tk, let us consider the dual map T of
To, ie., trAT, (p) = trT, (A) p. Indeed it is

Ta(A) = 926 (4) gay A € M,
where © is the dual to O;

SA) =Y Aafihfa.

The map T, is normalizable iff rankT, (I) = n, that is, the operator T, (I) is
invertible. Put

Ko =T (I).
In this case the teleportation map T, is normalized as

o~

1~ _1
TC! = KazTaKvag.

The dual map T, of T, is trace preserving and it has the form as
2

-1 1 n -1 .
Ta(p) =0 (ga’ia ? pRa 2g:;;) = Zﬁ:l ’\ﬁfﬁga"‘a 2P‘a% (fﬁgq) .

It is important to note that this teleportation map is linear with respect to all
initial states p. The above map prov1des a new example of Umegaki’s conditional
expectation [9].

Let us consider a special case of o such that

9= Z:j:lei‘j ®e(€;g) with @(0) = f. f* and t‘l‘f*f =1.
That is, o is a pure state. In this case, one has

Ta(p) = (9af)p (gaf) and Ko = (gaf)* (9af) .
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Remark 1. If g, = Uy/v/n and f = V/\/n, where Uy and V are unitary operators,
then ko = 1/n? which corresponds to the usual discussion.

Further, it follows that Y, is trace preserving iff rank (go) = rank (f) = n, and
in such a case one has

T (0) = (fga) ka’ pra? (fga)"
Put

o = fgaka 5 )
which is easily seen to be unitary. Thus we proved the following theorem.

Theorem 8. Given ONB {ga;a=1,--- ,nz} and a vector f in M, on the n-
dimensional Hilbert space, if rank (g,) = rank (f) = n is satisfied, then one can
construct an entangled state o and the set of keys {W,} such that complete tele-
portation occurs.

Note here that our teleportation protocol is not required that the entangled state
is maximal for linear complete teleportation.

REFERENCES

[1] L.Accardi and M.Ohya, Teleportation of general quantum states, Quantum Information,
T.Hida, K.Saito (eds.) World Scientific, 59 (1999).

[2] L.Accardi and M.Ohya (1999) Compound channels, transition expectatxons, and liftings,
Appl. Math. Optim., 39, 33-59.

[3] C.H.Bennett, G.Brassard, C.Crepeau, R.Jozsa, A.Peres, and W.K.Wootters, Teleporting an
Unknown Quantum State via Dual Classical and EPR Channels, Physical Review Letters,
70, 1895 (1993)

[4] S.L.Braunstein and H.J.Kimble, Teleportation of Continuous Quantum Variables, Physical
Review Letters, 80, 869 (1998).

{5] K-H.Fichtner and M.Ohya, Quantum teleportation with entangled states given by beam
splittings, Communications in Mathematical Physics, 222, 229 (2001).

[6] K-H.Fichtner and M.Ohya, Quantum teleportation and beam splitting, Communications in
Mathematical Physics, 225, 67 (2002).

{7] K-H.Fichtner, W. Freutenberg and M.Ohya, Teleportation Schemes in Infinite Dimensional
Hilbert Spaces, J. Math. Phys. 46, No. 10., (2006)

[8] A.Kossakowski and M.Ohya, New scheme of quantum teleportation, submitted.

[9] H.Umegaki, Conditional expectation in an operator algebra, Tohoku Math.J., 6, pp.177-181
(1954)

[10] M.Ohya and I.Volovich, Mathematical Foundation of Quantum Information and Computa-
tion, Springer-Verlag (in preparation)

{11] M.Ohya and N.Watanabe, Quantum Cryptography and Quantum Teleportation (in Japan-
ese), Kyouritu-Shustupan (2006)

DEPARTMENT OF INFORMATION SCIENCES, TOKYO UNIVERSITY OF SCIENCE,, 278 Nopa CITY,
CHIBA, JAPAN

53



